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We show that the Gelfand-Shilov algebra 511//22 is densely embedded in the weighted modulation space M]},. Here the weight function

m is allowed to have a super-exponential growth at infinity. The basic tool is given by an integral transform called short-time Fourier
transform (STFT). The STFT is used to both define and characterize the previous spaces. Moreover, our result is attained using the
properties of the STFT and its adjoint.
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1 Introduction

The aim of this paper is to study Gelfand-Shilov spaces as window classes for the weighted modulation
spaces ME?, 1 < p,q < co. The definition of modulation spaces is given by means of an integral transform
coming from time-frequency analysis: the short-time Fourier transform (STFT). Indeed, we consider the
linear operators of translation and modulation (so-called time-frequency shifts) given by

Tof(t) = f(t—a) and Mf(t) = ™" f(1). (1)

Next, let g be a non-zero window function in the Schwartz class S(R?), then the short-time Fourier
transform (STFT) of a signal f € L2(R?) with respect to the window g is given by

Vof(@w) = (LM Tog) = [ FOE =2 et 2)

We have V, f € L?(R?9). This definition can be extended to pairs of dual topological vector spaces, whose
duality, denoted by (-, -), extends the inner product on L?(R%).

Just a few words to explain the intuitive meaning of the previous “time-frequency” expression. If f(t)
represents a signal varying in time, its Fourier transform f (w) shows the distribution of its frequency w,
without any additional information about “when” these frequencies appear. To overcome this problem, one
may choose a non-negative window function g well localized around the origin. Then, the information of
the signal f at the instant x can be obtained by shifting the window g till the instant z under consideration,
and by computing the Fourier transform of the product f(x)g(t — x), that localizes f around the instant
time z.
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Once the analysis of the signal f is terminated, we can reconstruct the original signal f by a suitable
inversion procedure. Namely, the reproducing formula related to the STFT, for every pairs of windows
01,02 € S(RY) with (i1, p2) # 0, reads as follows

/R Vi f(0,0) MuTospr dirds = {2, 0) 3)

The function ¢y is called the analysis window, because the STFT V,,, f gives the time-frequency distrib-
ution of the signal f, whereas the window o permits to come back to the original f and, consequently, is
called the synthesis window. We address to Section 2 for a full treatment of the topic.

The modulation space norm MEY(R?) of a function f on R? is given by the L5¥(R??) norm of its
STFT V,f, defined on the time-frequency space R?d with respect of a suitable window function g on
R?. Depending on the growth of the weight function m, different Gelfand-Shilov classes may be chosen as
fitting test function spaces for modulation spaces, see [5,15]. The widest class of weights allowing to define
modulation spaces is the weight class M. A weight function m on R?? belongs to A/ if it is a continuous,
positive function such that

2

m(z) =o(e”"), for|z| — 00, Ve>0, (4)

with z € R??. For instance, every function m(z) = es|z|b, with s > 0 and 0 < b < 2, is in AN. Thus, the
weight m may grow faster than exponentially at infinity. We notice that there is a limit in enlarging the
weight class for modulation spaces, imposed by Hardy’s theorem: if m(z) > Ce”, for some ¢ > 7/2, then
the corresponding modulation spaces are trivial [12].

Our main result (Theorem 3.3) shows that the Gelfand-Shilov class Sll //22 is densely embedded in M}, with
m € N. Some applications of the previous result, restricted to a subclass M, of N/, are contained in [4,5].
Namely, let v be a continuous, positive, even function (v(z) = v(—z)), with v(0) = 1. v is also assumed to be
submultiplicative: v(z1+22) < v(21)v(22), for all 21, 2o € R??, and to satisfy: v(z,w) = v(~w, ) = v(—,w).
Then m € M, (the class of v-moderate weights) if m is a positive, even continuous functions on R?? that
satisfies

m(z1 + z9) < Cv(z))m(z2) Vzi, 2z € R¥,

Notice that the submultiplicativity and continuity of v imply that the weight v (and, consequently, every
v-moderate weight m) is dominated by an exponential function, i.e.,

3C, k>0 such that v(z) < Cetll, 2 e R, (5)

thereby M, C N.
The results of [4,5] rely on the following property, proved in Section 3, by applying the above-mentioned
density result:

PROPOSITION 1.1 For m € M,, the space of admissible windows for computing the M -norm can be
enlarged to M}.

This guarantees that every non-zero function g € M} can be picked up to define the norms of the spaces
MES

Notation. The scalar product on R? is zy := x - y. Hence, for every ¢ € R, cz? = c(z?+--- —l—:r?l). Given
a vector = (z1,...,24) € R?% the partial derivative with respect to x; is denoted by 0; = % Given a
multi-index p = (p1,...,pa) > 0, i.e., p € NI and p; > 0, we write 9 = 97" - - 94*; moreover, we write
2P = (z1,...,2q) PP = Hle a?. For h € R, a € RL, hlz|'/® = hZle |;|1/*. Moreover, for p € Ng,
we set (p)* = (p1!)* ... (pa!)**, while as standard p! = pi!...pg!.
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The Schwartz class is denoted by S, the space of tempered distributions by S’. We use the brackets (f, g)
to denote the extension of the inner product on L2(]Rd) to every pair of dual topological vector spaces.
The space of smooth functions is C>° whilst the space of smooth functions with compact support is C3°.
The Fourier transform is normalized to be F f(w) = [ f(t)e 2™ d¢t. The symbol B; — By denotes the
continuous and dense embedding of the topological vector space B; into Bs.

2 Function Spaces

2.1 Gelfand-Shilov Spaces.

The Gelfand-Shilov spaces S§ and X§ were first introduced by Gelfand and Shilov in [10]. They have been
applied by many authors, both in time-frequency and in PDE contexts [2,13-15]. We shall present them
in the indices’ case: o = 3, required by this study. Besides, instead of their very definition, we shall utilize
the following useful characterization:

PROPOSITION 2.1 The following statements are equivalent [5, 10, 13]:
(i) f € SG(RT) (resp. f € TH(RY)).
(ii) f € C>®*(RY) and there exist real constants h > 0,k > 0 such that (resp. for every h > 0,k > 0):

£l <00 amd |[(F e < oo, (6)
(i4i) f € C®(RY) and there exists C > 0 (resp. for every C > 0)
1270 f|| = < RCPIFI(pl)*(q!)*, Vp,q € NG, (7)

for a suitable R > 0.
Gelfand-Shilov spaces enjoy the following embeddings:
(i) For o > 0 [10],
¥ — 85— S. (8)

(ii) For every 0 < a1 < ag [5],
SO e 30, (9)

Furthermore, S is not trivial if and only if @ > 1/2 whereas X¢ # {0} if and only if o > 1/2 (see
Pilipovié [14]).
The strong duals of Gelfand-Shilov classes S5 and ¢ are spaces of tempered ultra-distributions of
Roumieu and Beurling type and will be denoted by (8%)" and (X2)’, respectively.
The Gelfand-Shilov spaces S§ are invariant under Fourier transform F and time-frequency shifts:
F(55) = Sa, Tu(Sq) =85 and  M,(S3) =g (10)

The same holds true for the spaces 2. Therefore, the spaces S5 and X¢ are a family of Fourier transform

and time-frequency shift invariant spaces contained in the Schwartz class S; the smallest, non-trivial one
1/2
1/2

Another useful characterization of the spaces S§ and X% involves the STFT and is proved in [13,
Proposition 4.3]: f € S%(R?) if and only if V, f € S¢(R??), and the same for 2. We shall heavily use the

11//22(Rd) we have

mx?

being 811;22 Functions in S,/ are, e.g., the Gaussian f(z) = e~ ™ or the Hermite functions.

case o = 1/2: for a non-zero window g € S

f € SI5RY & Vyf € S))5(R™). (11)
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For a non-zero g € L*(R%), we write Vv for the adjoint of Vy, given by
(VoF.f)=(FVyf), [feL*RY), FeL’RY)

In particular, for F € S(R??), g € S(R?), we have
* _ d
VIF(t) = /R Flz,w)MyTog(t) dz dw € S(RY). (12)

Take f € S(RY) and set F = Vg f, then

1

~ lgllz

£(1) /R Vol (@, )M Tag(t) di do € S(RY) (13)

We refer to [11, Proposition 11.3.2] for a whole treatment of the adjoint operator.

LEMMA 2.2 Consider a non-zero window g € 811//22(Rd). Then, for every F € Sll//g(RQd) we have V,F' €
1/2 md

S (R%).

Proof We set f =V F €S (R%) and we shall show that f € 511 //22 (R%) by using the characterization (7).

To estimate ||tPO? f||p~, we first recompute formula [11, Lemma 11.2.1] with the role of the operators 94
and tP interchanged:

PO M, Tog) = > ( (;11 ) (;’2 >x52(2mw)51Mwa(tp528q51 9). (14)
01<q 62<p
Secondly, for 41 < ¢ and d2 < p, we get the following majorization:
ML T (87209 g) || e = [[#P2209 2 g 1

< C|p—62|+|q—51|+1((p _ 52)!)1/2(((] . 51)!)1/2

The preceding estimates yield the desired result. In fact,

|tPO? f| §/ |F(xz,w)||2P0?( M,T,g)| dx dw
R2d
<> DN P ) clr-taltla=ail+i(p - 5y)1)H2((q — 61)1) /2
01/ \ 09
6:<q02<p

/ |F(z,w)] |2 (2miw)® | dz dw.
R2d

11 //22 (R24), by using the characterization (7), the last integral can be easily

estimated by CI1o%IF191H+1(5,1)1/2(§,1)1/2 hence ||[tPOIf| 1 < KIPHIaHI(ph)1/2(g1)1/2 for every p,q € N&. O

In view of our assumption F' € S

2.2 Modulation Spaces.

Modulation spaces having weights in M, (at most sub-exponential growth) were first introduced by Fe-

ichtinger in [6]. We define them using the Gelfand-Shilov class 811//22

hereafter. Let us first argue for weights in the more general class N.

as test function space in the way
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Definition 2.3 Let m € N, and ¢ a non-zero window function in Sig(Rd). For 1 < p,q < oo, the

modulation space ME?(R?) consists of all tempered ultra-distributions f € (Sll//;)’(Rd) such that Vg, f €

L5 (R?) (weighted mixed-norm spaces). The norm on M5 is

q/p 1/q
|’f”M§;q:”ng||Li’y;“:</Rd </Rd\ng(x,w)|pm(:c,w)pdx> dw) ,

(with obvious changes if either p = 0o or ¢ = 00). If p = ¢, MPb, :== MEP, and, if m = 1, then MP? and
MP stand for ME? and MEP, respectively.

Notice that:

(i) If f,g € Sll//;(Rd), the above integral is convergent thanks to (4), (6) and (11). Namely, if m € N we

choose ¢ = h — € > 0 in (4), for a suitable € > 0, with & being such that ||V, fe"|| L~ < co. Hence

q/p
/(/ \ng(m,w)|pm(m,w)pdx> dw
Rd Rd
2 5 Q/p
< ClN o | ( [tz w)petoie) d:c) d < oo,
Re \JRd

(ii) The definition of M#? may depend on the choice of the window function g. However, we shall see in

the next section that, if m € M,, the definition of M};? does not depend on g € 311//22: actually, the class

of admissible window can be enlarged to M. Since the previous environment is the main concern of this
paper, we shall continue to denote M%7 for every m € N, keeping in mind that, if m € N'\ M,, we have

MET = MEL where g € 811//22(Rd) is the window with respect we compute the STFT V.

(iii) For m € M,, then M} is the subspace of ultra-distribution (31)’ defined in [5, Definition 2.1].

(iv) If m € M, and fulfills the GRS-condition limnﬂoov(nz)l/ " = 1, for all z € R??, the definition of
1/2

1/2)'

(v) For related constructions of modulation spaces, involving the theory of coorbit spaces, we refer to [8,9].

modulation spaces is the same as in [3] (because the “space of special windows” S¢ is a subset of S

3 The Density Result

First, let us recall the following semigroup property of the Gaussian functions.

LEMMA 3.1 Let a,b >0, then

e—7ra:c2 ” e—wbe _ (a + b)—d/2€—7rabx2/(a+b)_ (15)

Proof 1t is a straightforward computation by Fourier transform. Namely, recall that, for all a > 0, the
Fourier transform of a Gaussian is a Gaussian again, given by F(e~™%")(w) = a~%2¢~™"/¢, Therefore,
we have
e—7raz2 % €—7rb9[:2 _ f—l(f(e—wamz) . f(e—wbzz))
_ ffl(afd/Qefﬂuﬂ/a . bfd/2€77rw2/b)

= (ab)_d/Qf—l(e—ﬁ(a+b)w2/(ab)) — (CL + b)—d/2€—7rabx2/(a+b)'



Let p(z) = e ™", z € R%. The family {p, }n, with n positive integer given by
2 12

pn(2) = n"p(nz) (16)

is an approximate identity and, by the characterization (11), is straightforward to show that ¢, €

Sll//;(RQd), for every n € N.

1/2

12 (RY). Consider a function f € ML (R?). Then,

LEMMA 3.2 Let m € N and fiz a window function g € S
for every l,n € N, I,n > 0, the functions defined by

Gni(2) = [(Vof)m = n)] (2)e ™/, 2 € R*, (17)

are in 811//22(R2d).

Proof We use the characterization in (6). We consider 0 < h < w/l. Then, using Young’s inequality for
the convolution norm estimate, we have

G 1 (2)e" e = [ [(Vyf)m # )] (2)e ™™ /1|
(Ve ym s n) 1= lle™™ /1| e
< (Vg )mllzeellonll ool M= e

(Vg fymllpeelle M2 o < oo,

since (V,f)m € Cy. Hence, the left-hand side inequality in (6) is fulfilled. Next, we compute the Fourier
transform of G, ;. Precisely,

F(Gnp)(C) = (F [(Vefym pn] x Fle™*/))(C)
= (FUVySYm)F (pn)) = (%)
= FFIVy fme ) 1 o
We look for a positive integer k that satisfies the right-hand side inequality of (6). We use (15) to compute

e/ keI = (1/n? 1)~ e~ ™/ (4%)  The boundedness of the Fourier transform between the spaces
L' and L™ then gives the desired result:

IF (G ) Q™ = < 1 NFI(Vyfymlll [T /™ 5 ™)k 1
! et/ (1-+1m2)
< (125 ) 10 mlo e o

< 00,

for every k such that 0 < k < 7l/(1 +1n?).0

Eventually, we have all the pieces in place to prove our main result.

1/2

172 to define the modulation space M},. Then,

THEOREM 3.3 Let m € N and fix a non-zero window g € S

1/2 1
81/2 — M,,.

Proof For sake of simplicity, we assume that the window g is normalized, that is ||g||zz= = 1. Let f €
M} (R?), where its M}, -norm is computed with respect to the fixed window g. Clearly, as pointed out after
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the definition of the modulation spaces M%7, we have 511 //22 (RY) ¢ M} (RY). We shall prove the density of
the preceding embedding. Consider the sequence of functions f,; defined as

fn,l = Vg*Gn,la

where the functions G,,; are given by (17). Using Lemmata 3.2 and 2.2 we obtain that f,; € Sll//g(]Rd).
Since (V,f)m € L', the approximate identity {®y}, defined in (16) gives the L'-convergence of the
sequence (Vg f)m * ¢, to the function (V,f)m.

Next, observe that for every fixed [ the functions G, ; converge to (V, f )me‘”Q/ "in L'-norm, since

lim [ [(Vof)mxon — (Vg f)mle ™ M dz < ||(Vof)m = on — (Vg f)ml| 1

n—oo R2d

and the right-hand side of the previous inequality tends to 0, when n — oco. Now, the Dominated Conver-
gence Theorem gives that the sequence (V f)me‘”z/ !, both dominated by and pointwise converging to
the integrable function (V,f)m, converges in the L'-norm to (V,f)m.

Finally, the inversion formula (13) proves that the sequence f,, ; converges to f in the M} -norm. In fact,

[ frg = Fllary, Vo (frg — Hlmlley = 1Gny — (Vo f)ml| e
Gt — (Vo fyme ™| it ||(Vy fYme ™™ = (V, fym|| s

and the right-hand side above tends to 0 for (n,l) — 400, independently on the indices’ order. O
Finally, we restrict our attention to v-moderate weights m € M,. Then, as shown in [5], modulation
spaces can be regarded as subspace of the space of ultra-distributions (E%)' . In this case, in the previous
paper is highlighted that they gain many nice properties. In particular, the definition of modulation spaces
is independent of the choice of the non-zero window g € X1. Actually, thanks to our density result, the
window class X} can be enlarged to M.
1/2

Proof of Proposition 1.1. We first notice that 31/2

embedding given in (8). Finally, the inclusion 1 C M_! [5] yields to the dense embedding ¥1 < M} whilst
the window class extension from %} to M} follows by the same arguments as in [11, Theorem 11.3.7]. O

— Y1 by means of the continuous and dense

For weights m € N'\ M,,, we lose the submultiplicative property and the standard techniques via Young’s

inequality can not be applied anymore. It seems reasonable to get the independence of the modulation

space definition for windows g at least in 811

//22 (R4), but a new approach coming from atomic decomposition
theory seems to be more appropriate and will be the object of a forthcoming work.

Since, for m € M,, M}, — ME? 1 <p,q < oo, see [5,11], we have:

COROLLARY 3.4 Letm € My, 1 <p,q < oo, then

S\l3 — MB3.
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