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Abstract: We consider an Ornstein-Uhlenbeck process with values in R"™ driven
by a Lévy process (Z;) taking values in R? with d possibly smaller than n. The
Lévy noise can have a degenerate or even vanishing Gaussian component. Under
a controllability rank condition and a mild assumption on the Lévy measure
of (Z;), we prove that the law of the Ornstein-Uhlenbeck process at any time
t > 0 has a density on R"™. Moreover, when the Lévy process is of a-stable type,

a € (0,2), we show that such density is a C°°-function.
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1 Introduction and statement of the main results

We study absolute continuity of the laws of a n-dimensional Ornstein-Uhlenbeck

process (X['), which solves the stochastic differential equation
dXt = AXtdt + BdZt, Xo =T c R™. (11)

Here (Z;) is a given Lévy process, with values in R?, defined on some stochastic
basis (€, F,(Ft)t>0,P). The dimension d might be different and also smaller
than n. Let us recall that (Z;) is a stochastic process having independent,
time-homogeneous increments and cadlag trajectories, starting from 0 (see [1]).
Moreover A is a real n x n matrix and B a real n X d matrix.

Ornstein-Uhlenbeck processes appear in many areas of science, for instance
in physics (see [10] and the references therein) and in mathematical finance (see
[2], [5], [6] and the references therein). Ornstein-Uhlenbeck processes with jumps
have recently received much attention (see [26], [24], [23] and [19]).

In the paper we present two main results: one on existence of densities of
(X}), and the other on the regularity of such densities. Both theorems assume

the following (controllability) rank condition

Rank [B, AB,..., A" 'B] = n. (1.2)
Here [B,AB,..., A" 'B] denotes the n x nd matrix, composed of matrices
B, ..., A" 1B which corresponds to the linear mapping: (ug, ..., un_1) — Bug+

... + A" 1 Bu,_q, from R™ into R™. An interesting example of an Ornstein-
Uhlenbeck process with degenerate noise satisfying the rank condition (with
d =1 and n = 2) is a solution of the equation

X! =27, X}=uxi,
(1.3)

t
X} xét—i—/ Zyds + a3,  t>0, x=(x},22) € R
0

It is a generalization of a famous example due to Kolmogorov, in which (Z;) was
a real Wiener process. In [14] Kolmogorov showed that the law of the random

variable (X}, X?) is absolutely continuous with respect to the Lebesgue measure,



for any t > 0, € R?, and, in fact, its density is a C*°-function on R?. This
Gaussian example has also been considered by Hérmander in [11].
When the process (Z;) is a standard d-dimensional Wiener process, it is known
that X} has a density if and only if the rank condition holds (see, e.g., [7] and
[8]). Moreover under (1.2) the random variables X7, ¢t > 0, € R", have C*°-
densities. This regularity result can be easily extended to the case when the Lévy
process (Z;) is given by a non-degenerate d-dimensional Wiener process with a
drift plus an independent pure jump process (see Section 2). Indeed, in such
case, X has two independent components, one of which is a Gaussian Ornstein-
Uhlenbeck process at time ¢ having a (C'°°-density. Note that convolution of
two Borel probability measures has a density as long as at least one of the two
measures has a density (see [23, Lemma 27.1]).

However, the situation is less clear if the Gaussian component of (Z;) degen-
erates or vanishes. In this paper we consider such case. Indeed, we formulate
our mild assumptions for absolute continuity only in terms of the Lévy measure

of (Z;). Our main first theorem is the following one.

Theorem 1.1. Assume the rank condition (1.2). Assume also that the Lévy
measure v of (Zy) is infinite and that there exists v > 0 such that v restricted to
the ball {x € R? : |x| < r} has a density with respect to the Lebesgue measure.

Then, for any t > 0 and x € R"™, the law of X[ is absolutely continuous.

It also turns out (see Proposition 2.1) that under the assumptions of the theo-
rem, the Ornstein-Uhlenbeck process (X}) is strong Feller. There are a number
of papers dealing with the absolute continuity of laws of degenerate diffusion
processes with jumps (see [4], [16], [18], [15] and [13]). They apply appropriate
extensions of Malliavin calculus for jump processes assuming also the well-known
Hoérmander condition on commutators (which becomes the rank condition (1.2)
for Ornstein-Uhlenbeck processes). In [4] it is assumed that the Lévy measure
of (Z;) has a sufficiently smooth density. In [16], [15], [18] and [13] a-stable type
Lévy processes (Z;) are considered. The very weak sufficient conditions for the
absolute continuity of the laws of degenerate diffusions with jumps, formulated

in Theorem 1.1, are new. Moreover, in the proof, we use analytical methods as



well as control theoretic arguments.
To formulate our second theorem, concerned with existence of regular densi-

ties, we need a new hypothesis on the Lévy measure v.

Hypothesis 1.2. There exist C > 0 and o € (0,2), such that, for sufficiently

small v > 0, the following estimate holds:
/ (z,h)?v(dz) > Cr*>™®, heR? with |h|=1. (1.4)
{z€R4 : |(z,h)|<r}

This condition was introduced in [18]. However, both [18] and [13] prove C°°-
regularity of densities of solutions of SDEs with jumps assuming a strictly stronger
version of Hypothesis 1.2 in which the integral with respect to v is taken over the
smaller set {z € R? : |z|] < r}. An interesting example of measure v for which
(1.4) holds but the stronger hypothesis is not verified is given in [18, Remark 1].

Clearly, if (Z;) is a d-dimensional a-stable process which is rotation invariant
(i.e., ¥(h) = calh|®, for h € RY o € (0,2), where ¢, is a positive constant) then
(1.4) holds. Thus our next theorem generalizes the Kolmogorov regularity result

concerning (1.3) to the case when (Z;) is a Lévy process of a-stable type.

Theorem 1.3. Assume the rank condition (1.2) and Hypothesis 1.2. Then, at
any time t > 0, x € R™, the Ornstein-Uhlenbeck process (X) has a C*-density
with all bounded derivatives. Moreover, for anyt > 0, x € R"™, f : R™ — R Borel

and bounded,

(1.5)
E[f(XD)] = —— [ f(e!hz+y) ( / i) exp( - /0 t W(B*esA h)ds) dh) dy

(2m)" Jgn

= (271r)"/ f(2) (/ e—i(z,h>ei<etA*h,;c> exp (—/t¢(3*eSA*h)ds)dh>dz.
" " 0

2 Existence of densities

Consider the Ornstein-Uhlenbeck process introduced in (1.1). It is well known

that this is given by
t
X7 =ty +/ e9ABAZ, = ez +Y;, t>0, z € R, (2.1)
0
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where the stochastic convolution Y; can be defined as a limit in probability of
Riemann sums (see, for instance, [23, Section 17] and [24]).

The law pf of X has the characteristic function (or Fourier transform) jif,
it (h) = €020y () = 101 e (- /0 tw(B*eSA*h)ds), heR", (2.2)
where p; denotes the law of Y; and v is the exponent of (Z;),
E[ei<u’zt>] = W 4y e RY

By (-,-) and |- | we indicate the inner product and the Euclidean norm in R¥,
k € N, respectively. Moreover B* denotes the adjoint (or transposed) matrix of

B.
Recall the Lévy-Khintchine representation for 1,

vl = 5@ = ilas) = [ (90 1= its,) o @) vldy). s €RY (23

R4
where Ip is the indicator function of the ball D = {z € R? : |z| < 1}, Q is a
symmetric d x d non-negative definite matrix, a € R%, and v is the Lévy measure

of (Z;). Thus v is a o-finite measure on R?, such that

(0D =0, [ (1 AlyR)uldy) < o

The triplet (@, a,v) which gives (2.3) is unique. According to (2.3), the process

(Z:) can be represented by the Lévy-Itd6 decomposition as
Zy=at+ RW,+ Z7, >0, (2.4)

where R is a d x d matrix such that RR* = Q, (W}) is a standard R%valued
Wiener process and (Z7) is a Lévy jump process (see [1]). The processes (W)

and (Z) are independent.

Let (P;) be the transition semigroup determined by (X}), i.e.,
Bif(x) = E[f(X{)], =0, z € R",

f € By(R™), where By(R™) denotes the space of all real Borel and bounded
functions on R™. The semigroup (F;) (or the process (X[')) is called strong

Feller if P,f is a continuous function, for any ¢t > 0 and for any f € By(R™).



Applying a result due to Hawkes (see [12]) we show now that the strong Feller
property for (P;) is equivalent to the existence of a density for the law of X},
for any t > 0, x € R™. This result holds for any Ornstein-Uhlenbeck process
defined in (1.1) (without requiring the rank condition (1.2)). For related results

in infinite dimensions, see [22] and [20].

Proposition 2.1. The semigroup (P;) is strong Feller if and only if, for each
t >0, z € R the law pi of X is absolutely continuous with respect to the

Lebesgue measure.

Proof. Fix t > 0 and let u; be the law of Y; (see (2.1)). Since pf = 0pea, * it
(where J, denotes the Dirac measure concentrated in a € R™) uf is absolutely

continuous, for any x € R”, if and only if u; has the same property.

We write, for any f € By(R"), z € R",

Pf@) = [ F(eo st pldy) = [ (Foe ot e Hyu(dy) =
R™ R™
[ (Foetarae o pde)

where (e "4 o) is the image of the probability measure p; under e #4. Applying
[12, Lemma 2.1], we know that the Markov operator T;g(z) = [, g(z+z)(e "o
ue)(dz), © € R™ maps Borel and bounded functions into continuous ones if and
only if (e~ o) is absolutely continuous with respect to the Lebesgue measure.
Hence P, f is continuous, for any f € By(R"™), if and only if (e "*4op;) is absolutely

tA

continuous. This gives the assertion, since " is an isomorphism. [ ]

The proof of Theorem 1.1 requires two lemmas. The first one is of indepen-

dent interest.

Lemma 2.2. Assume the rank condition (1.2). Then there exists Ty > 0 (de-
pending on the dimension n and on the eigenvalues of A) such that for any
integer m >n+ 1, for any 0 < 51 < ... < 8y < Tp, the linear transformations
sy, sm Rd™ —, R"™,

m

lor o (U1 ym) = S By;,  are onto, (2.5)
j=1



Proof. The proof is divided into two parts.
I Part. We define Ty > 0.

Let (A;) be the distinct complex eigenvalues of A, j = 1,...,k (with k£ < n).
Consider the following complex polynomial: p(\) = H§:1()\ —X\)" AeC, and
the corresponding ordinary linear differential operator p(D) of order n,

k

p(D)y(t) = (JT@ = 1)) =™ @) + ary™ V() + ... +an, tER,
j=1

where y € C"(R), a; € C, and y denotes the i-derivative of y, i = 1,...,n.
By a result due to Nehari (see [17]) we know, in particular, that there exists

To > 0 (depending on n and on the coefficients ay, ..., a,) such that any non-

trivial solution y(¢) to the equation p(D)y = 0 has at most n zeros on [—Tp, Tp].

By this theorem, we deduce that the following quasi-polynomials

—_

n—

y(t) = Z crje it (2.6)
0

j=1lr=
which are solutions for p(D)y = 0 (see, for instance, [3, Chapter 3]), have always
at most n zeros on [—Tp,Tp] no matter what are the complex coefficients ¢;;

(except the trivial case in which all ¢,; are zero).
1I Part. We prove the assertion.

Introduce the following linear and bounded operators (depending on ¢ > 0)
t
Li : L*([0,t];RY) — R, Lyu = / e*ABu(s)ds, u e L*([0,t];RY).
0

The controllability condition is equivalent to the fact that each L; is onto, ¢ > 0
(see, for instance, [27, Chapter 1]). Hence, in particular, Im(L7z,) = R"™ (Tp > 0
is defined in the first part of the proof). To prove the assertion it is enough to
show that

Im(Lz,) € Tm (ly....,,) (2.7)

forany 0 < 51 < ... < 8, <Tp,and m >n+1. We fix m > n+ 1 and take
(81, 8m) With 0 < 51 < ... < 8, < Tp. Let v € R, v # 0, be orthogonal to

Im(ls, ..s,.). Assertion (2.7) follows if we prove that

(v, Lyyu) =0, for any u € L2([0, Tp); RY). (2.8)



To this purpose, note that the orthogonality of v to Im(ls, .. s, ) is equivalent to

B*esid"y =0, for j =1,...,m, ie.,
(B*e* v, er) =0, j=1,....m, k=1,....d, (2.9)

where (eg) is the canonical basis in R?. Note that each mapping s — (B*e*4"v, ey,),
k =1,...,d, is a quasi-polynomial like (2.6). Since m > n + 1, condition (2.9)
implies that each mapping (B*e*4" v, e},) is identically zero on [0, Tp] by the first
part of the proof.

It follows that

To
(Lt,u,v) = / (u(s), B*e*A v)ds = 0,
0

for any u € L%([0, To]; R?). This implies that v is orthogonal to Im(Lz,) and so
(2.7) holds. The proof is complete. |

Lemma 2.3. Let L : RP — R?, p > q, be an onto linear transformation. Let
be a probability measure on RP having a density h (with respect to the Lebesgue
measure). Then the probability measure Lo~y, image of v under L, has a density

on RY.

Proof. Since the result is clear when p = ¢, let us assume that p > ¢. We identify
L with a ¢ x p matrix with respect to the canonical bases (f;)1<i<p in RP and
(ei)1<i<q in R?. Consider the transposed matrix L* and complete the system
of vectors L¥ey, ..., L*e, with vectors f; ,... fi,_, in order to get a basis in RP.
Define an invertible p x p matrix S having the vectors L*ey, ..., L*eq, fiy,--- fi,_,
as rows. If w : RP — RY is the projection on the first ¢ coordinates, we have that

L =moS. Indeed, for any x € RP,
w(Sz) = ({e1, Lx)pq, - - ., (€q, LT)pqe) = L.

Fix any Borel set B C R?. Using also the Fubini theorem, we get

1 -1
[ @) @) = [ Ia((s:)h(:)z = i | Ia(em)ns )y

RP
T Jdet(S)] Jp M ), Y1, Yp)dYgr1 - - - dYp.
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It follows that L o has the density

1

(yla"‘7yq) = m —_— hoSil(yla"wyp)dyq-i-l dyp

Proof of Theorem 1.1. We will use Lemma 2.2 and adapt the method of the
proof of [23, Theorem 27.7], based on [25] and [9]. Let Ty > 0 be as in Lemma
2.2. Using Proposition 2.1 and the semigroup property of (P;), in order to prove
the assertion it is enough to show that the law of Y; (see (2.1)) is absolutely
continuous for any t € (0, Tp).

Recall that for an arbitrary Borel measure v on R", we have the unique

measure decomposition

Y = Yac t+ Vs (210)

where v,. has a density and 7, is singular with respect to the Lebesgue measure.
Define, for N € N sufficiently large, say N > Ny with 1/Ny < r, the measure

vn having density Ify/n<|s|<,} With respect to v, i.e.

VUN = VI{I/NSLI‘ST} and ZtJV = Z AZS, tZ 0,
0<s<t, £ <|AZ|<r

(the measure vy has density I't1/N<|z|<r) With respect to the measure v defined
in (2.3)) and AZ, = Zs — Zs— (Zs— = limj_,g- Zs1n). The process (Z}) is a
compound Poisson process and its Lévy measure is just v. By the hypotheses,

for any N > Ny, vy has a density. Moreover since v is infinite, we have that
ey =vn(RY) — 00 as N — oo.

It is well known that (Z}¥) and (Z; — Z}V) are independent Lévy processes (see,
for instance, [1] or [21, Chapter 1]). It follows, in particular, that the random

variables

t t
v :/ e =4BdzYN and Y;-YN :/ e=94Bd(Z-7"), are independent,
0 0
(2.11)
for any N > Ny, t > 0. Fix t € (0,7p) and denote by u the law of the random

variable Y; and by py the one of Y.



Since p = puy * By (where By is the law of Y; — Y,'V), we have by (2.10)

o= (MN)ac * (ﬁN)s + (/J/N)S * (ﬁN)s + (HN)ac * (ﬁN)ac + (MN)S * (ﬁN)ac'

By [23, Lemma 27.1]) we deduce that (un)ac* (BN8)s + (N )ac * (BN )ac + (1n) s *

(6N )ac is absolutely continuous and so ps = ((,uN)S * (ﬁN)S)S and

,U/S(Rn) < (,U'N)s * (/BN)S(Rn) < (,UJN)S(Rn)’ for any N > NO- (2'12)

Now we compute puy which coincides with the law of f(f e*ABdZ N,

First, note that the law of Z}¥ is given by

t k
e NSy 4 e CNt g (c];;) (V}V)k, where cy = VN(Rd), Un = LN,
: CN
k>1

(UN)F = Dn * ... x Uy (k-times). Then consider a sequence (&;) of independent
random variables having the same exponential law of intensity cy. Introduce
another sequence (U;) of independent random variables (independent also of

(&) having the same law vy .

It is not difficult to check that the probability measure py coincides with the

law of the following random variable:

0 Loty + D Uers teesicersgun) (€94 BUL+ .+ e H-F0ABU ).
E>1

Note that the events Hy = {&; > t}, Hr ={&+ ...+ & <t <&+ ...+ &1}
are all disjoint, k£ > 1. Since, for any f € B,(R"),

FO - Xklm) = f(Xi)a,,

k>0 k>0

10



where Xo =0 and X, = ¢$"4BU; + ... + &1t H)ABUL k> 1, we get

Ef(Y,N) =e V'f(0) + Ry, where

Ry = Ef( Z 1{51+-.-+§k§t<§1+...+§k+1} (eglABUl +..o+ €(£1+m+§k)ABUk))
E>1

= Ef (1{51+...+sk§t<£1+...+5k+1} (S 4BUL + ... + €(£1+'“+§k)ABUk)>
k>l
o0

)k-‘rle—cN (t1+...+tk+1)dt1 .

(en - dbpp

k=1 [1+...+tk§t§t1+...+tk+1

. /dk f(etlAByl + ...+ 6(t1+"'+tk)AByk) ﬁN(dyl) .. ﬂN(dyk)
R

)k+1e—CN(t1+...+tk+1)dt1 .

(CN . .dtk+1'

E>1 /t1+--.+tk§t§t1+-..+tk+1

: Rnf(y)utl ..... t:(dy), f € By(R™),

where pi4, . ¢, is the probability measure on R™ which is the image of the prod-

k
uct measure Uy X ... X Uy (k-times) under the linear transformation Ji,

(independent of N) acting from R into R™,
Jtl,...,tk (yla cee 7y/€) = etlAByl +... .+ e(t1+...+tk)AByk7

where y; € R, i =1,...,k. Forany k>n+1,t1 >0,t >0,i=2,....k, we

have 0 <t1 < ...<t1+...+t <Tpand

Jtl,...,tk = lt1,...,t1+...+tk

(see (2.5) and recall that t € (0,7p)). Applying Lemma 2.2, we obtain that, for

any k > n+1,t > 0,47 =1,...,k, the linear transformation J;, . ; is onto.

k
Therefore, by Lemma 2.3, the measure .. ¢ has a density g;, .. ¢ € LY (R"™),
forany k >n+1,t >0,i=1,...,k. Using this fact, we write

UN = fiy + iy, where py = e N+
n
k+1 _— t14... 4+t
+ Z/ (CN) + e CN( et k+1);ut1,...,tk dtl Ce dtk+1;

and u?\, has the following density on R :

k41 —cy(ti+...+t
yr Z/ (en)ftlementtatton)g, o (y)dtr .. gy
k>n t1t. A <t<ti+..ttr4a

11



Therefore

(n)s(R™) < piy (R™)

n
=e N4y / (en)fttementtetter) g diy, — 0,
k=1 t1+. e <t<ti+...ttp4a

as N — oo, since ¢y — oo by hypothesis. By (2.12), we immediately get that

s = 0. This gives the assertion. The proof is complete.

3 Proof of the C*-result

We pass now to the proof of Theorem 1.3. To obtain C°°-regularity of the
law at time ¢ of the Ornstein-Uhlenbeck process (1.1) we will be estimating its

characteristic function.

We fix ¢ > 0. It is enough to show that the law p; of Y; (see (2.1)) has a
density p; € L'(R™) N C*°(R") with all bounded derivatives. To this purpose,

note that by (2.2) the characteristic function of y; is
t *
july) =exp (= [ w(BeTy)ds), yere
0
We claim that there exist a; and ¢; > 0 such that, for any y € R”, |y| > 1,
t * fe
| exp ( —/ Y(B*esA y)ds)‘ < e uI”, (3.1)
0

This will imply in particular that f; € L'(R™). Then, by using the Fourier

inversion formula (see [23, Propositions 2.5]) we will get the assertion.

It is not restrictive to assume that @@ = 0 and a = 0 in (2.3), i.e., that (Z;)

has no Gaussian component. For any y € R"™, we have

‘ exp (— /th/}(B*eSA*y)ds>‘ = exp <— /Ot ds /Rd (1- cos((B*e*A"y, z>))y(dz)>.

First, note that condition (1.4) is equivalent to the fact that
/ (z,k)? v(dz) > C |k|*, (3.2)
{z€R4: |(z,k)|<1}

12



for sufficiently large k € R?, say |k| > co. To see this, it is enough to change
in the condition (1.4), the vector h to the vector k/r. Fix y € R™ with |y| > 1;

using also the inequality 1 — cos(u) > c1|u|?, if |u] < 7, we find
t *
/ ds/ (1 — cos((B*e*y, z)))v(dz)
0 R4

t
201/ ds/ <B*68A*yaz>2 v(dz)
0 {z€R4 : |(B*esA* y,2)|<1}

t
> / Lol et o d5 / (B "y, =) (dz)
o CEOIEETUZO T [ cra(gresary i<y

t
* _sA*
= Clc/o Lselo): [BresA™y|ze0) | B€* yl|"ds.

Set M; = sup{|B*e*A"h| : s € [0,t], |h] < 1, h € R"}; since ‘Bﬁsjaty‘ <1,

s € [0,¢], we get

t
* _SA*
010/0 1{56[0,t}:|B*eSA*y|zco}‘B e’ y‘ads

. * sA*
B*e’? y |«
6% (6%
> c1C|y|* M /Ol{se[o,ﬂ:B*esA*ylzco}!yIM “
t *es A
Bref y 2
6% (0%
> c1C |y|* M /0 Lselo.:1Bres4" y|2 0} MM:) o

Let us recall that the rank condition (1.2) is equivalent to the existence of C; > 0

such that, for any v € R™, fg |B*e*A u|? ds > Cy|ul? (see [27]). Moreover

* ,SA*,) 19 2
B*e y‘ ds < cgt
|ly| My

N ’y‘z Mt2

t
/0 Lo Bresa* yl<co}

This implies that, for any y € R™, with |y| > 1,

t * SA*
B*es* y 2
ClC|y|a Mta A ]‘{SZ‘B*CSA*ZAECO} y|z\4—t’ dS
) + B*eSA*y 2

> c1CCy y|* M7~ — 1 C |y|* MY /0 Lis:|Bresa*y|<co} W‘ ds

« a—2 a « C%t
> a1 CCy |y|* My — a1 C ly|* My y[2 M2

t

We get, for any y € R", |y| > 1,
t *
/ ds/ (1- cos((B*es1y, 2 v(dz) > e CO M2 |y|* — e1Cegt My 2.
0 R4
The assertion (3.1) is proved.

13



Finally, by the Fourier inversion formula,

1

t
pe(y) = / e~ WM oxp ( - / 1/J(B*€SA*h)d8) dh, yeR", (3.3)
(2m)" Jgn 0

is the density of u;. Differentiating under the integral sign, we get easily the

assertion. The proof is complete. [ |

Remark 3.1. It follows from Theorem 1.3 that for any Borel function f with
compact support one has P, f € Cp°(R™), for any t > 0 (i.e., P f € C*(R") with
all bounded derivatives of any order) where P f(z) = [on f(2)pi(z —e!d2)dz. We
do not know if this regularizing effect holds for all f € B,(R"™) as we are unable
to show that for a given multi-index 3 the partial derivative D®p, is integrable

on R".
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