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Abstract

Uniform gradient estimates are derived for diffusion semigroups, possibly
with potential, generated by second order elliptic operators having irregular
and unbounded coefficients. We first consider the R%case, by using the cou-
pling method. Due to the singularity of the coefficients, the coupling process
we construct is not strongly Markovian, so that additional difficulties arise in
the study. Then, more generally, we treat the case of a possibly unbounded
smooth domain of R? with Dirichlet boundary conditions. We stress that
the resulting estimates are new even in the R%case and that the coefficients
can be Holder continuous. Our results also imply a new Liouville theorem
for space-time bounded harmonic functions w.r.t. the underlying diffusion
semigroup.
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1 Introduction

In this paper we establish uniform gradient estimates for Schrédinger diffusion semi-
groups generated by second order elliptic differential operators Ly having irregular
and possibly unbounded coefficients. We first consider Ly on R? and then, more
generally, on a possibly unbounded smooth closed domain D C R¢ with Dirichlet
boundary conditions. The operator Ly can be written as
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The coefficients ¢;; and b; are assumed to be at least continuous on D; the d x d
matrix ¢(z) = (g;(z)) is uniformly positive definite and the potential term V' is
nonnegative and Borel on D. Our precise assumptions are collected in Hypothesis
4.1 (and in Hypothesis 3.1 when D = R?). We stress that, in particular, we are able
to treat the case of Holder continuous coefficients ¢ and b. This seems to be the first
paper that establishes uniform gradient estimates for diffusion semigroups when the
coefficients are unbounded and not assumed to be locally Lipschitz.

It is well-known that, under suitable conditions on the growth of the coefficients,
the L-diffusion process uniquely exists up to the boundary 0D of D (see [23], [21],
[13]). Define the Schrédinger diffusion semigroup

Pth(.T) = Ex(f(xt>ei fot V(xS)dsl{T>t}>7 S D: f € %;(D)a

where E* is the expectation taken w.r.t. the distribution P* of the L-diffusion
process starting from x, x; denotes the canonical process on a probability space of
continuous trajectories with values in D, and

7:=inf{t > 0: 2, € OD}.

Moreover, %, (D) is the set of all bounded nonnegative Borel real functions on D.
If f is regular enough and ¢, b and V" are at least locally Holder continuous, then it
is known that PP f gives the classical bounded solution to the parabolic Dirichlet
problem involving Ly, see for instance [21] or [20]. In this paper we will establish
gradient inequalities of the type

c
1.1 VPP fllo :=sup |VPP f(z)] < w, t>0,f¢c B (D),
(L) VPP Sl = sup VPP (0)] < =[] f € (D)
involving the supremum norm || - ||». Note that, since we do not assume that g,

b and V are locally Holder continuous, PP f could be nondifferentiable in x; hence
we consider a natural generalization of |[VPP f(z)], see (2.3). In addition to (1.1)
we prove that, even for non-convex domains D, the map z — PP f(z) is globally
Lipschitz continuous up to the boundary of D, for any ¢ > 0.

We stress that uniform gradient estimates like (1.1) also imply the equivalence
between functional inequalities and corresponding isoperimetric inequalities, see e.g.
[15, 26] for details.

If the coefficients ¢, b and V' are globally bounded and uniformly continuous on
D, then Ly generates an analytic semigroup on the space UC,(D) of all uniformly
continuous and bounded functions on D, endowed with the supremum norm, see
[18] and references therein. As a consequence of this nontrivial generation result,
one obtains the gradient estimates (1.1). On the other hand, when the coefficients
are unbounded, generation of analytic semigroups is no longer true in general even
if the coefficients are assumed to be very regular, see [8]. Recently, uniform gradient
estimates have been intensively investigated when the coefficients ¢, b and V are



unbounded but at least of class C'. To this purpose, both analytic methods, see
for instance [19], [1], [2], [11], [3], and probabilistic arguments, see for instance [6],
24], [26], [4], [22], have been used on domains of R? and on manifolds. Even if the
coefficients are regular, uniform gradient estimates are not always true. Counterex-
amples are given in [1], if D = R%, and in [26] for domains of R%. On the other hand,
when D # R?, uniform gradient estimates hold under an additional assumption on
the boundary 0D, which has been introduced in [11].

To prove (1.1), the main technique we adopt here is the coupling method as in [6],
[24] and [26]. This method is in contrast with the analytic approach mainly based
on apriori estimates and the maximum principle. Our coupling is constructed in the
following way: by reflection for a constant part \g/ and by parallel displacement
(called “March Coupling” in [5]) for the remaining part. Since our coefficients are
only continuous and the coupling elliptic operator is degenerate, we have additional
technical difficulties in proving the existence of the coupling process such that its
two marginal processes move together after the coupling time (namely, the first time
they meet). This is why we regularize also the coefficients of the coupling operator,
introducing an additional term, depending on € > 0; in this way the coefficients of
the coupling operator are continuous on the whole space, rather than merely well-
defined outside the diagonal as it is usual (cf. [16], [5]). We only prove the existence
of such a family of coupling processes, depending on ¢, but not their uniqueness as
it happens in other cases of coupling available in the literature (see e.g. [16]). This
lack of uniqueness implies also that we can not use the strong Markov property for
the coupling processes, see Section 3.1 and the proof of Theorem 4.5. Nevertheless,
under reasonable conditions, our coupling will finally lead to non-trivial gradient
estimates for PP when ¢ — 07. We also mention that our gradient estimates lead
naturally to a new Liouville theorem for space-time bounded harmonic functions
(see Theorem 3.6 below).

After some preliminaries given in Section 2, we study the global case (i.e.,
D = R%) in Section 3. Then we extend the resulting estimates to general smooth
domains in Section 4. In this section we consider an assumption on the boundary
0D which generalizes the one introduced in [11], see also Example 4.3. Concerning
the operator Ly, if there is no potential term V', we substantially extend the as-
sumptions in [11], both with respect to the regularity of the coefficients ¢ and b, as
already mentioned, and with respect to their growth at infinity. If V' # 0, then our
assumption of boundedness and measurability of V' is different and not comparable
with the corresponding one in [11] (see also Corollary 3.5 which deals with operators
Lo having Lipschitz potentials V).

Finally, we remark that our uniform gradient estimates hold also for Neumann
semigroups on smooth convex domains as soon as the coupling processes with re-
flecting boundary exist. Indeed, according to [25], the convexity of D would help the
coupling to be successful and would allow one to get the uniform gradient estimates.



2 Preliminaries and basic notation

The inner product and the Euclidean norm in R? will be denoted by (-,-) and | - |.
Moreover, we set
plz,y) =le—yl, =,y R
The space of all 7 x d matrices will be denoted by L(R",R9); further £(R¢,R%)
= L(RY). If A € L(R",RY), its adjoint is denoted by A* € L(R? R"). For any
h € R we consider hh* € L(RY), hh*(k) := (h, k)h, for any k € RY. Moreover, we
set
|A|| == (tr(AA )2 A e L(R",RY).

By D we shall denote a possibly unbounded closed connected subset of R? with
smooth boundary 0D, interior D and such that the distance function

e _ d
(2.1) pop(z) == yle%fD]x yl, ©e€R%

is a C%-function with bounded second order derivatives in D,,, for some a > 0, where
(2.2) Dy ={x € R*: pyp(z) < a}.

It will be enough that D is a uniformly C%-boundary, see for instance [12] or the
Appendix in [11] for more details. Of course D can be the whole RY. Moreover, psp
is Lipschitz continuous with |Vpsp(z)| =1, x € D,.

Let f: D — R be a locally Lipschitz function, we set

(2.3) |V f(x)] :zlimsupM,

ye |7yl

for any z € D. Note that if f is differentiable in « € D, then |V.f(x)| is just the
norm of the gradient of f in x.

Let us fix some notation on the martingale problem and coupling for diffusions,
see also [5], [23], [13], [21], [17]. Let Q¢ := C([0, 00); R?) be endowed with the metric
of the uniform convergence on bounded intervals. Let z; be the canonical process
on Q% ie., z(w) = w(t), w € Q% t > 0. We consider on Q¢ the natural filtration
(Fi)e>0 associated to ;. Note that o(F;, t > 0) is the Borel o-algebra of Q2.

Recall that a martingale solution for L is a family of probability measures P*,
r € RY, on Q¢ such that P*(w(0) = z) = 1 and for each f € C3(RY),

(2.4) M= f(x) —/0 Lf(zy)ds

is an F-martingale (recall that if S C RY CZ(S) denotes the space of all C?-
functions f : S — R with compact support). A coupling distribution for P* and



PY, z, y € RY, is a probability measure P*¥ on Q?? = (29)2 such that the first and
second marginal distributions of P*¥ are just P* and PY respectively. That is,

(2.5) P*=P%or !, PV=P%om! = yecR
where m; @ (1, 22) — x;,7 = 1,2. We finally define the coupling time:
(2.6) T :=inf{t >0: 2 =y},

where we set inf () = co by convention.

In Section 4, we will also consider martingale problems on domains, see [21,
Sections 1.12 and 1.13] for more details. Let D = D U {A} be the one-point
compactification of D. Thus A is identified with 0D if D is bounded and with 9D
and the point at infinity if D is unbounded.

Define the explosion time e : C([0,00); D) — [0,+00], e(w) := inf{t > 0 :
w(t) = A} and introduce the space

~

Qp ={w e C([0,00); D) : either e(w) = oo or if e(w) < oo then w(e(w) +1t) = A,

for any t > 0}. Following [21, page 40], one constructs a natural stochastic basis
(Qp, F,(F)). A generalized martingale solution for L on D (or an L-diffusion on
D with absorbing boundary) is a family of probability measures P* on Qp, = € D,
such that P*(w € Qp : w(0) = 2) = 1 and, for each f € C2(D), one has that the
process M| see (2.4), is an Fy-martingale (here one uses the convention of setting
F(L) =0, for any f € C2(D)).

Similarly to (2.5) one defines couplings distributions on Qp x €24 for generalized
martingale solutions on D.

3 Gradient estimates in R?

Let us write down our assumptions on L.

Hypothesis 3.1. (i) The coefficients ¢;; and b; are continuous on R% V' > 0 is
bounded and Borel on R¢.

(i) There exists A\g > 0 such that {g(x)h, h) > Xo|h|?, z € R?, h € R<.
(iii) The unique L-diffusion process does not explode, starting from any = € R<.

(iv) There exists a nonnegative function g € C(0,400) such that folg(s)ds < 00
and

B1) s {lo() o)l +20() ~ by). 7~ )} < 9(r),

ja—yl=r

for all » > 0, where sup® = 0 by convention and o := /q — Ao is the unique
symmetric nonnegative definite matrix-valued function such that 0% = ¢— \o/.
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Remark 3.2. Let us comment on these hypotheses. Under (i)—(ii) there exists a
unique martingale solution for L, see [23, Section 10] or [21, Section 1.10]. Thus, the
martingale problem for L on R? is well posed and, in addition, the strong Markov
property holds.

Condition (iv) generalizes substantially the standard condition that g(r) := cr,
for some ¢ > 0, implying the uniqueness and regularity of strong solutions to the
associated SDEs. Note that under the assumption that g(r) := cr, for some ¢ > 0,
we can treat also potentials V' which are globally Lipschitz, see Corollary 3.5 below.

If o is constant, then (iv) holds if the drift term b is uniformly continuous on
R?. Indeed, in this case, we can take as g the modulus of continuity of b, i.e.
g(r) = wp(r) := supp,_, <, |b(x) — b(y)[; note that g is continuous on [0, 00).

By Hypothesis 3.1 we can also deal with the nonlocal Lipschitz coefficients con-
sidered in [10].

It is remarkable that condition (iv) allows even to treat the case of unbounded a-
Hélder continuous coefficients q(x) and b(x). This follows applying the next lemma
and taking in (3.1)

g(s) :=C(s** 1+ %), a€(0,1),
for a sufficiently large constant C' > 0. Note that, possibly replacing A\ with a
smaller positive constant, we can assume that o(z) is uniformly positive definite.

Lemma 3.3. Let o(x) € L(RY), z € R?, be a symmetric matriz. Assume that, for
some A > 0, (o(z)?h,h) > A\h|?, =, h € R%. Let

q(r) =o(x)? + NI, = € R,
where X' > 0. Then one has:

(3:2) lo(z) = a(y)]| < %Hq(ﬂf) —qll, = yeR

Proof. We will use the following elementary fact. Let A and B be two dxd symmetric
positive matrices such that all eigenvalues of A and B are not less than A > 0. One
has:

1
(3.3) IVA—VB| < mnA—BH.

We provide a short proof for the sake of completeness. Note that X := vB — VA
solves the equation

(3.4) X(—VA) + (—VB)X = —(B — A).

Since —v/A and —v/B are both stable matrices, adapting the classical method used
to treat the Lyapunov equation AX + X A* = —1, it is not difficult to solve (3.4).
There exists a unique d X d matrix which solves (3.4) and this is given by

X = / e VB(B — A)e VAdt.
0

By this formula we get easily (3.3). The proof is complete. O



3.1 Construction of the coupling

Here, starting from L, we construct a family of coupling processes, with values in
R?¢, depending on € > 0. This construction is not standard due to the fact that the
coefficients ¢ and b are only continuous. These coupling processes will allow us to
obtain gradient estimates which will be independent of ¢.

Let us fix € € (0,1) and define

uleg) = (o= )l =l welo) = ulo )t

Co(x,y) == NI — 2uc(, y)uc(x,y)*) + o(x)o(y)*, z,y R z#y,

with o given in (3.1). Here k € C([0,0)), such that k(0) = 0, k(s) > s/4 s >0,
and

(3.6) /0 ]‘32(2) ds < oo,

where g is given in (3.1). Take for instance k(s) = (f; g(r)dr V s)"/*. Note that u.
is continuous on R??. The coupling processes Wlll be generated by

(3.5)

1d 92 2 2

0 .
S {q”(x)axiaxj T4 g, 5y 20 (x’y)axiayj}

i,j=1

+ Ed: {bi(x)i + bi(y)i}, z#y, €>0,
— or; oy

7

Le(z,y) :=

where C.(z,y) = (Cj;(x,y)). Hence the 2d x 2d diffusion matrix Q.(z,y) of L. is
given by

( q(z) Xo(I = 2ug(z,y)uc(z,y)*) + o(z)o(y)* )
Mo(I = 2uc(z, y)us(z,y)*) + o(y)o(z)* q(y)

and its drift term is b(x,y) := (b(x),b(y)) (remark that if ¢ = 0 and € = 0, then L.
is the generator of the coupling by reflection, while when Ay = 0 it reduces to the
March coupling, see [5] for more details). To check that the matrix Q). is symmetric
and nonnegative, one uses (ii) and that

(I — 2uc(2,y) ue (2, y))h| < |h|, heRL (2,y) € R* € (0,1).

Thus, L. is a possibly degenerate elliptic second order operator on R?? with continu-
ous coefficients on R??. Following [13, Theorems 2.2.IV and 2.3.1V] and using Euler
approximations, one gets that there exists a stochastic basis (2, F, (F;),P), such
that for any z = (z,y), there exists a process Z;° with values in R2 (the standard
one point compactification of R??) such that ZZ = z, a.s., and for each F' € CZ(R??),

t
(3.7) M} = F(Z7) —/ L.F(Z7%)ds, t >0,
0

7



is an F;-martingale. Now, to simplify notation, we drop the dependence on z and ¢
for Z7°, 1.e. we set Z, = Z;°. Let Z; =: (X,Y;). The explosion time of Z; is

e=lim7,, 7, :=inf{t>0:(X,|+|Yi]) >n}.

nfoo

Since the marginal processes X; and Y; are both L-diffusion (starting from x and y
respectively), we have e = oo, a.s., by (iii). Let us consider the coupling time 7" of
Ly, 1.e.

T:=inf{t >0: X, =Y},

where we set inf ) = co by convention. This is an F;-stopping time; define a new
process X/,

Xt7 t < T7
(3.8) X =
Y,, t>T
We will show that
(3.9) X; and X, are equal in distribution.

To this end, we first prove that X/ is an L-diffusion. We write, for any f € C2(R?),

.10 Fx = [ reas = (5t - [ 1r00as)

(00 = s -

tA

Lf(X;)ds> = M} + M2,
T

We note that, for any t > 0, a.s.

t t

LﬂXMhzf@D—ﬂKMJ—/ Lf(Y,)ds

tA\T

M2 = (X)) — [(Xpg) — /

tA\T

and M} = f(Xiar) — i LF(X,)ds. Tt turns out that M and M? are both
martingales. Indeed, concerning M}, letting F(z,y) = f(z), z,y € R%, we know
that

F(X0) - / Lf(X,)ds = F(Z) - / LF(Z.)ds

is a local martingale; but in addition, since f € CZ(R%), f(X;) — fot Lf(Xs)ds is
also bounded. Hence f(X;) — f(f Lf(Xs)ds is an F;—martingale. By the Doob
optional stopping theorem, we infer that M} is an F;—martingale as well. Similarly
one proves that also M? is a martingale. Hence X] is an L-diffusion. Since weak
uniqueness holds for L, see for instance [21, Chapter 1], we conclude that (3.9) holds.



Define the coupling process U; = (X/,Y;) on (Q, F, (F;),P) and recall that X; =Y,
a.s., for any t > T.

In this section the law of U, = U on Q2? will be denoted by P*¥, for any
z = (z,y) € R¥. P*¥ will be our coupling distribution.

The marginal measures P* and PY of P*¥ on Q¢ determine both L-diffusion
processes, starting from x and y respectively. The basic coupling property is

(3.11) E*f(xy) — EY f(x,) = EDY(f (24) — f(w))
S EXYf(e) = flye)| = ESV([f(2e) = f(ye) [ irsey) < | flloPEY(T > 1),

f € % (R?), where x; and (xy,y;) denote the canonical processes (on Q% and Q%
respectively) and T is the coupling time on Q2.

3.2 Uniform gradient estimates

Here we establish gradient estimates when D = R%. We write P, instead of PF".

Theorem 3.4. Assume Hypothesis 3.1. Then, for anyt > 0, f € By(RY), the map
x +— P, f(x) is Lipschitz continuous on R%. Moreover, the following assertions hold.

(a) If V =0, then setting

{ Jo exp (5 fy g(uw)du]ds 1 }

3.12 = inf
(B12) « =0 2ot * Joexp[ - ﬁ Jo 9(w)du]ds
Piflls
one has: % <, t>0,f€BH(RY.

If, in particular, C(o00) := [;* g(s)ds < oo, then

IVESllso exp| - C/(00)](1 + 2))
[FA [ — 2o/t :

(b) If V- # 0, formula (1.1) holds with

(3.13) t>0,f¢c B (RY.

142X 1t
14 = (1+ ||V _ )

Proof. We will use the L.-diffusion previously constructed. Recall that p(z,y) :=
|z — y| and, if no confusion may arise, we will write p instead of |z — y|. We need
the following straightforward formulas (see [5, (2.8)])

(3.15) L.(fop) = %Aef”(p) + ;Lpp)(tms — A.+2B), feC*0,+00),



where

Ac = q(x) + q(y) — 2C(z,y),
B = (b(z) = bly), = —y),
As = <AEU(ZC, y)’ u(:c, y)>

It is easy to check from (3.5) that

1215 > CLE(,O), where as(ﬂ) = 4)\0W,

and trd. = ||o(x) — o(y)||* +a-(p), p>0.
It follows that
trAs—Ae+QBS||U(I) a(W)II* +2(b(x) — b(y), = — y),

where [lo(z) — o(y)[|* = tr{(o( o(y))(o(z

) — ( } Thus, (3.1) and (3.15)
imply that, for any f e C¥(o, oo) Wlth f7<0,f>0

(3.16) Li(for) < () + §g<p>f'<p>, 0> 0.

Now we split the proof into two parts.
Case I: V=0. Let ao(r) = 4Xo, r > 0, and, for any € > 0, define
" g(s) 1 / g(s)(k(s) +¢)?
= ds| = d
csmemw | [ 20500| —em | [ H GG
" ds

he(r) := ) r > 0.

Note that, by our hypothesis on the function k, £ is well defined. For any § > 0,

set
Fy.(r) = /0 §is)< jiiz))d@ds, r € [0,4].

In this way one has % Fy_ +59F;. = —1/2, F;_ > 0and Fy, < 0in (0,4]. By (3.16)
we have:

(3.17)

La(F5,€ Op)(fb,y) S _1/27 p(Iay) S 57 x 7é Y.
Let T, :=inf{t >0: |z, —y| <1/n} (T, 17T asn — o0), and let

Ss = inf{t > 0: p(zy,y) > 6},

3.18
(3.18) oy :=inf{t >0: |x¢| + |ye| > N}, N > 1.

Given x # y, choose § > 0 and ng > 1 such that § > |x — y| > 1/ng. There results:
1
0 < EXVF5. 0 p(T1, 0850085 YTunssnon) < Fse(p(w,y)) — §E:’yTn NSs Non,

10



for any n > ng and N > 1. Since the L.-diffusion process is non-explosive, oy — 00
as N — oo, P¥¥ a.s.. Therefore, letting N — oo, we get, by the above inequality,

(3.19) EZ¥T, A Ss < 2F5.(p(x,y)).
On the other hand, one has L.(h. o p) <0, see (3.17), and so
hs(ﬂ(% y)) > E?’yhe o p(ITn/\Sg/\UNu yTn/\S(;AaN) > h5(5)P§’y(Tn Non > S&).
Letting N — oo, we arrive at
P2U(T, > Ss) < he(p(x,y))/he(5).
Combining this with (3.19) and letting n — oo, we obtain

PYY(T > t) = PPY(T > 1,85 > t) + P™¥(T > t, S5 < t)
<PHY(T ASs >t) +P2Y(T > Ss)

< 2F6,s(p(x7y)) he(p(x,y))
- t hg((S)

(3.20)

, >0, p(z,y) <0

Therefore, for any f € %, (R?), by the coupling property, see (3.11),

IPf(x) = PF)] _ E2¥f () — )| _ B2N(T > 1))

|z —y| 2 —y| B 2 —y|
2F5¢(lz — yl) hAM—M))
(3.21) < (2Rl 2= .

- 2Fé76(0) RL(0)
=\ e
The last inequality follows since Fs., h. € C'([0,6]), € > 0, and Fj_, h_ are both

decreasing on [0, 6]. Now, since P, f is bounded on R¢, the previous formula shows
that P,f is Lipschitz continuous on R?, for any ¢ > 0. Indeed if p(z,y) > § one has:

)HfHoo, for p(z,y) <6, t>0.

2
|[Pef (@) = Pof ()| < 201 Peflloc < Sl flloop(z, y)-
Now, letting y — z in (3.21), we arrive at

lim sup [P f(z) — Pif(y)

y—e |z =y

F/
- iwnse) < (4 il

for any €, § > 0 (uniformly in # € R%). Finally, letting ¢ — 0%, thanks to the
properties of k, we get
2F;5,(0 1
W(0) |
t ho ()

VAf(@)] < ( )ufuoo, 5> 0.

11



By taking the infimum over all § > 0, we achieve (3.12). The desired ¢ in (1.1)
follows by taking 0 = vt A 1. Finally, if [;* g(s)ds < oo, then (3.13) follows by

taking 0 = /1.

Case II: V # 0. We write
P (2) = Pf(y)] = [E20{f(w)e o Vs — py e lo Vimasy

(3.22) < EXY|(f(x)) — flye))e Jo VEIB| || fl o BEY[e~ o VEdds _ o= o Vive)ds)
<l (BT > £) 4 E29jer V080 _ o= ISV

Thus, to get the gradient estimate, we need to control the term

/OtV(xS)ds - /Ot V(ys)ds‘

t
ds < Hvuoo/ PE(T > 5)ds.
0

't ot
Ai,y = Ez_“’y|e_\/0 Vi(zs)ds _ e_.jo V(ys)d5| S E?vy

t
0

Now, using (3.20) one has, for p(z,y) < 9,

(3.23)
V(xs) - V(ys)

t t
/ P2Y(T > s)ds < / (E2U(TA S5 > 5) + P2U(T > S5))ds
0 0

! he(p(z,y)) _  he(p(z,y))
3.24 <E®Y [ 1 £ ’ < t— ’ E»Y(T
(3.24) < E? /0 (Trss>spds + ¢ h(0) <t h-0) +EDY(T A Ss At)
he(p(x,y))
<t——'77 L IF )
_t he((;) + 5,€<Io(x7y))7 t>0
This implies, see (3.21),
AZ t P2Y(T > s) t
(3.25) DY <V Oo/ < 2ds < ||V]|eo ——I—QF'E 0)),

for p(z,y) < 6. This shows that P, f is Lipschitz continuous on R?, for any ¢ > 0.
Moreover, using (3.22) and letting y — z, we get

VPf()| _ (2F.0) 1 i ,
T S( ; +h5<5))+||vuoo(m+2a,s<o>).

Letting ¢ — 07, we find, for any ¢t > 0,
2F7 (0
AL g (200

1
b )+ V)

[flle —o>0\ ¢
/
< <2Fm,0(0) 1 >(1 V).
13 ho(Vt A1)
Now the estimate in (1.1), with ¢ given in (3.14), follows using the semigroup prop-
erty and the fact that || P, flle < || flloc, f € Bp(R?), t > 0. O

12



Corollary 3.5. If the function g in (3.1) verifies g(r) < kr, r > 0, for some k > 0,
then in Theorem 3.4 we can replace the assumption that V' is bounded and Borel
with the following one:

V is Lipschitz continuous on R<.

Moreover, if C' denotes the Lipschitz constant of V', we have (1.1) with

2C

142X\
c::1+7(ek/2_1)+ + Oek/SAo.

2o

Proof. Note that the hypothesis on g guarantees that there is no explosion for the
L-diffusion process. Since V' is Lipschitz continuous, we have, see (3.23),

t
A;yﬁ/ E?y
0

If g(r) < kr, then (3.16) implies (with f(s) = s)

¢
Lirssyds < C’/ EXYzs — ys|Lirss) ds.
0

V() = Viys)

k, S
Ef’y’v”‘fsAcrN/\Tn - ysAoNATn\ <lo—yl+ 5/ Ef’y|$mam\Tn - ymaNATn|d7”-
0

Letting N and n tend to oo and using the Gronwall lemma, we infer
E?ylxs - ysll{T>s} S IE:g,y|xs/\T - ys/\T| S ‘ZL’ - y‘ek8/27 S Z 07

for any € > 0. Thus,

£

A t 2
lim sup (hmsup el ) < C/ eFs/2ds = ?C@’ft/? —1).
0

e—0t y— |.CE - y|

Therefore, the desired result follows from the proof of Theorem 3.4. O]

Theorem 3.4 leads to the following new Liouville theorem about space-time
bounded harmonic functions. We refer to [7, 1, 22] and references therein for corre-
sponding results concerning L-harmonic functions.

A bounded Borel function u on [0, 00) x R? is called space-time harmonic w.r.t.
P, if

Pa(t+s,-)(z) = u(t,x), st>02¢cR%
It is trivial to see that any classical bounded solution to dyu + Lu = 0 on [0, 00) X
R? is a space-time bounded harmonic function. Note that all bounded space-time
harmonic functions of P, are constant if and only if there exists a successful coupling
for the L-diffusion process, see [7].

Theorem 3.6. Assume that Hypothesis 3.1 holds with g satisfying

(3.26) /0 " exp {— 4%0 /0 ' g(s)ds] dr = oo,

then any bounded space-time harmonic function u w.r.t. P, is constant.

13



Proof. By (3.20), for z,y € R%, § > |x — y| and t > 0, one has:

lu(t, z) —u(t,y)| = |Psu(t + s,z) — Psu(t + s,y)| <E2Y|u(t + s,25) — u(t + s,ys)|

2F5.(lz —yl) | h(lz —yl)
< T,y < : .
< 2l BEH(T > 5) < 2( P ool | 11

Letting first ¢ — 07 and then s — oo we get

ho(lz = yl)

|U(t,l‘) - U(t, y)‘ é 2 h0(5)

[l oo

Now if lims_, ho(0) = oo (which is (3.26)), we get that u(t,z) = u(t,y) and so
u(t,-) is constant, denoted by w;. Thus, since u is space-time harmonic, one has
uy = u(0,z) = Pu(t,-)(x) = ug, t > 0. Therefore, u is constant. O

Note that (3.26) holds in particular if [[* g(s)ds < co, compare with (3.13) in
Theorem 3.4.
As a consequence of Theorem 3.6, we now extend a result proved in [1].

Corollary 3.7. Assume that conditions (i) - (iii) in Hypothesis 3.1 hold. Then any
bounded space-time harmonic function w.r.t. P, is constant if there exists r > ﬁ
such that

(3.27) rlla(z) — a@)I* + 2(b(z) = b(y),z —y) <0, =, y e R"

Proof. Since r > &, we have \g > X = \g — ﬁ > (. Then our assumptions hold

for X' in place of \g with o := /¢ — NI bounded below by /\g — X I = ﬁ;]. By
Lemma 3.3 and using (3.27) one obtains

(3.28) lo(2) = a()II* + 2(b(x) = b(y),z —y) <0, z,y€R"

Therefore, the desired assertion follows from Theorem 3.6 with ¢ := 0. m

4 Gradient estimates in smooth domains

Here we assume that D # R<.

Hypothesis 4.1. We keep the assumptions (i), (ii), (iv) of Hypothesis 3.1, replacing
R with D. We add the following hypotheses:

(iii’) there exists a nonnegative function ¢ € C*(D) and a constant p > 0 such that

(4.1) lim inf ¢(z) =00, Lo(z)<pe(z), zeD.

r—oo zeD, |z|>r

14



(v) Let a > 0 be such that pgp is smooth in D,, see (2.2). There exist a positive
constant 3, a function v € C?(D;R,), strictly positive in D and which vanishes
on dD, and a nonnegative function g; € C(0,a]N L'(0, ), such that if 0 <
pop(x) < a then

(4.2) IVy(z)| = 1, ~v(x) < Bpop(x) and 2Ly(z) < gi(y(x)).

Remark 4.2. We note that (iii’) implies that the L-diffusion process is not explosive
before hitting the boundary 0D, see e.g. [23, Section 10.2]. When D is bounded,
(iii’) is trivial as inf () = co by convention.

Condition (v) generalizes the corresponding one in [11], namely, Lpgp < M
on {psp < a}, for some constant M > 0. If this does not hold then gradient
estimates can fail, see the counterexample in [26] and also [11]. To see that (v)
strictly generalizes the condition used in [11], let us consider the next example.

Example 4.3. Consider D := {z = (x,y) : > 0} C R? and take the operator L
such that ¢(z) := 1, z € D, and

where yT = M% It is easy to verify that (i)-(iii) in Hypothesis 4.1 holds (note that
b has at most linear growth and so (iii) is verified). However b is not even uniformly
continuous on D. To check (iv), one considers

h(r) := sup (b(z2) = b21), 22 — Zl), r > 0.

|z1—22|="r, z1,22€D r

It is straightforward to get that h(r) < rV r~2 7 > 0; hence (iv) holds with
g(r)=rvr12

Concerning (v) one has: pgp(z) = = and Lpyp(z) =yt A2 2 = (x,y) € D,
which is unbounded in any D,, compare with [11]. However condition (v) holds
with 7 := psp and g (r) := r~1/2,

Now, similarly to Section 3.1, we construct a suitable coupling.

First, we extend ¢ and b to the whole space R? in the following way. With the
help of the distance function py, we extend these functions by reflection with respect

to D to Dy := {x ¢ D : dist(z, D) < a}. We still denote by ¢ and b such extended
coefficients. Then we take a continuous function ¢ : R? — R, 0 < 1 < 1 such that
Y =00onR*\ (DUD,)) and ¢ =1 on D. Let us define:

i(x) = Y(x)g(x), b(x) = (x)b(x), =R,

with the understanding that q¢(z) = b(z) = 0 if £ ¢ D U D,. Thus, in the sequel we
assume that the operator L is defined on the whole space. Note that the extended

15



L-diffusion process might be explosive. Next, we use the same notation of Section
3.1.

Let z = (v,y) € Dx D. Set Z; = Z7° be one L.-martingale solution with values
in R*. Note that the € > 7p,p, where € is the explosion time of Z; =: (X;,Y;) and
Tpx p 18 the hitting time to the boundary of D x D. This fact follows by assumption
(iii’) and by the marginality property. Remark that

Toxp =T ATy, 7 =inf{t >0:X,€9D}, m=inf{t>0:Y;, €dD}.

Let D = D U{A} be the one-point compactification of D. Define a new process
Zy = (X, Y1), t >0, as follows:

Zy =2, if t<TATe, Zpi=(AY)), if m<t<m, Z=(NAN),if t>nVn,

Zy = (X't,A), if 7 <t < 7. It is clear that trajectories of Z; are in Qp xQp.
Now introduce a process X/ as in (3.8). One shows that X; and X have the same
distribution on Q. To this end, one proceeds as in (3.10), replacing f € CZ(R?)
with f € C2(D) and using Theorem 13.1 in [21, Chapter 1] about uniqueness of the
generalized martingale solution for L on D.

Finally, we consider the coupling process (X}, Y;), having law PZ¥ on Q5 xQp.
The measure P?Y ¢ > 0, (z,y) € D x D, will be our coupling distribution. The
marginals of P¥¥ are P* and PY, i.e., the generalized martingale solutions for L on
D, starting from x and y respectively.

Now, following the line of [26], we first estimate the hitting time to the boundary.

Lemma 4.4. Under (4.2) there exists a constant ¢ > 0 such that

Proof. For any f € C*((0,a]) we have

L(f o7) = 5 (aV7, Vo) + ()L, on {0 < pop < a}.

Similarly to the proof of Theorem 3.4, define

, . o el gy r s
s g1 (u)
Fl(r) ;:/ (e_.fo 1)\0 du / i)ds, h1(7’) ::/ exp |:—/ gl(u)du:| ds,
0 s )‘0 0 0 )‘0

r € [0,a], where g; is given in (4.2). Since (¢V7,V7) > X|V7[2 > A on {0 <
pop < a}, we have

1
L(Fi07) < ) and L(hyo~y) <0, on {0 < psp < a}.

16



Using that there is no explosion before hitting 0D, the proof of Theorem 3.4 leading
to (3.20), implies that, for pgp(x) < a,

2Fi(1(2) | Iny(@)

P*(r >1t) < t > 0.
Then P*(7 > t) < (@) , for some constant ¢ > 0, and all x € D with pgp(z) < a.
VIAL
Thus, the desired assertion follows by noting that v(z) < Bpap(z), for psp(z) < a,
and, for pyp(z) > o, one has P*(r > t) < 1 < £op@ O

aVinl’

Combining the above lemma with the argument developed in Section 3, we are
able to prove the following result.

Theorem 4.5. Assume that Hypothesis 4.1 holds. Then, for anyt > 0, f € B,(R?),
the map x +— P, f(x) is (globally) Lipschitz continuous on D. Moreover the uniform
estimate (1.1) holds for some ¢ > 0.

Proof. Let P2, x,y € D, be the coupling distribution on €25 Xz previously

)
constructed. Let

r:=inf{t >0:2, € 9D}, 1 :=inf{t >0:y, € 0D}

and T := inf{t > 0 : x; = y;} be the coupling time.
Case I: V = 0. Now we split the proof into three parts.

(a) Let z; = (24, v;) be the canonical coupling process. For any ¢t > 0, z, y € D,
f € B; (D), we have, see also [26],

|PP f(x) = PP f(y)l = [E* f(x0) 1<y — BV f () 111<ry]
SEXY|f(ze)liany — fy)licmyl S | fIP2¥(E <71 V1, T >t AT AT)
< ||f||oo(]P>fy(t <V, T>tATT AT, TAT AT >t/2)
+ P2Vt < VT, T >tATI AT, T ATL AT St/Z)).

Now let p(z,y) < 0 and Ss be defined as in (3.18); we find
{t<7'1\/TQ,T>1€/\7'1/\7'2,T/\T1/\T2 St/Q}

t t
C{T/\Tl/\TQ>Sg}U{7'1<5/\Sg,t<7'2}u{7'2§5/\Sg,t<7'1}.

Hence

PP () — PP S ()]
(43) S PEYT AT AT > 12) + PEY(r < (8/2) A S5m0 > 1)

+ PO (ry < (t/2) A S5, > )+ PEY(T AT ATy > Sa)}, |z =yl <o

17



Repeating the proof of Theorem 3.4, with T replaced by T'A 7 A 75, we obtain
(4.4)

{PLYT AT AT >t/2) + PPY(T AT AT > S5)} < (

2F5,5(,0(x,y)) h5<,0(27,y))
7 * m@))'

Now we claim that

(45) ]Pf’y(Ti < S(s A (t/2), T > t) <

pz,y), 1 <i#j<2,

ViIAL

for some constant ¢ > 0, and all t > 0. Once (4.5) is proved, arguing as in (3.21),
we find that (4.3), (4.4) and (4.5) imply that x — P, f(z) is Lipschitz continuous on
D. Moreover, we get:

VP f ()]
[ flloo

(4.6)  <limsup
y—z T — Y|

+PIr < S5 A(t/2), 1 > ) +PRY(T AT AT 2 S5)} <

{Pg’y(T A A A Ty > t/2) -+ ]P)f’y(Tl S 55 A\ (t/Z),TQ > t)

c
t A

9

3

t > 0. Thus it remains to prove (4.5).
(b) We claim that, for any ¢ > 0, z, y € D,

(4.7) L <inm}EDY (Lm—(manst/23 [ Frine) = Lm<inmy P10 (12 > £/2), PiYa.s.

Note that to prove (4.7), we can not use the strong Markov property for the coupling
process, since in general this does not hold.

To simplify notation, set 71 = 73 A t. Introduce 0 (w)(t) = w(t + 71 (w)), t > 0,
w € QpxQp. We have 5 = 175003 +71 provided 71 < 75. Thus, since {71 < 1o} € F5,,
there holds

1{71StATQ}E?,y(l{TQ*ﬁ>t/2}“/T‘fl) = 1{T1§t/\7‘2}P§,y(7—2 ¢} 97”-1 > t/2|~/f‘f1)
= 1{7’1§t/\72}]1)?’y(97:11{7'2 > t/2}|.7:711)

Since 77 = 71 At is a bounded stopping time and since the coefficients of L. are
locally bounded, by [14, Lemma 5.4.19(page 321)] we have

(4.8)

(4.9) P2V (0072 > t/2} Frine) () = BE (1 > 1/2),

where, for each w, I@‘; is one (not necessarily unique) solution to the L.-martingale
problem, starting from (2, x(w), Y ae(w)) (thus we could write P¥ = PL™ (hyri () 4
71 < t). Because {5 > t/2} depends only on the second component of w, by the

marginality (cf. (2.5)) one has:

P(ro > 1/2) =P omy ! (12 > 1/2) = Priein(my > /2), PIY aus.
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Combining this with (4.8) and (4.9) we prove (4.7).
(c) Here we show (4.5). By (4.7) and applying Lemma 4.4, we obtain

P2Y (1 < S5 A (t/2),72 > t) = EPV1 1 <t/2)nmnsst Limsty
< ]Eg’y[Egﬁy(l{ﬁg(t/g)/\m/\sé} 1{T2—n/\t>t/2}|]:71/\t)]
= E21 1, <(t/2)nmonss EZY (Liry—myatst/2) [ Front)]
(4.10) = EX1(n <(t/2)nmanssy PV (T2 > /2)

c T
< \/t/\—lEg’ypaD(yn)l{ng(tﬂ)/\"rz/\s,;}

C

\/M_1E§7yp<xrlATgA35A(t/2) » YriATaASsA(E/2) )’

<

for some constant ¢ > 0. Since L.(h.op) < 0on D x D and ¢;p < h.(p) < cap for
some constants ¢, co > 0, independent of ¢, and all p < 9, we have

€T 1 x
E&"yp(l‘Tl/\Tg/\Sg/\(t/Q)a yTlAT2A55A(t/2)) S C_l]Eg,yh’E o p('ITlATQ/\S(;A(t/Q)) yTl/\TQ/\S(;/\(t/Q))

h
’ cop(z,y) < 2o y).
C1 C1

Substituting this into (4.10) we obtain

Cc

\/M—lp(x, Y),

for some constant ¢ > 0. Similarly, the same holds by exchanging 7, and 75. There-

fore, (4.5) holds.

Case II: V # 0. Using the gradient estimates already known for V' = 0, the proof
is similar to the one of Theorem 3.4 in the case of V' # 0. We only remark that to
treat the term

PV (1 < S5 A (t/2), 79 > 1) <

t
/ E§1y|v($s)1{s<ﬂ} - V(yS)1{5<T2}| ds,
0

one first uses the estimate (4.3) (thanks to the boundedness of V'). Then one pro-
ceeds as in (3.24) and (3.25), with 7" replaced by T'A 71 A 7. In addition, one uses
(4.5). The proof is complete. ]

In particular, Theorem 4.5 implies the following classical gradient estimates for
elliptic diffusion semigroups on compact regular domains.

Corollary 4.6. If D is bounded, L is uniformly elliptic on D, V =0 and q, b are

Holder continuous, then, for some c, A > 0,

Cef)\t
IVPP fllo < 7 [flloe: S € 27(D), t>0.
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Proof. Let u be the positive first Dirichlet eigenfunction of A on D, one has u|gp =
0,u > 0in D and |Vu| > 0 in a neighborhood of dD. Since D is compact and ¢
is uniformly positive definite on D, Hypothesis 4.1 holds. In particular, (4.2) holds
for some o > 0, with v := Ru and R > 0 such that |Vy| > 1 on {psp < a}. Then
Theorem 4.5 implies

C
VPP fllo < ——=—=
IVEP flos €

Since D is compact, one has: pr/)ngoo < |1 flloo SUPLep PE(T > t/2) < ce ™| f]loos
for some constants ¢, A\ > 0. The proof is complete. O]

[Ploflloes  £>0,f € B (D).
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