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Abstract: We consider a class of possibly degenerate second order elliptic operators 4 on
R™. This class includes hypoelliptic Ornstein-Uhlenbeck type operators having an additional
first order term with unbounded coefficients. We establish global Schauder estimates in
Holder spaces both for elliptic equations and for parabolic Cauchy problems involving A.
The considered Hoélder spaces are defined with respect to a possibly non-euclidean metric
related to the operator A. We also prove sharp L°°-estimates on the spatial derivatives of
the associated diffusion semigroup involving Hélder norms.

1 Introduction

Let us consider the following possibly degenerate second order elliptic operator A on R™:

Au(z) = 3Tr (QD?*u(x)) + (Az, Du(z)) + (F(x), Du(z))

= .A()U(:L’) + <F(g;)7Du(x)>, z € R (1.1)

Here @) and A are n x n real matrices, () is symmetric and non-negative definite, Tr(-)
denotes the trace and (-,-) the inner product in R™. Moreover F' : R” — R" is a regular
possibly unbounded vector field. Degenerate Kolmogorov operators like A arise in Kinetic
Theory and in Mathematical Finance (see, for instance, [6, 7] and the references therein).
Moreover, the operator A contains in the special case of F© = 0 the intensively studied
possibly degenerate Ornstein-Uhlenbeck operator Aj.

The aim of the present paper is to prove global Schauder estimates for elliptic equations
and parabolic Cauchy problems involving the operator A. We obtain optimal regularity
results in Holder spaces for both

Au(x) — Au(x) = f(z), = €R", and (1.2)

{&w(t, 2) = Av(t,z) + H(t,z), te(0,T), z € R, 13)

v(0,z) = g(x), = €R",
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where A > 0 and the functions f, g and H are assigned. These results are deduced by sharp
L*>-estimates on the spatial derivatives of the solution of (1.3) when H = 0, involving
Holder norms of the initial datum g.

Let us collect our assumptions on the operator A (compare with [25]).

Hypothesis 1.1. (i) The symmetric matrix @ = (gij)i j=1,...n is given by

Q= (%0 8) , where Q) is a positive definite p x p-matrix, 1 < p < n; (1.4)

v1 and vy stand for the smallest and the largest eigenvalue of Qg respectively (0 < v; < vg);
(ii) the vector field F' : R™ — R"™ has the form F(z) = (Fi(z),..., F3(x),0,...,0),z € R,
ie., F(z) €lm(Q), for any z € R";

(iii) the non-zero coefficients of F, i.e., F; : R" — R, i =1,...,p, are Lipschitz continuous
having continuous and bounded partial derivatives up to the third order on R";

(iv) there exists a non-negative integer k, such that the vectors

{e1,...,ep5, Aeq, ..., Aep, ..., AFeq, ... ,Akeﬁ} generate R, (1.5)
where eq,...,e5 are the first p elements of the canonical basis in R"; we denote by k the
smallest non-negative integer such that (1.5) holds (one has 0 < k <n —1).

Condition (1.5) can be also written as Rank[QY/2, AQ'/2, ..., A¥Q'Y/?] = n. By the
Hormander condition on commutators, (1.5) is equivalent to the hypoellipticity of the op-
erator Ay — 0y in (n + 1) variables (¢,x1,...,z,); see [13]. Our operator A has the form
1 D D n
Au(z) = 3 Z qijaizju(a:) + ZFz(x)axzu(x) + Z aij xjO0nu(z), =R,
1,7=1 i=1 ij=1

where the a;; are the components of the matrix A and 0., and 6%1_%_ are partial derivatives.
Clearly, the operator A is non-degenerate only when p = n (this implies k = 0).

Let us describe our results for (1.2) and (1.3). In the elliptic equation (1.2) we assume
that f € CS(R”), 0 € (0,1), i.e., f is a real bounded function on R™, which is Hélder
continuous with respect to a suitable possibly non-euclidean metric d related to A. We show
that (1.2) has a unique bounded distributional solution u € C2?(R™) and, moreover, that
there exists a positive constant C, independent of f and u, such that [Ju|o4eq < C'||f|l0.4-
Note that this implies

b
lullo + D 1182,z ulloa < CIIf

t,j=1

0,d>

where ||u|lo denotes the sup-norm of u (see Theorem 4.2). Concerning the Cauchy problem
(1.3) we prove analogous parabolic Schauder estimates, assuming that g € C§+9(R”) and
H(t,-) € CY(R™), uniformly in ¢ € [0,7] (see Theorem 4.3). The metric d is mentioned in
[29, page 11] and is related to certain distances associated to degenerate operators such as
Hormander’s sum of squares of vector fields (see in particular the metric p3 in [22, page
112]). Moreover, d is a special case of the parabolic pseudo-metric considered in [7] (see
also [13]). We refer to Section 2 for a precise definition of the metric d. Here we give an
example of d. Consider the following two-dimensional operator A,

Au(z,y) = 302,u(z,y) + Fi(z,9)0u(z,y) + (x +y)0yulz,y), (z,y) €R*  (L6)



which verifies Hypothesis 1.1 with p = 1 and £ = 1. In this case, the metric d is given by
d(z,2") = |z — 2| + |y — /|'/3, for any 2z = (2,y) and 2/ = (2/,9/) € R2.

Let’s now examine related papers on Schauder estimates. A general theory of local
regularity in Sobolev and Holder spaces is available for degenerate operators which are sums
of squares of vector fields (see in particular [8, 26, 11]). Local C%estimates for operators
more general than A, in which also ¢;; are variable and time-dependent, can be found in
[7] (see also [13, 21, 23] and the references therein). Concerning global regularity results
for solutions of possibly degenerate equations like (1.2) and (1.3) in spaces of continuous
functions, we mention [16, 14, 15, 23, 27]. In [16] Schauder estimates are established for
the Ornstein-Uhlebeck operator Ay only assuming (1.4) and (1.5). In [14, 15] Schauder
estimates are proved for Ornstein-Uhlenbeck type operators Ay when F; = 0 but ¢;; are not
constant and can be unbounded; in [14, 15] it is assumed k£ < 1 in hypothesis (1.5). Uniform
estimates for solutions to the Cauchy problem (1.3) involving A with H = 0 are given in
[25]; these are obtained without any restriction on k and are preliminary to the Schauder
estimates of the present paper. In [27] Schauder estimates for A are proved assuming k < 1
in (1.5) and imposing an additional hypothesis (which is not satisfied in (1.6)).

To prove elliptic Schauder estimates, one considers the function

u(z) = /0+OO e M P f(x)dt, ©eR", (1.7)

where P, is the diffusion Markov semigroup associated to A (i.e., v(t,z) = (P.f)(x) = P.f(x)
provides the classical solution to (1.3) when H = 0 and g = f; see [25]). The function u is
the unique bounded distributional solution to (1.2) (see Theorem 4.1). One proves global
regularity properties for u by means of sharp L*-estimates on the spatial partial derivatives
of P,f involving the Holder norm of f like

1 . ~
102 0,0, Pifllo < ¢(—=z + 1) Iflloas >0, isjir =1,

tz

(see Theorem 3.3). The behaviour in ¢ of such estimates as ¢ tends to 0% is crucial. This
is the basic idea indicated in [5] in order to study Schauder estimates for non-degenerate
Kolmogorov operators. This method has been much used in recent papers also in com-
bination with [17] (see [4, Chapter 1], [2, Chapter 6] and the references therein). In [16]
the L°-estimates have been proved using the explicit formula of the Ornstein-Uhlenbeck
semigroup P; associated to Ag. In [14, 15, 27] the uniform estimates are obtained by a priori
estimates of Bernstein type combined with an interpolation result proved in [15, Lemma
5.1] when k < 1. Here we get the L*™-estimates involving Hoélder norms by working directly
on some probabilistic formulae for the spatial derivatives of P;f (which replace the explicit
formulae used in [16]). Such formulae have been obtained in [25] using Malliavin Calculus
(see also [3, 12, 9]).

We believe that the probabilistic approach used here could be useful to get sharp L°°-
estimates involving Holder norms also in other situations. Specifically, one could consider
a degenerate Kolmogorov operator like A in which the drift term Az + F' is replaced by
a C'°-vector field G : R® — R"™ having additional properties. G should have all bounded
derivatives up to some order £ € N and, moreover, eq,...,e; and G together with their
commutators of length at most k& should span R™ at each point x € R™. In this case global
Schauder estimates are a largely open problem.



From the previous L*-estimates we derive in a direct and relatively short way Schauder
estimates for u (see Theorem 4.2). This does not require the interpolation method of [17]
which has been used in [16, 4, 15, 2, 27]. Our direct approach can be applied to prove
parabolic Schauder estimates as well (see Theorem 4.3). In order to study the parabolic
Cauchy problem (1.3) one proceeds initially as in the elliptic case, replacing (1.7) with the
variation of constant formula (see (4.5)). However, the parabolic Schauder estimates are
more involved than the corresponding elliptic ones (see Remark 3.4). In particular, they
require not only the L°°-estimates involving Holder norms but also the hard estimate

|Pigllo+o.a < Cllgll2+o.d

for any g €C§+9(R”), t > 0, where C' is independent of ¢ and g.

After some preliminaries contained in Section 2, in Section 3 we prove L°°-estimates for
the spatial derivatives of P, f involving the Holder norm of f. In Section 4 we show that (1.2)
has a unique distributional solution and prove elliptic Schauder estimates using the results
of Section 3. We also establish existence and uniqueness of space-distributional solutions
to the parabolic Cauchy problem (1.3) and prove the parabolic Schauder estimates. In
the final part of the paper we consider more general operators A with variable coefficients
¢ij(x). We require that the matrix Q(x) has the form (1.4) where the p x p matrix Qo(x)
is uniformly positive; moreover, we assume that g;; are 6-Holder continuous and that there
exists limg oo Qo(z) = QF°. We obtain elliptic and parabolic Schauder estimates for A,
using a well-known method based on maximum principle, a priori estimates and continuity
method (compare with [16]). Further extensions of our results are given in Remark 5.4.

We will use the letter ¢ or C' with subscripts for finite positive constants whose precise
value is unimportant; the constants may change from proposition to proposition.

2 Preliminaries and notation

We denote by |-| and (-, -) the euclidean norm and the standard inner product in R™ and by
Il - ||z the operator norm in the Banach space L(R™) of real n x n matrices. If X and Y are
real Banach spaces, L(X,Y’) denotes the Banach space of all bounded and linear operators
from X into Y endowed with the operator norm.

Let G : R® — R™ be a mapping. We denote by DG(z), D?*G(x) and D3G(x) re-
spectively the first, second and third Fréchet derivative of G at x € R"™ when they ex-
ist (if G also depends on t, we write D,G(t,x), D?,G(t,x) and D3 _G(t,z)). We have
DG(z)[u], D*G(z)[u][v] and D3G(z)[u][v][w] € R™, for u,v,w € R™. If G is bounded, we
set ||Gllo = supepn [G(2)|rm-

Recall that hypothesis (1.5) is known as the Kalman condition in control theory (see
[31]). It is also equivalent to requiring that the following symmetric matrix Q,

Q= /Ot N Qe ds (2.1)

is positive definite for any ¢ > 0 (here e*4 denotes the exponential matrix of A and A* the
adjoint matrix of A).

As in [16] we define an orthogonal decomposition of R™ related to the Kalman condition
(1.5). We consider the first p elements {ej,...,es} of the canonical basis in R"”, 1 <
p < n, and introduce the subspace V) = Span{ei,...,es}. Then set V,, = Im(Q'/2)+
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...+ Im(A™QY?) = Span{ey, ..., ep, Aer, ..., Aep, ..., Aey, ..., AMes}, for 1 < m < k.
One has V,, C V41 and Vi, = R”. Let Wy = Vp, W be the orthogonal complement of
Vo in Vi, W, be the orthogonal complement of V,,,_1 in V,,,, for 1 < m < k. Defining the
orthogonal projections FE,, from R"™ onto W,,, one has E,,(R"™) = W,, and

R* = @F _, Em(R™), (2.2)
We complete {eq,...,es} in order to get an orthonormal reference basis {e;}i—1,. n in R"

related to (2.2). This consists of generators of the subspaces and will be used throughout
the paper (one can assume that {e;} is the canonical basis if k < 1, compare with [15, 27]).
In the sequel D, ij, and Dg’j will denote respectively first, second and third partial
derivatives with respect to {e;}. Note that, writing the operator A in the coordinates
associated to the new basis, the second order term Tr(QD?) does not change. Define I,,, as

the set of indices 7 such that e; spans F,,(R"™), 0 < m < k. We have

IO = {Laﬁ}
The metric d associated to the operator A is defined using the decomposition (2.2). One
first introduces the quasi-norm || - ||, ||z || = ZIfL:O |Epx|Y/ D g e R, Then we set
k
1 n
dz,y) = ||z —yll =Y |Bu(z —y)|¥1, z,yeR" (2.3)
h=0

Let us introduce function spaces used to establish Schauder estimates. First we consider
euclidean function spaces and then function spaces related to the metric d.

We denote by By(R™) the Banach space of all Borel and bounded functions f:R"™ — R,
endowed with the supremum norm || - ||o; Cp(R"™) is the closed subspace of By(R™) consisting
of all uniformly continuous and bounded functions.

Cg (R™), j € Zy, j > 1, is the Banach space of all j-times differentiable functions
[+ R" — R, whose partial derivatives, D, f, a € Z}, are uniformly continuous and bounded
on R™ up to order j. This is a Banach space endowed with the norm | - [|;, || fll; =
Ifllo + Xjaj<; 1Dafllo, f € CLR™). We set Cp°(R™) = N;=1CJ (R™). Moreover Cg°(R")
is the space of all functions f € Cp°(R™) having compact support.

Fix 0 € (0,1). The space CY (R") stands for the Banach space of all #—Halder continuous

and bounded functions on R™ endowed with the norm | - ||g, i.e., |[fllo = lIfllo +[f]e,
fe C’g(R”), where [flg = SUp, yern, 2w % < oo. Moreover C’b2+9(R") ={fe

C}R") : D?jf € C)(R"), i,j =1,...,n}; it is a Banach space endowed with the norm
I oo, Ifll2re = [1flle + 327 =1 I1DF fllo, f € CF(R™). In a similar way, one defines the
Banach space C;JFO(R”). Next, we define function spaces related to the metric d.

Let v € (0,3) and ~ non-integer. We define C](R") as the space of all functions f €

Cy(R™) such that, for any z € R™ and for any integer m, 0 < m < k, the map:
x+— f(z+ x) belongs to C’g/@mﬂ) (Em(R™)),

with the [|f(z + -)lly/@2m+1) bounded by a constant independent of z (identifying each
subspace E,,(R™) with R™"™), where n(m) = dim[E,,(R")], the euclidean function spaces
C’Z/@mﬂ) (Em(R™)) are well-defined); C](R™) is a Banach space with the norm || - || 4,

k
Hf”%d T Z SGHRBL ||f(Z + ‘)HCI;Y/(Q"L+1) (B (R™))’ f € Cd (R )

m=07%



It is easy to see that if v € (0,1) and f € Cy(R™), then f € CJ(R") if and only if f is
v—Hoélder continuous with respect to the metric d, i.e.

[flya= sup  |f(z) = f@) llz—yll 77 < +oo. (2.4)
z, yER™, x#y
Moreover, an equivalent norm in CJ(R™), v € (0,1),is || - [o 4 [-]y,a- One can also define

spaces CJ(R™) for general a € (0,400) (see [16]).

In [16, Lemma 2.1] it is proved that if f € CQ+9(R"), 0 € (0,1), then for any i,j € Iy,
we have both D;f € CoT(R") and D?, i€ CY(R™); moreover there exists a constant C,
independent of f, such that

IDifll 100+ D% flloa < Clifll2roa 4,7 € lo. (2.5)
Let f € CJ(R™), v € (2,3). For any # € R", we will consider Dg, f(z) € R", the gradient
of f at x € R™ in the directions of Ey(R™), i.e
Dg, f(x) = (D1f(2),...,Dsf(2),0,...,0) (2.6)
and, similarly, the nxn Hessian matrix D%O f(x) in the directions of Ey(R™), i.e., (D%O f (ac))w
= Dizjf(:c), if both 4 and j € Ip; (DgEO f(x))ij = 0 otherwise.

We finish the section with an equivalent definition of C)(R") involving the quasi-norm
[| - ||. Let f € Cp(R™). We introduce, for any x,v € R",

A3 f(z) = f(z) = 3f(x 4+ v) 4+ 3f(x + 2v) — f(z + 3v). (2.7)
Lemma 2.1. Let v € (0,3) non-integer. Let f € Co(R™). Then f € CJ(R™) if and only if

[fly.a3 = sup [ASF @) ]| T < oo
z,v ER™, v#£0, ||v]| <1

Moreover || - |lo + [ |+,a,3 s equivalent to the norm || - |/y.q.

Proof. We use the following Triebel result (see [30, Section 2.7.2]). Let g € Cp(R™). Then
g belongs to C}) (R™), v € (0, 3) non-integer, if and only if

[ghs= sup o] 7 [Ag(x)] < oc. (2.8)
z€R™, |v|<1,v#£0

Moreover in C} (R™) the norm || - ||, is equivalent to || - [lo + [-]4,3.
— Let f € C(R™) and fix v € R™. We set v = vg+wv1, where vy = Egv and v; = 22:1 Epv
= v — Fyv, see (2.2). We get, for any x € R",
A3 f(2)] < |f(z) = flz +v1)
—i—‘f(x%—vl) —3f(z+v1+wv) +3f(z+v1+2v9) — flx+v1 —1—31)0)‘
+3‘f(:v + 201 + 2v9) — fz+v1 + 2U0)‘ + ‘f(x +v1 + 3vg) — f(x + 3vy + 31)0)‘
k 0 k 0
< fllya(4 Xohor [BRv 75T 4+ 305y [Ba(20)[25T + |vol7) < Cllfllyallv]|™

< Let f € C(R™) and take vy € Ep(R™), with 0 < h < k. By assumption, we know that

|A3, fa)| < [£ly.aalon]?/CPFD for any & € R™. Tt follows that f(z+-) € C;/(QhH) (En(R™))

and there exists C' > 0 independent of f and z such that [|f(z + )| »/cn+) (En(R) =
b

C (I fllo+ [f]y,d43), 0 < h < k. Thus f € Cj(R™). The proof is complete. [ ]




3 Estimates on the diffusion semigroup associated to A

In this section we consider the diffusion semigroup P; associated to the operator A (compare
with (1.7)). We obtain L*°-estimates on the first, second and third spatial partial derivatives
of P.f, in terms of the Holder-norm of f. These estimates will lead in the next section to
Schauder estimates for (1.2) and (1.3).

Let (€2, (Ft)e>0,F,P) be a complete stochastic basis (satisfying the usual assumptions;
see, for instance, [20]). Let Wy, t > 0, be a standard n-dimensional Wiener process defined
and adapted on the stochastic basis. Let X} be the unique (strong) solution to the SDE

t t
Xf =z +/ AXZds +/ F(X%)ds+ QY*W,, t>0, z € R", (3.1)
0 0

P-a.s., where the matrix A is the same as in (1.1) and Q2 is the unique n x n symmetric
non-negative definite square root of Q. The diffusion semigroup P; associated to A is the
family of linear contractions P; : By(R™) — By(R™), t > 0, defined by

Pig(z) = E[g(X)], t>0, g€ By(R"), = €R", (3.2)

where the expectation is taken with respect to P. Introducing the Ornstein-Uhlenbeck
process Z;, which solves (3.1) when F' =0, i.e.,

t
78 = ez + 70, where 7P = / =94 2qw, (3.3)
0

we have: X[ = Z7 + fg et=)AF(X)ds.
Let us recall an application of the Girsanov theorem which will be used in the proof of
~1/2
Theorem 3.3 (see also [25]). Fix t > 0, z € R”, and define Q=2 = (QO 8), then

consider the stochastic process
=W, — / Q \2F)(Z%)dr = Wy — / G(Z%)dr, s € [0,1], (3.4)

where we have set G := Q 1/2F. By the Girsanov theorem, the process L? is a Wiener
process on (2, (Fs)s<t, Ft, Q), where Q is a probability measure on (2, ;) having density
®(t,x) with respect to P, i.e.,

Q(A) == E[14 ®(t,2)], where (t,) :exp</0 (G(Z7),dW,) — ;/0 \G(Z;”)\st),

for any A € F;. The processes Z* = (Z7) and X* = (X7), s € [0,¢], satisfy the same
equation (3.1) in (Q, F;, Q, (L¥)) and (2, F¢, P, (W)) respectively. Therefore, by uniqueness,
the laws of the processes Z* and X® on C([0,t];R"™) are the same (under the probability
measures Q and P respectively). This implies that

Pif(x) = E[f(X})] = E[f(ZF) ®(t,2)], | € By(R"). (3.5)

The next theorem is proved in [25]. It provides probabilistic formulae and preliminary
uniform estimates for the spatial partial derivatives of P; f up to the third order (the formula
for the first derivatives was obtained in [9]). The proof uses Malliavin Calculus. Related
formulae for the spatial derivatives of degenerate diffusion semigroups are given in [3, 12].



Theorem 3.1. Under Hypothesis 1.1, the following statements hold:

(i) For any t > 0 and f € By(R"™), we have that Py f(-) is three times differentiable on R"
with all bounded derivatives up to the third order.

(ii) There exist random variables J}(t, ) ij(t,x) and J%T(t, xz),t >0,z e R ijre
{1,...,n}, which belong to L4(2), for any ¢ > 1, and such that

Di(Pyg)(x) = DiPig(z) = E[g(X}) Ji(t,2)], DjjPug(x) = Elg(Xy) J5(t,2)],
D}, Prg(x) = E[g(XY) Ji5(t,2)], g € Cy(R").

r

(3.6)

(iii) For any t > 0, ¢ > 1, we have the following estimates:

a) B|lJLHE, 2)|7 < ¢t Qil/ZetAei EB
(a) E|J; q ¢
(b) E[J2(t,2)|7 < (1) |Q; P es|t Q) P etAes|; (3.7)

)
) )

() LT (627 < (1) 1Qr et et Qe e |1 Q) Pt et w € R
where cy(t) is a continuous and increasing function on [0,00); cq(t) = c(q,t, | DF|o, ||D*F|o,
|D3F|lo, p,v1, A,n), where the integer p is introduced in (1.4).

It is worth noticing that the quantity |Q, Y 2etAei|2, corresponding to ¢ = 2, has a well-
known control-theoretic interpretation; see, for instance, [31].
Moreover, the following estimated are known, see [28] and [16, formula (3.4)],

|Q;1/26t‘4 e; € Eh(Rn), 0<h<k te (O, 1]. (3.8)

< C

where c=c¢(p, 1,12, A,n) > 0 and the integer k is defined in (1.5). Estimates (3.8) can be
also deduced by purely control theoretic arguments. To this purpose one has to use [31,
Proposition 1.1.3] together with [1].

Corollary 3.2. There erists ¢ = c(p,v1, v, A,n,||DF|lo, || D*F|lo, |D?>F|o) > 0 such that
the following estimates hold, for anyt >0, g € By(R"™), indices i € Ip,, j € Iy and r € Ipn,
where h,h',h" € {0,... k},

1 1
1DiPigllo < e 75 + 1)llgllo: 103 Pigllo < e g + 1) lgllo: o
3.9

1
103 Pgllo < e grmrmrsrs + 1) lgllo

Proof. Tt is enough to prove the estimates when g € Cy(R™) (see, for instance, [25, Remark
3.5]). Using Theorem 3.1 and formula (3.8), we first establish the estimates assuming in
addition that 0 < ¢t < 1. We have, for any z € R", t € (0, 1),

—1/2 +A &
DiPig(@)] < llgllo BLIH(E2)] < 1@y e e [lgllo < iz 19llo-

In a similar way, we get the second and third estimates, for ¢ < 1.
When t > 1, by the semigroup and the contraction property of P;, we have:

ID:iPegllo = I1DiPrya(P,_1 g)llo < e2"F1/2 )| Pas gllo < 2172 g]lo,

for any i € I,. Thus the required estimate of D;P;g is proved for any ¢t > 0. Similarly, we
get the other estimates for any ¢ > 0. [



The main result of the section is the following theorem. Its proof also allows to complete
the final part of the proof of [16, Theorem 3.4]. We set t A 1 = min(¢,1).

Theorem 3.3. Fiz any v € (0,3) non-integer. There exists ¢ = c(v,p,v1,v2, A,n, ||DF||o,
|D%F|o, ||D3F|o) > 0, such that, for any f € CJ(R"), t > 0, for any indices i € I, j € Iy
and r € Ipn, where hyh';h" € {0,... k}, it holds

1
i) |D:P §c< _ +1) . (i) |DEP gc( _ +1) :
@) 1D:Pflo < e it )W s (6 IDEPNo% o o+ 1)
(417) ’D?jrptf||0§0(w+1)|f v () [|Pefllya < cllfllya (3.10)

Remark 3.4. Estimates (i)-(iv) will be used to get elliptic and parabolic Schauder estimates
for A. However, we stress that to prove elliptic Schauder estimates we only need a special
case of (3.10). More precisely, we need the following estimates, for any 6 € (0,1), f €
CS(R”), t > 0, for any indices i, j € Iy, r € I, with h € {0,...,k},

1 1
@ 1D:Puflo < ey + 1) I loas ) IDGPSlo < e +1) 1 loas
2 2

(3.11)

1

(¢) 1D} Pefllo < 0(73_9 + 1) [ flloa;  (d) [P fllo.a < cllfllo,a-
ts th

These estimates are simpler to obtain than the general ones in which v € (0,3). On the
other hand, note that the estimates (iv) in (3.10) with v € (2, 3) are a particular case of the
parabolic Schauder estimates corresponding to H = 0 in (1.3) (see Theorem 4.3). Estimates
(iv) with v € (2,3) will be deduced by (iii). |

In order to prove the main result we need three preliminary lemmas. To state the first
one, we introduce the deterministic process Y;*,

' Y, = AY, + F(Y,
Yy = ety +/ e(t_s)AF(Yf)dS, t >0, z € R", which solves { K e+ F(Yh),

0 0=,
(3.12)
Lemma 3.5. For any q > 0, there exists C = C(q,p,vi,v2,n, A, ||DF|o) > 0, such that
sup E[(d(XF, V)] = sup E|| X7 - Y7 [|9 < Ct, 0<t<1, (3.13)
zeR? zeR”

Proof. Note that (3.13) is equivalent to the following assertion: for any ¢ > 0, 0 < h < k,
there exists C7 > 0 such that

sup E|Ey(XF - Y9)|? < Cr#3®hH) ] o<t <1, (3.14)
zeR”

see (2.3). Let us prove (3.14). Since there exists ¢ > 0, such that |z| < CZIZZO |Epx|, for
any © € R", we get

t
En(XT Y7 < | /O (et =1AE) [F(XZ) — FOY2)dr| + |EnZ0)

k t
<e|DFlp 3 / | Ene DA Byl |B;(XE — Y dr + |EnZl),
j=0""
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P-a.s.. Using the following estimate, see [16, Lemma 3.1],
|Epe’ Byl < ¢'s", s€[0,1], 0<h<k, wherec =¢"(A)>0, (3.15)
we arrive at

| Bn(X = Y{7)| < |BnZy)|

t k t
+0/ (t =) |Ep(XE = Y)|dr +C > / (t — )" |Bj(XE = Y,7)|dr. (3.16)
0 =0, j#h 0
P — a.s.. Now we use that |E;(X} —Y,")| < |X? — Y|, for any 0 < j < k. In order to
estimate | X7 — Y,*|, note that
t
Xp- v <0 [ - velds + 120,
0
An application of the Gronwall lemma gives, P-a.s.,

t t
Xy < |Z,?\+C’/ 120]e=9C" g < |Zt0]+01/ Z0ds, 0<t<1.  (3.17)
0 0

Using estimate (3.17) in (3.16) we get
[En(X{ =Y

t t r
<B4 C [ (=B - Yl + €3 [P (12014 ¢ [ 1280ds] .
0 . 0 0
J#h
P-a.s.. Let now ¢ € Z and recall that 0 <t < 1. We have

[En(X =Y

t t T
§C3<|EhZ?|q+/0 |ER(XE — Y7)|9dr _|_Z/ (t—r)hq [|Zg|q—|—/o \Zg|qu]d7“>7

j#h 0

P-a.s.. Before applying the expectation in the last formula, we check that

t
E|E,Z0)" = IE‘/ Ehe<t—S>AQ1/2dWS‘q < et 0<t <1, g>0,0<h <k,
0

(3.18)
where Ej, are the orthogonal projections introduced in (2.2). Denoting by N(0,Q;) the
Gaussian measure on R" with mean 0 and covariance matrix Q¢ given in (2.1), we have:

E\EhZ?\qZ/ |Ery|? N(0,Q)dy

R (3.19)

:/ |ERQy/?2|7 N(0,T)dz < HEthl/ZH%/ 2|9 N(0,I)dz < ct?@HD/2 ¢ <1,
Rn Rn

where I is the n x n identity matrix. In the last inequality we have used that HEth / 2|| L
< D2 0 <t <1,0< h <k, where ¢ = ¢(p,n, A, v1,15) (see [16, formula (3.2)]).
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By (3.18), we infer

t
BIEW(XF — V7)1 < o (BIERZ1 + | BIEWCXE - Y;7)ftar
0

+Z/ r)ha E|Zo|q+/TIE\ZS|qu]dr)

Jj#h
(2h+1) pl+a/2
<ot + [mmog v + Y [ e D).
J#h 9/
Using that [‘(t — s)Ps"ds = p! trtPHl for p e Zo, r > 0, we get
5 0 (r+p+1)(r+p)...(r+1) + g
EIEn(XF = Y)lt < G5 (£ + / E| B, (XT — Y)|%dr +2Z/ 7y

J#h
< 06 (tq(w;-!—l) / ]E|Eh( Y$)|qd,r _|_thq+1+q/2)

q(2h+1)
2

< 204 (t +/ E|E), (X" — Yf)|qdr), t<1.
0

Applying the Gronwall lemma, we get

( )
E|En(XP — YO < Cr t"™2 0, 0<t<1.

Now if ¢ € R4, ¢ > 0, we consider an integer m > ¢. By the Jensen inequality,

m/q m(2h+1)

<E]Eh(Xf - nx)yq) < E|Ey(XF — Y™ < Ot <1

2h+1)
2

This implies that E|Ej, (X7 — Y/*)|9 < /™ - . The assertion is proved. [ |

Lemma 3.6. For any w, P-a.s., t € [0,1], the mapping v — XF(w) € R" is differentiable
up to the third order on R™. Moreover, for any i,j,r € {0,...,n}, © € R", there exist
continuous adapted stochastic processes (n;(t,x)), (n:;(t,x)) and (n;r(t,x)) with values in
R™ and C = C(||DF||o, ||D*F||o, | D3F|jo, ||All ) > 0 such that

ni(tvx) = Dl Xg: = llli% (th-i_hei - th) h_17 nij(ta 33‘) = D’L2J thv nijr(tv 1‘) D3 Xa:

igr

and |ni(t,x)| + [nij(t, )| + |nijr(t,2)] < C,  for anyt € [0,1], z € R", we Q, P-a.s..

Proof. The proof is straightforward. We include it for the sake of completeness. Fix w € 2,
P-a.s., and introduce the Banach space E = C([0,1];R"). Define the map F : R" x E — FE,

Flx,u)(t) := u(t)—x—/o (Au(r) + )dr—\ﬁWt €[0,1], ue€ E, x € R™.

Applying the implicit function theorem, we find that the mapping: x — XEC.) (w) from
R™ into E is three times Fréchet-differentiable. Denote by n;(t, ), 1;;(t, ) and 7;;-(t, )

€ [0, 1], respectively the first (directional) derivative at = € R™ in the direction e;, the
second derivative at x in the directions e; and e;, and the third derivative at x in the
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directions e;, e; and e,, where i,7,7 = 1,...,n. Note that n;(t, ), n;;(t,z) and n;;(¢,x)
solve, P-a.s., the variation equations

milt,z) = e + / (Anmi(s, x) + DF(X)[(s,2)])ds;
nig(t,2) = / (A (s, 2) + DPF(XT)ms(s, )] [y (s, )] + DE(XT) (s, 2)])ds:
Do (1, ) = /0 (Aige(5,2) + DPF(XZ)[s(s, 2)] [ (5, 2)] [ (5. 2)]) s

+/0 (D*F(X3)[nir (s, 2)] [nj(s,2)] + D*F(XT)[mi(s, 2)] [mjr (s, 2)) + DF(XT) e (s, )] ds,

t € [0,1]. It follows easily that (n;(-,z)), (ni;(-,z)) and (n;;r(-,z)) are continuous adapted
stochastic processes. An application of the Gronwall lemma gives the final assertion. N

Lemma 3.7. Let f € CJ(R"), v € (2,3), and i,j,7 € {1,...,n}. Consider the following
random variables depending on t € (0,1) and x € R™ (see (2.6) and (3.6))

A(t, z) = (D, f(Y,"), Eo(X] = Y/")) +%<D%Of(Yf) [Eo(X{ = Y7), Eo(Xy = Y")).

Then the functions: ¢;(x,t) = E[A(t,x) Jil(t,:v)], Gij(x,t) = E[A(t,aj) ij(t,x) , Gijr(,1)
=E|A(t,z) J}

ijr(t,x)}, x € R" t €(0,1), are continuous and bounded on R™ x (0,1).
Proof. Let us treat ¢;. We introduce the deterministic functions K : R” x R™ x [0,1] — R,

K(z,2,t) = (Dg, f(Y{"), Bo(z — Y{7)) + %<D%0f(Yf) [Eo(z — Yi)), Eo(z — Y5)) (3.20)
and g; : R x R" x (0,1] — R,
gi(z,z,t) = E[K(Xf,z,t) J}(t,:c)], z,z € R, t € (0,1].
Note that ¢;(x,t) = g;(z,x,t), x € R", t € (0,1). We first prove that
gi(z,2,t) = Di(B[K (X, 2,1)]) (2) = E[(D. K (X}, 2, 1), mi(t, )], (3.21)

z,z € R", ¢t € (0,1) (here D, = D; denotes the partial derivative with respect to e; and
D, denotes the gradient in the z-variable; 7; is introduced in Lemma 3.6). To this purpose,
remark that it holds

|K (2, 2, )|+ Dy K (0, 2, 8) |+ D3 o K (20, 2,8) |+ D3y o, K (22, 2,8)| < 8[| fll,a (1 Bo(z=Y7) ),

(3.22)
t€[0,1], z, z € R, i,5,r € {1,...,n}. Moreover, an application of the Gronwall lemma
shows that

1 x7| < WAl HIPE) (1] + |F(0)] + |[V/QllL sup [Wi|), t€[0,1], z €R",  (3.23)
s<1

P-a.s.. By (3.22) and (3.23), using Lemma 3.6, we get the existence of the partial derivatives

D, (E[K (X, 2,0)])(z) = E[(D.K(XF, 2,t), mi(t,2))], 2,2 € R, te(0,1), 1<i<n.
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To obtain (3.21), we consider test functions ¢, € C§°(R") such that 0 < ¢,, <1, m € N,
om(z) = 1, when |z| < n, on(z) = 0, when |z| > m + 1 and |Dp,,(x)| < 1, for z € R,
m € N. By Theorem 3.1 and Lemma 3.6, we know that, for z,z € R", t € (0,1), m € N,
Dy, (B[K (X[, 2,8) om(X{)]) (@) = E[K (X, 2,8) o X7) JH (2, 2)]
= E[<D$K(th7 Zat)v ni(tv x))gpm(th) + K(th7 th) <D80m(X£T)7 m(tvx»] .

Passing to the limit as m — oo, we get (3.21), by the dominated convergence theorem. By
(3.21), (3.22) and Lemma 3.6, we have (setting z = z)

|¢Z(x)t)| = |gi(x7x7t)’ < E“D%K(Xtmvxvt)’ |77i(t7x)|]
< 8|nillzee [ £]ly.a (1 +E[Eo(XP — Y))),

for any z € R", t € (0,1). Applying Lemma 3.5, we get

sup iz, 1) < 8cl|millzee [[flly,a sup [1+ ¢ < 16¢||nsl| Lo~ || f]
zeR™,te(0,1) te(0,1)

Wzd'

To treat ¢;; and ¢;j we proceed similarly. Concerning ¢;; we introduce

gij(:E’th) = E[K(th?zvt) ij(t7x)} = D%(E[K(Xt(),z,t)])(l‘)
= ERD:)Z:K(XZC?th) [Uj(ta 5’3)]777i(t7$)> =+ <DJ:K<Xz§E727t)7 nij(ta .CC))]

Since ¢;j(x,t) = gij(x,x,t), we obtain the assertion for ¢;;, using (3.22), Lemmas 3.6 and
3.5, as before. To treat ¢;j, we introduce g;r(z, z,t) = E[K (X}, z,t) J?}-r(t, z)]. Note that

)

gigr(w, 2, ) =E[(DIK (XY, 2, O) [, (8, )][n (8, )], mi(t, @) +(DIK(XT, 2, O g (¢, 2)), 138, @)
HDIK(XT, 2, 1) [0 (8, )], mar (1, 2)) + (DK (XT, 2,8) [0 (¢, )], 735 (8, )
+<D:1:K(Xtm’ Zs t)a nijT(ta $)>] .

Since ¢ijr(x,t) = gijr(x, x,t), we get the assertion for ¢;j, proceeding as for ¢; and ¢;;. The
proof is complete. [ |

Proof of Theorem 3.3. Thanks to Corollary 3.2, it is enough to prove all the estimates
for 0 <t < 1. Indeed, concerning (iv) in (3.10), we have, for ¢ > 1,

k

m=0

1 £ f]

k
<30 (Mo + sup 1P A+ logm) < eallflo. f € CHE)
m=0 z

We will show the estimates for v € (2,3).

Indeed, the cases of v € (0,1) and v € (1,2) can be similarly treated and are even simpler.
Alternatively, once we have proved the estimates for v € (2, 3), the remaining estimates can
be obtained by an interpolation argument. Let us briefly explain such method which has
been also used in the proof of [16, Theorem 3.4]. We assume that (i)-(iv) hold for v = 5/2
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and show that they hold also for a fixed 4" € (0,2), 7' # 1. By [16, Theorem 2.2], we know
in particular that

(Co(R™),CY*(RM)),, s o = Co (R?). (3.24)

To be precise, (3.24) is proved in [16] when C,(R™) denotes the Banach space of all real
continuous and bounded functions defined on R"”. However, the same proof of [16] works
also when we consider C,(R™) as the space of all real uniformly continuous and bounded
functions. Concerning estimate (iv) in (3.10), by (3.24) and [18, Proposition 1.2.6] we get

24/
1P ey ey oy S (Plnccumo )™ % (P et o2y < O,

for ¢ > 0. As for (iii), we fix z € R", ¢t € (0,1] and introduce the linear operator T, ; :
Cg/(R”) =R, Ty f = WPtf( x), for any f € CW/(R”). We have:

!
ct—(%+h+h/+h//)+%7

IN

2y
ITeell ey oy < (ITeellinme)'™ % (1Teell oz )

€ (0,1] (uniformly in z € R™). In a similar way, one can prove (i) and (ii) for +'.
- We prove the first estimate in (3.10), fort € (0,1), v € (2,3) and i € I.
We start from (3.6) and write

D;P,f(x) = A1(t,z) + A2(t,x) where
Ai(t,z) = E[{f(XF) — f(BoX7 + X5y B Y{)} JA(t,2)]; (3.25)
Ao(t,x) = E[f (BoX{ + Xh_) EyY{) JA (¢ x)],

where (Y;") is defined in (3.12). Let us treat A; and A separately. Using (3.7), (3.8) and
Lemma 3.5, we have (since 0 <y/(2m+1) <1lifm=1,...,k)

M1 2)] < el fllaB[{ S B (X7 = Y205} 172, )|
< N fllya(E 1F ¥ 1) @) < all llya 3O = ol 677
€ (0,1), uniformly in = € R™. Let us concentrate on the more difficult term Ay. We write
Ao(t,x) = Ao1(t, z) + Aga(t,x), where
Aan(t,2) = B[ (F(Bo X + Shoy ") = F(G7) = (D f(V), Bo(X7 = Y{7))
~ $(DE, ) [Ea(XT = YL, Bol(XE = Y))) I} (8, )
Aaa(t, @) = B[ ((Digy V), Bo( X} = Y"))
+ §(Dh, £ [Eo(XF = Yi)), Ba(XT = ¥i)) J} (t.2)]

see (2.6). Note that, since (V;®) is deterministic, E[f(Y,2)J! (¢, z)] = f(YF)E[JL(t,x)] =
fY2)D;(P1)(z) =0, for any z € R, t > 0.

To estimate Agi, remark that f(z +-) € C) (Eo(R™)), v € (2,3), uniformly in . By the
mean value theorem, we have:

Sup [Aa1(t, )] < ([ fll5.a Sup {E[|Eo(XY = YOI [T (t,2)]] }
TER™ T€ER™

1/2 1/2 —1_
< 1£lly,a sup (E[IEo(Xf—W)F”]) csup (EJLE2)?) 2 < esllfllaa T
reR" z€R™
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see also (3.14). Finally, using Lemma 3.7, we infer sup,cpn 1c(0,1) [A22(f, )] = ¢4 < o0
This proves the estimate.

- We prove (ii) and (iii) in (3.10), for t € (0,1) and v € (2,3).
These estimates can be obtained proceeding as in the proof of the first estimate in (3.10).
We only prove (ii). Let i € I}, and j € I;. We write

D}Pif(x) = Ai(t, @) + A1 (t, @) + Aga(t, @), where

Ai(t, @) = E[{f(X}) = F(EoX} + Zjoy EnY]")} 5 (8, 2)],
Ror(t,w) = B[ (F (BoX{ + Thoy EAYY) = F(Y) = (Dpy FOV), Bo(X] = Y)
%<DEO (V) [Eo(XF = ¥{) ol X = Y) ) J ()],
Ras(t,@) = E| ({Dr, F(7), Bo(XT = ¥i)
+ §(DF, FO) [Bo(XF = Y{)), Eol(XF = Y{7))) A (1)

€ (0,1), z € R™. We have (using (3.7), (3.8), Lemmas 3.5 and 3.7)

sup A1(t,2)] < el flla s E[{ Z B (X7 — Vi) |70 } |21 x)@ < el fllyat® .

By the mean value theorem, we find

Sup. A2 (t, )] < [Ifly.a sup {E[|Bo(X7 = YO)[" I3t 0)|]} < cllfllyat

Using Lemma 3.7, we infer sup |Aga(t, )| = 5 < 0o and this gives the assertion.
z€R™, t(0,1)

- We prove the estimate (iv) in (3.10), fort € (0,1) and v € (2,3).
We have to show that, for any h, 0 < h < k,

8l n
xs.gu]lsn ||Ptf(x + ')||C;/2h+1(Eh(]R”)) < C”f”%dv f € Cd (R )? te (07 ]-) (326)

Fix the integer h, f € C](R") and consider A3 (Pf)(x) = P.f(z) —3P.f(x+vy) + 3P f(x+
2up)— P.f(z+3vp,), for x € R™, vy, € ER(R™) with |vp| < 1 and vy, # 0. By (2.8) the assertion
(3.26) is equivalent to the estimate

sup 1A (Pf)(@)| < e [|fllyalonl 55, ¢ € (0,1), (3.27)
reER”™

where cl is independent on f, t and v,. We prove (3.27) considering first the case of
lup| < 5 <1 and then the case of 1 > |vp| > 25 (compare with [16, page 148]).

(a) Let |vp| < 15 < 1. Using the mean value theorem and (iii) in (3.10), we get

sup |AS (Pif)(z)] < sup D%, Pifllo [on]?
zeR" zeR™, i, j,relp
1 1 v
< RV £ lly.alvnl® < C—’ e T 1 flly.a lvnl® = cll fllv.alvalFT, ¢ € (0,1).
2 vp| 2T T2
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(b) Let 1> |vp| > 3. We first estimate || e4vy, || . To this purpose we use that

|Eie B < ct'™, 0<h<i<k; |EeEy|<ct, 0<i<h<k, tel0,1]

(3.28)
(see [16, Lemma 3.1]) where ¢ = ¢(A) > 0. Since t < |vh|2hQT <1, we get
h—1 h—1
e on |l = |E; et Eyup| 75T + Z |Bie Byop |77 < ¢ > [ty | T
=0 i=h =0

koo k i
+ey Ztﬁlvh’ﬁ < 1 hjop|VCRED 4 ¢ Z ’vh|2ilﬁ+ﬁ2hgﬁ <eci(k+1) \vh\ﬁ.
i=h i=h (3.20)
3.29

To finish the proof we will use the Girsanov theorem, see (3.4). First note that
Aih(Ptf)(x)
=E|f(Z))®(t,x) — 3F(ZFT")D(t, 2 + vp)
F3F(ZETPMB(t, 1 + 2up) — F(ZET3B(E x + 3%)}
= Ai(t,z) + Aa(t,x), where
At @) = B[ (F(Z7) = BF(Z7") + BF(2772) = F(Z75)) (k).
As(t,z) = BE[f(Z7T)(D(t, x) — B(t,x + vp))] + BE[F(Z7 T2 (@ (t, 2 + 203) — B(t,2))]
FE[f(ZFT)(@(t,x) — Bt x + 3up))].
Let us consider A;. We find, for any = € R", ¢t € (0,1), thanks to Lemma 2.1,
ALt 2)] S E[|A%,, f(e e+ 20| 2)] < [flya lleonl]” < el flly,aloal 758
(in the last inequality we have used (3.29)). It remains to treat As. We have:
Aso(t,z) = Agi(t,z)+ Aga(t,z), where
A (t,z) = E[f(Z ( (t,z) — 30(t, x +vh) F3B(t, x4 20y) — Bt + 3%))},
Ao(t,x) = BE[(f(Z7"") = [(27)) (2(t,2) = ®(t, + vn)) ]

+ BE[(f(ZF) - f(ZD)) (@ (t:L‘+2vh) D(t,x))]
+ E[(f(Z77) = £(ZD)) (B(t,x) — (¢, 2 + 3up))].

w

In order to treat Asp, remark that the map: x — ®(¢,x) is three times Fréchet differentiable
from R"™ with values in in L'(Q). We need to estimate the norm of the first, second and
third Fréchet derivatives of ®(¢, -) (these Fréchet derivatives will be indicated with D, ®(t, x),
D2, ®(t,z) and D3, ®(t,z) respectively).

For any x, h € R™, we find (setting G = Q~'/2F)
t
D,®(t,z)[h] = @(t,x)/ (DG(Z%)e*h, dL?)
0
t ¢
= o) [ (DG am) — [ DGz Gz)as),
0 0
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since LY := Wy — [ G(ZF)dr, s € [0,1] (see (3.4)). By the Girsanov theorem, we have

t
E| D, ®(t, 2)[h]| = IE‘/O (DG(XE)eh, dW,)| < 4l /2 | DG < e |n] | DG,

(3.30)
for t € [0,1], A € R™ It follows that | De®(t,z)|L@n 11 < Q0" Il L@ | DF o,
t € [0,1]. Similarly, we have for the second Fréchet derivative

D2,®(t, x)[h][k] = @(t,x)(/ot (DG(Z2)e™ R, dL%)) (/Ot (DG(22)ek, dL?) )
v [ e He n, i - [ paEie, peE e Hds).

h,k € R™. It follows, by the Girsanov theorem,
E|D,®(t,2)[h)[k]] < c2|h||k| (IDGI§ + ID*Gllo), for any t € [0,1], h,k € R".
In a similar way we get
E|D3,..®(t 2)[h][k][u]] < clhllkllul (| DGI + | DG + I DGl + 1 D*Gllo) < Ch |hl|k[ul,

for any t € [0,1], h,k,u € R", where C1 = C1(||Al|L,v1,5, || DF||o, | D*F|lo, || D3F||o) > 0.
Using the last estimate, we find

[ Az (8, )| [fllo |92, 2) = 3®(t, & + va) + 3B (¢, + 2v) — (¢, 2 + 3vn) | 1 (0

[1£llo sup 1D220®(t, @) [R)[K][ulll 2 (@) [onl® < Cullfllo Jonl?,
[u|<1L,[h|<L,|k[<1,zeR™

IN A

x € R", t € [0,1]. It remains to consider Agp. This is the sum of three terms which can be
treated in the same way. Let us estimate the first term (without the factor 3). By (3.29),
we find (recall that v € (2,3))

E[(f(Z/T") = £(Z7)) (®(t,x) — @(t,z + vp))]

_1
< llyalleon || BI®(,2) = @t @ +vn)| < ][ flly,a [on| T | @(E, 2) — @(t, 2 + vp)l| 10y

2h+41

By (3.30), since |v,| >t7 2,

E|(F(Z77) = £(28)) (2(tx) — @t 2+ vp))| < el AL £]], alon 75 [ug] /2| DG o

< fop|E L f

‘Wyd’

h
We obtain sup,cpn |A22(t, z)| < c3 |vh|% || fll+,a> t € (0,1). Using the estimates obtained
for A;(t,z) and As(t,x), assertion (3.27) follows. This completes the proof. [ ]

4 Elliptic and parabolic Schauder estimates

Here we prove elliptic and parabolic Schauder estimates for 4 using the L*-estimates of
the previous section. Our method is different with respect to [16, 4, 15, 27] (see Theorems
4.2 and 4.3). Before proving Schauder estimates, we show existence and uniqueness of
distributional solutions for (1.2) and (1.3).
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Let A > 0 and f € Cy(R™) (i.e., f is uniformly continuous and bounded on R"™). We say
that a function u € Cy(R") is a distributional solution to the elliptic equation

Au(z) — Au(x) = f(z), = e€R", (4.1)

if X [ u(@)p(x)de = [p, u(z)A*¢(x)dx + [g. f(x)p(x)dx, for any ¢ € C§°(R™), where A*
is the formal adjoint of A, i.e.,

A*d(z) = %Tr(QD%(a:)) — (Az + F(2), Dé(z)) — ¢(2)[divF (z) + Tr(A)], = € R™

Let g € Cp(R™), T > 0 and H : [0,7] x R"™ — R be a continuous and bounded function. We
say that a continuous and bounded function v : [0,7] x R” — R such that v(0,x) = g(z),
x € R", is a space-distributional solution to the parabolic Cauchy problem

{atv(t, z) = Av(t,z) + H(t,z), te(0,T], z €R", 42)

v(0,2) = g(x), =€ R"

if the following conditions hold:
(i) v(t,-) € Cp(R™) uniformly in ¢ € [0, 7] (i.e., for any € > 0, there exists 6 > 0 such that if
y € R™ and |y| < 4, we have sup,cjo 1], pern V(6,7 +y) —v(t, 2)| < €);

(i) for any test function ¢ € C§°(R™), the real mapping: t — [p, v(t, 2)¢(x)dx is continu-
ously differentiable on [0, 7] and moreover

jt(/]R" v(t,x)qf)(x)da:) = /n u(t, 2) A*p(z)dx + H(t,z)¢(z)dz, t€[0,T]. (4.3)

R'Il

Theorem 4.1. Let A > 0 and f € Cy(R™). Then there exists a unique distributional
solution u € Cy(R™) to the equation (4.1). Moreover u is given by

u(z) = /0 T NP () dt = /O T e NBf()dt, @€ R, (4.4)

where Py is the diffusion semigroup introduced in (3.2).

Let g € Cp(R™), T > 0 and H : [0,T] x R® — R be continuous and bounded. Then
there exists a unique space-distributional solution v to the Cauchy problem (4.2). Moreover,
setting fg P_sH(s,z)ds := fg P,_s(H(s,))(z)ds, we have

v(t,x) = Pg(x / P,_ H(s,x)ds, xe€R" tel0,T]. (4.5)

Proof. Uniqueness. We first consider the elliptic case. Fix A > 0 and let u € Cy(R™) be
any distributional solution to (4.1) with f = 0.

Take a function p € C§°(R") such that |p|lpirey = 1, 0 < p < 1 and p(z) = 0 if
|z] > 1. Define a sequence of mollifiers (py,) C CG°(R™), pm(x) := m"p(mz), © € R",
m € N. Consider the functions u,, € Cy°(R") obtained by convolution of u with py,, i.e.,
U, = U * ppy. Setting B(z) := Az + F(x), x € R™, we use the identity:

Apm(z —)(y) + (B(x) — B(y), Dpm(z — y)) + pm(z —y)divB(y) = Alpm(- — y)](z),
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z,y € R" and get

Aun(@) = [ als) Alpn(c =)@ dy = [ ) Al = ) dy + Bona (2) + Rona@)
= /n Mu(y) pm(z —y)dy + Rmi(z) + Ry 2(x), where
Rna(2) = [ aly) divB () pu(x )y,

Rnale) = [ uy) (B(@) = B). Dpnla ~ )i

(4.6)
Changing variable as in [15, page 559], we obtain
Rpo(z)=m | u(z— =) (B(z) — B(z — =), Dp(2)) dz
m,2 - m m ) ,0 .

R’ﬂ
It follows that R,, 2 converges as m — oo, uniformly on R", to the function

x +— u(z) Z DyBi(z)zDip(z) dz = —u(z)divB(x).
ik=1"R"

On the other hand, it is easy to see that R,, 1 converges as m — oo, uniformly on R", to
udiv B. It follows that lim,,— oo (Rm,1 + Rm,2) = 0 in Cy(R™). Hence we have obtained

i (A = Xallo + Jlum = ullo) = 0.

1
By the classical maximum principle (see [19]) we deduce that ||um|lo < XH)\um — Aup||o-
Letting m — oo, we find that ||u|lo = 0 and this gives the assertion.

We prove now uniqueness in the parabolic case. To this purpose, we take H = 0 and
g = 0 in (4.2) and consider any space-distributional solution v. We introduce as before a
sequence of mollifiers (p,,) C C§°(R™) and define

on(t.0) = [ ot )pmle - )y, tE0.T) 2 R, meN.

It is clear that vy, is continuous and bounded on [0, 7] x R™. Moreover, there exist continuous
and bounded spatial partial derivatives of v,, of any order on [0,7] x R™. Thanks to
assumption (i), v, converges to v as m — oo uniformly on [0,T] x R™.

We have, by (4.3), for t € [0,T], z € R",

Opvm (t, ) = /nv(tyy) Alpm(z — )(y) dy = /nv(t,y)A[pm(- — y)l(z) dy

+ St x) + Sma(t,z) = Avy(t,xz) + Smai(t, ) + Smoa(t,x), where

Smatr) =~ [ o) Bty

Smaltia) == [ v(t.y) (B@) - By). Dpnle ~ ) dy.
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Remark that limy,—oo SUPicpo, 1), zern [Sm,1(t ) + Sm2(t, ¥)| = 0. Moreover, since vy, is a
classical solution to

Opvm (t, ) = Avp(t, ) + Sm1(t, z) + Sma(t,z), te€ (0,7], z € R",
U (0,2) =0, = e R™

by the classical parabolic maximum principle (see [10, Chapter 8]) we have

sup lom(t, )] < T sup | S, 1(t, ) + Sm2(t, ).
t€[0,T], zeR™ te[0,T], zeR™

Letting m — oo we obtain that v = 0 and this proves the assertion.

Existence. We first consider the elliptic case and prove that u given in (4.4) is the dis-
tributional solution. It is clear that u € Cy(R™). In the following computations we will
use that there exists the classical partial derivative 0;(P.f)(z), for t > 0 and x € R", and
O(Pif)(z) = A(P.f)(x), see [25, Section 4].

By Corollary 3.2 we deduce that, for any M > 0, there exists Cjs > 0 such that

sup [A(Pf)(z)] < Cy (=0 L1) I fllo, >0, f e Cy(R™). (4.8)

x| <M

We obtain, for any ¢ € C5°(R"), applying the Fubini theorem,

/n u(z) A ¢(z) = /000 e Mdt o AP, f(z)p(r)dr = lim h e Mdt [ AP f(x)¢(x)dx

e—01 J¢ Rn

= lim b e~ Mdt 0P f (x)p(x)dx = lim ¢(z)dx /00 e MOuP, f (x)dt
R™ €

e—0t J¢ R» e—0t

—tin [ (MR + A [ NP ) o) = [ (< F@) + M) ofa)da.
e— R € n

We deal now with the parabolic case and show that v given in (4.5) is the space-distributional

solution. We write

t
v=1v1 + vy, where vi(t,z)= Pg(z), wvalt,z)= / P,_sH(s,z)ds, (4.9)
0

v2(0,-) = 0 (v1 and vy are associated to (4.5) when H = 0 and g = 0 respectively). First we

deal with v1. In [25, Section 4] it is verified that v; is a continuous and bounded function
n [0,00) x R™. Moreover, denoting by w, the modulus of continuity of g, we have, for

any t € (0., 2,y & B, Figle) — Prgy)| < Blay(X7 — X2)] < wylle = /"), wher

= ||Allz + ||DF|o. This shows that vi(¢,-) € Cp(R™), uniformly in ¢ € [0, T].

Since it holds (in a classical sense) 0:(P.f)(z) = A(P.f)(z), t > 0, x € R", we have that

t— [pn v1(t, z)¢(x)dx belongs to C([0,T]) and verifies (4.3) (with H = 0).

Let us treat vy. By the first estimate in (3.9) we deduce, for any f : R™ — R continuous

and bounded, for any h € {0,...,k},

<Ifllo” TP+ )| 5 < Lt || f o, t € (0,77,

B+ )] T

CFF (B, (RM)

x € R"™, where C is independent on ¢, x and f. It follows that, for any =,y € R™, t € [0,T],

$)1/2

C1||H
|vg(t,x)v2(t,y)|§/ CulHllo ;o Z|Ehx— )7 < || H VT — y| 75,
0
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where |[H|lo = sup,co,7)zern [H (t,2)]. This shows that va(t,-) € Cp(R"), uniformly in ¢.
By this property, in order to verify that ve is continuous on [0, 7] x R™, it is enough to check
that for any fixed z € R", va(-, x) is continuous on [0, T]. Since the continuity of va(-, z) in
t = 0 is clear, we consider continuity at a fixed t € (0,7]. We write, for h sufficiently small,

T
va(t + h,x) —ve(t,z) = /0 [Piyh—s H(s,x) — P—sH(s,)]ds. (4.10)

(we have extended P; to negative values, setting P, = 0, 7 < 0). By the dominated
convergence theorem one deduces that limy_gva(t + h,z) = va(t, ). Thus vy is continuous
on [0,7] x R™ and v3(0,-) = 0. The boundedness of v is clear.

It remains to verify that vy satisfy (4.3). To this purpose, we fix t € (0,7], z € R", and
consider for h > 0 (see also [24, pages 58-59 )

U2(t + h,.T) - U2(t7 l‘)
h

t+h t,p _ P
Dt ha) =7 [ PunooH(s,2)ds, Talt,h,) = / (Pt = ) s, s
t 0

= Fl(t, h, x) + Fg(t, h, x),

We have: |T'y(t,h,z) — H(t,z)| < fol E|H(t+ h —sh,X%) — H(t,x)|ds — 0 as h tends to
0%, by the dominated convergence theorem. It follows that, for any ¢ € C§°(R™), limy,_+
Jgn T1(t, by z)p(x)da = [p. H(t,x)p(x)d.

Concerning I's, we first note that, thanks to (4.8), for any t > s > 0,

lim Pt+h75H(8,$) — Pt_SH(S’w>)¢(I’)d£L' _ A[Ptsz(S,')](iE) ¢(3§')dl’
h—0+ Jgrn h R

By the Fubini theorem we get lim+ Do(t, h,z)o(x) =
h—0T JRrn

t t
:/ ds/ P,_sH(s,z)A"¢(x)dx = .A*gi)(x)dac/ P,_sH(s,x)ds, t€]0,T].
0 n R”L 0

It follows easily that the map ¢ — [p, va(t,2)@(z) belongs to C1([0,T]) and verifies (4.3)
(with g = 0) for ¢ € [0,7]. This finishes the proof. ]

The next theorems provide elliptic and parabolic Schauder estimates.

Theorem 4.2. Let § € (0,1) and X\ > 0. For any f € Cz(]R") there exists a unique
distributional solution to the elliptic equation (4.1). Moreover u € C’C%JFG(R") and there
exists ¢ = c¢(\,0,v1,v9, A, p,n, || DF||o, | D*F||o|D3F||o), such that

lullaroa < el flloa (4.11)

Proof. Uniqueness follows by Theorem 4.1. To prove the assertion we need to investigate
the regularity properties of the function u € C,(R") given in (4.4).
We first prove that u(z + -) € C’nge(EO(R")), for any z € R”, and

zseuﬂgl Ju(z + ')HC,f*Q(EO(R”)) < Clfllo.a- (4.12)
It is clear by the estimates (3.11) that there exist the partial derivatives D;u and iju on
R™, for any i,j € Ip = {1,...,p}. Moreover D;u and D%u are continuous and bounded on
R™ and || Diullo +[|Djullo < el f]

0,d-
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We will prove now that D2 u € CY(R™) when 4,5 € Ip. This will imply (4.12). To this
purpose, we fix any v, € Ep(R ) for 0 < h < k, with |v,| < 1, and compute

\iju(w +op) — iju(x)| < / e_M]DinPtf(m +vp) — D%Ptf(m)] dt = wui(x) + uz(x),
0

fon| T
wi(z) = / e N|D2 P (x + vn) — D P f()|de:
0

ug(:c):/| ) 7)‘t|D Py f(x 4 vp) — D%Ptf(xﬂdt, x € R"™.

vp| ZRFT
(4.13)
In order to estimate u;(x) we use (b) in (3.11). We find

|Uh|72h2+1 - 0
sup u1(z) < | fllo / £371dt < O||fllo. |onl 751
TER™ 0

Concerning us(x) we use estimate (c) in (3.11). This gives, for any = € R",
1
DY Puf -+ 1) = DEPS @) < ol sup |05, Pifllo < ell ot (s +1) lnl, £ 0
rel, 3
We get

sup ug(z) < ) _)‘t(t 5=5—h +1)dt <c (’vh’
z€R o | ZRFT A

_o_
< Cil[fllo,a [on]m+7.

+ [onl7) | 100

It follows that sup,cpn |D u(z+op) — D%u(m)| <C|fllo.a |Uh|2h€ﬁ and so (4.12) is proved.
+
We verify that u(z + ) € C2"** (ER(R™)), for any 1 < h < k, and moreover
< C)flloa (4.14)

sup U .
z€R futz+ )Cb%H(Eh(R"))

We fix v, € Ep(R™), for 1 < h < k, with |v,| < 1, and compute

lu(z + vp) —u(z)] < /00 e M|Pf(x+vp) — Pof(x)dt = up(z) +us(z), where
0

[vp|2P+T
i (z) = /0 NP, f(z + v) — Pof(x)|dt; (415)

ual(z) = /| L NPt o) - Pif(@)]dt, @€ R

vp | 2RFT

In order to estimate u;(x) we use (d) in (3.11). We find

o flonlZH 240
sup 1 (z) < el fllg fonl 75 / dt < C|fllo. lon| 557,
rER 0

Concerning us(x) we use estimate (a) in (3.11). We get (recall that h > 1)

246
sup (1) < M3 4 1)t < Cullfloa fon] 7T
TER™ vp | ZRFT
and (4.14) follows. The proof is complete. ]
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Theorem 4.3. Let § € (0,1), T > 0, g € C2"(R") and let H : [0,T] x R* — R be a
continuous function such that sup,cpopy |H(,-)|l0,a < oo

Then the Cauchy problem (4.2) has a unique space-distributional solution v such that
v(t, ) € C§+9(R”), t € [0,T). Moreover, Dyv and D?jv are continuous on [0,T] x R"™, for
i,j € Iy, and there exists ¢ = c¢(T,0,v1,v9, A, p,n, |DF|o, || D*F|o| D3F||o), such that

sup [v(t,)ll2+0a < c(lgll2ro,a + sup [[H(E,)llo.a)- (4.16)
te[0,7] te[0,7]

Proof. Uniqueness follows by Theorem 4.1. To prove the result, we need to investigate the
space-regularity of the function v given in (4.5); we write v = v1 + vy as in (4.9).

Concerning the function v; = Pg the estimate (iv) in (3.10) with v = 2 + 0 gives
immediately (4.16) with v replaced by v; and H = 0. In order to treat vo,

vlt, z) = /OtE[H(s,XgS)]ds _ /OtIE[H(t s, XT)ds, te0,T], xR,

we proceed as in the proof of Theorem 4.2. To this purpose, set || H ||7,9 = sup;cjo 71 [[H (2, -)l]0,a-
We first prove that vy(t,z + ) € ng(EO(R”)), for t € [0,T] and z € R™, and that

sup [va(t, 2 + ')H02+9(E0(Rn)) < ClH|lrp- (4.17)
t€[0,T), zER™ b

It is clear by the estimates (3.11) that there exist the spatial partial derivatives D;vy and
Dizjvg on [0,7] x R™, for any 4,j € Iy. Moreover D;va(t,-) and ijvg(t, -) are continuous
and bounded on R™ and || Djva(t,-)llo + || DF;v2(t, )0 < ¢||H||1,0, for any ¢ € [0,T].

To prove assertion (4.17), we fix v, € Ep(R™), for 0 < h < k, with |v,| < 1, and compute
as in (4.13), for any = € R,

t
|DFva(t, @ + vy) — Diva(t, )| < /0 |DFPsH(t — s,z + vy) — DjPsH(t — s,7)| ds
t 6_3

t/\|vh|2h2+1 0, h 0
< ol Hllrp / $$Vds + cil|Hllr ol L 53 ds < [ Hllpg o] 7
0 £ A o | ZAFT

(aANb=min(a,b)) and so the assertion (4.17) is proved. In order to verify that vy (t, 2 +-) €
+

240
CH (Ep(R™)), for any 1 < h < k, t € [0,T], and  sup  [lva(t, 2+ )| 2+0
z€R™, te[0,T] ot

(En(R™))
< C||H||1,0, we proceed as in (4.15).

To prove the continuity of D;v and D?jv on [0,T]xR™, i, j € I, it is enough to show that,
for any fixed z € R", D;v(-,z) and Dizjv(~, x) are continuous on [0,7]. To this purpose, we
write x = xg+x1, where g = Eyx and x1 = z — Eyx, and consider the closed euclidean ball
K in Ep(R") centered in 2 with radius 1. We already now that [[v(t, z1 +)||c2+e(x) < Cr,
for any ¢ € [0,7]. Using the continuity of v on [0,7] x R® and a standard compactness
argument we obtain the assertion. Note that in particular lim,_,q+ D;v(t,2) = D;g(z) and
lim, o+ D?jv(t,a:) = D»ng(a:), x € R". [ |

)
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5 Schauder estimates with variable coefficients (¢;)

Here we study a generalization of the operator A. Namely, we deal with the operator A in
which the diffusion matrix ) depends continuously on z, i.e.,

Au(z) = %Tr (Q(z)D*u(x)) + (Ax, Du(z)) + (F(z), Du(x)), =€ R™ (5.1)

Thanks to the results of Section 4, we will obtain elliptic and parabolic Schauder estimates
for the operator A, using a standard approach. This is based on maximum principle, a
priori estimates and continuity method (compare with [16, Section 6]).

Hypothesis 5.1. (i) There exists ¥ > 0 and an integer p, 1 < p < n, such that the
symmetric matrix Q(z) = (¢ij(x))i,j=1,....n has the form

Qx) = (Qo(x) O) , zeRY (5.2)
0 0
where Qo(z) is a uniformly positive definite p X p-matrix such that

v <Yl (@) < I3 &, 6= (&) eRP, zeR™ (5.3)

(ii) The vector field F' : R™ — R" satisfies (ii) and (iii) in Hypothesis 1.1.

(iii) Assumption (iv) in Hypothesis 1.1 holds.

(iv) There exists € (0,1) such that ¢;; € C§(R"), for i, € {1,...,p}, and moreover there
exists the limit

lim Qo(z) = QF° in L(RP). (5.4)

|z|—o0

Let us comment on these assumptions. Note that, for every zo € R™, the operator with
frozen second order coefficients

Ale) = ST+ (@@0)D™) + (P(@) + A, D, (5.5)

verifies Hypothesis 1.1 and therefore Theorems 4.2 and 4.3 hold for A(xzg). The same
happens for the operator A defined as in (5.5) but with Q(zp) replaced by Q> (Q*° is
the n x n matrix having (§° in the first p x p block, and zero entries in the other blocks;
clearly its coefficients ¢ verify (5.3)).

To prove the next theorems it is crucial to remark that the constants in the elliptic and
parabolic Schauder estimates involving A(xg) does not depend on zp € R™.

Theorem 5.2. Consider the operator A in (5.1) under Hypothesis 5.1. Then, for every
A >0 and f € C)(R™), the elliptic problem

\u—Au=f (5.6)
has a unique solution u € C§+9(R”) (the first order term (Az, Du(x)) in (5.1) is understood

in distributional sense). Moreover there is ¢ > 0, independent of f and u, such that Schauder
estimates (4.11) hold for (5.6).
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Proof. We will only sketch the proof which is not difficult. One needs first a mazimum
principle for (5.6). We explain how this result can be obtained arguing as in the proof of
Theorem 4.1. We write A = A; + Ay, where

1
A = §Tr (Q(x)D*) and Ay = (F(z) + Az, D-). (5.7)
Take any u € C27(R") which solves (5.6). Consider a sequence of mollifiers (p,,,) and set

U, = U * ppy; We get, similarly to (4.6),

A (7) = o Aru(@ —y)pm(y)dy + / u(y) Azlpm(z — )|(y) dy + Rin1(z) + Bin2(2),
z € R", m € N, where Aj is the formal adjoint of Az. One finds that Au,, converges in
Cy(R™) to Au as m — oo. By the classical maximum principle (see [19]) we deduce that
[tmllo < F[[Mtm, — Aty ||o. Letting m — oo, we find [|ullo < $[|Au — Aulo.

A priori estimates for (5.6) can be proved exactly as in the proof of [16, Theorem 8.1]. One
assumes that u € C§+9(R”) is a solution to (5.6) and then by using a localization argument
and the maximum principle one finds that there exists C = C' > 0 (independent on f and
u) such that

lull2+0,0 < Clfllo.a-

The continuity method allows to conclude the proof. For any e € [0, 1] one considers the
problem

M — (1 — €)A®u — eAu = f, (5.8)

where (1 — €) A®u(x) + eAu(z) = $Tr ([(1 - €) Q> + €Q(2)] D?u(x))+ (F(z) + Az, Du(z)).
Using the previous a priori estimates, it is straightforward to verify that the set of all

€’s such that (5.8) is uniquely solvable in ng (R™) is non-empty, closed and open in [0, 1].
Taking € = 1 in (5.8) one finishes the proof. [ |

In order to state and prove Schauder estimates for the parabolic Cauchy problem involv-
ing A, we define the space C% o 7 € (0,3) non-integer. This consists of all continu-
ous functions v : [0,7] x R" — R such that v(t,-) € C;(R™), t € [0,T], and moreover
supse(o.) V() lleymny < +o0. C%d is a Banach space endowed with the norm || -

v, T,d>

[vllyra = sup [[v(t,)lley@ny, v € Cpye
te[0,7

A function v € CZ%f, 6 € (0,1), solves the Cauchy problem (4.2) involving A if v(0,z) =
g(x), x € R™, and, for any ¢ € C°(R"), the real mapping: t — [o, v(t,z)¢(x)dx is
continuously differentiable on [0, 7] and verifies, for any ¢ € [0,T] (see (5.7)),

d *
dt(/Rn v(t,x)qb(x)dx) = . Ajv(t, x) p(x)dx + /n v(t, z) Asp(x)dx + . H(t,l’)gb(;p()dm).
5.9

Theorem 5.3. Consider the operator A in (5.1) under Hypothesis 5.1. Let T > 0, g €
C§+9(R”) and H € C%d' Then there exists a unique solution v € C%tle to the Cauchy

problem (4.2) involving A. Moreover, the partial derivatives Dyv and D?jv are continuous
on [0, T] x R™, fori,j € Iy, and there exists ¢ > 0, independent of g, H and v, such that

lvlle+o,ra < c(llgll2+o.a + 1 Hlora)- (5.10)
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Proof. The proof is similar to the one of Theorem 5.2. Let v € C%Jff be a solution. One
first proves the following maximum principle

sup  [o(t,2)| < T sup  [H(t,)| + [lgllo-
t€[0,T], zeR™ te[0,T], zeR™

arguing as in (4.7) (using that A = A; + A, as in the proof of Theorem 5.2).
Concerning the localization procedure which gives the required a priori estimates, we
only note that, for any n € C§°(R"), according to (5.9), the function vn solves

{@ (vn) (t.2) = A(p) (¢, 2) = v(t, 2) An(z) — (Q(x) Dn(x), Du(t,x)) + H(t,z)n(x), t € (0,7,
(nv)(0,2) = n(z)g(z), = €R"

Finally the continuity method of Theorem 5.2 works also in this case, replacing the space
C§+9(R”) with C%tf and gives the assertion. -

Remark 5.4. One can weaken the assumption (ii) in Hypothesis 5.1 about F' in order to
prove elliptic and parabolic Schauder estimates for A. To this purpose we can consider
F : R" — R" such that F(z) = (Fi(z),..., Fp(x),0,...,0), z € R", and moreover there
exist 6 € (0,1) and M > 0 such that, for any =,y € R”, if |y| <1 then we have

|F(z) = Flz+y)| < M|y’ (5.11)

We briefly explain how to prove elliptic Schauder estimates for A when F satisfies the
previous assumptions (in a similar way one gets parabolic Schauder estimates for .,Zl) First
we deal with the maximum principle. Let u € Cfﬁa (R™) be a solution. We consider u,, =
U * P, where (py,) are mollifiers. Under the new assumptions on F' one can only show that
Au,, converges to Au uniformly on compact sets of R™ (compare with the proof of Theorem
5.2). This fact allows to prove that if g is a local maximum for u then Au(zg) < 0 (see the
proof of [18, Proposition 3.1.10]). Adapting the proof of [19, Proposition 2.2] one obtains
the maximum principle. Then, in order to get Schauder estimates, one writes

Mu(z) = 3Tr (Q(z) D?u(@)) — (Az + (F + p)(x), Du(z)) = f + (F(z) = (F * p)(x), Du()),

where F' x p is the convolution between F' and a function p € C§°(R"), |pllpiwn) = 1,
0<p<1,px)=p—x),zecR" and p(z) = 0 if |z| > 1. Using that D;(F * p)(z) =
Jgn (F(z —y) — F(x))D;p(y)dy and similar formulae for higher partial derivatives, we see
that F' = p satisfies (iii) in Hypothesis 1.1. Moreover by (5.11) one checks that F' — (F * p)
belongs to Cz(R”). Finally, straightforward computations allow to get Schauder estimates

for A.
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