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Abstract

We consider the linear transport equation with a globally Holder continuous and bounded
vector field, with an integrability condition on the divergence. While uniqueness may fail for
the deterministic PDE, we prove that a multiplicative stochastic perturbation of Brownian
type is enough to render the equation well-posed. This seems to be the first explicit example
of partial differential equation that become well-posed under the influence of noise. The
key tool is a differentiable stochastic flow constructed and analyzed by means of a special
transformation of the drift of It6-Tanaka type.

1 Introduction
The transport equation in [0, 7] x R?

owu(t,z) + b(t,x) - Du(t,z) =0, (t,z)€[0,T] x RY,
u(0,z) = up(x), =€ R?

driven by a vector field b : [0,7] x R? — R? which is of class L'(0, T’ VVZZ’COO(Rd,Rd)) with a
linear growth condition in x, can be solved in several classical ways and in different function
spaces. A remarkable extension has been obtained by R.J. Di Perna and P.L. Lions [10] who
proved, under the assumption b € L'(0,T; Wlicl (R4, R?)) with a linear growth condition and
divh € L'(0,T; L>®(RY)), that a unique L>®([0,T] x R%) solution exists, weak-* continuous
in time, for any given ug € L°°(R?%). Moreover, a generalized notion of flow is introduced
and its existence and uniqueness is proved. L. Ambrosio [2] proved that uniqueness of L*°-
solutions is still true when I/Vlloc1 (R4, R?) is replaced by BVi,.(R% R?); furthermore he showed
that a sufficient condition for the uniqueness of the generalized flow is that the negative part of
divb is L1(0,T; L°(R%)). The literature following [10] is wide, see a partial review in [3]. See
also generalizations to transport-diffusion equations and the associated stochastic differential
equations by C. Le Bris and P.L. Lions [27] and A. Figalli [12] (in a direction different from the
one of the present paper).

Under weaker conditions on b, there are examples of non-uniqueness; see Section 6.1. The aim
of this paper is to show that, under a suitable random perturbation, L°°-solutions are unique,



even in the case of vector fields b such that the deterministic Cauchy problem for the transport
equation may have multiple solutions. This result is obtained by introducing a multiplicative
white noise in the PDE. Precisely, we consider the stochastic PDE (SPDE)

d
dyu(t,z) + (b(t,z) - Du(t,x))dt + Z e; - Du(t,x) o dW} = 0, )
i=1

U(OVT:) = Uo(l'), T € Rda

where eq,...,eq is the canonical basis of R? and W, = (W, ...,Wtd) is a standard Brownian
motion in R%. The stochastic integration is understood in the Stratonovich sense.
We study existence and uniqueness of L*°-solutions, strong in the probabilistic sense, when
b is measurable, bounded, globally a-Hélder continuous in space uniformly in time, for some
€ (0,1) and divb € L{ ([0,7] x R?). In particular, we prove that uniqueness always holds
in dimension d = 1 and in any dimension d > 1 when « € (1/2,1). If a € (0,1/2] we still get
uniqueness assuming in addition a global integrability condition on div b, i.e.,

divb € LP([0,T] x RY) (2)

for some p > 2 (recall that a global integrability on divb different from (2) is also needed in
the deterministic case to get uniqueness; see [10, 2]). From our uniqueness results, a stability
property of solutions to (1) with respect to the weak* topology follows easily (see Proposition
24).

Moreover, we have existence and uniqueness of BVj,.-solutions, when uy € BV}, assuming
only the Holder condition on b, without any assumption on div b.

Our result gives the first concrete example of partial differential equation that may lack
uniqueness without noise, but is well-posed with a suitable noise. This phenomenon is well
studied for ordinary differential equations but it is one of the more interesting direction of inves-
tigations in the theory of SPDEs with the ultimate aim of proving the well-posedness of suitable
stochastic perturbations of relevant fluid-dynamics equations. Most attempts in this direction,
until now, focused on additive noise perturbations, see a discussion in [1]. Regularization by
multiplicative noise is, as far as we know, a new phenomenon.

The choice of Stratonovich integral in eq. (1) is motivated by two related facts. On one side
(see H. Kunita [24]), for smooth data and regular vector field b, eq. (1) has an explicit solution
u(t,z) = ug(d; *(2)) where ¢y(z) is the flow map giving the unique strong solution (X7)s>o of
the SDE

dXF=b(t, X7)dt+dW,, t>0, Xj=u. (3)

On the other side, Stratonovich integral is motivated by the Wong-Zakai principle. Roughly,
it state that differential equations driven by regular random functions usually converge to the
Stratonovich version of the limiting stochastic differential equations provided that these random
functions tend to Brownian motion. In Appendix C we will prove two versions of this principle
for the stochastic transport equation.

Existence of L>-solutions to (1) does not require all the assumptions stated above on b since
a compactness argument require only that b € LL ([0, 7] x R4 RY) and divb € LL ([0,7] x R?).

As in the deterministic case (see [10, 2]), uniqueness of L>°-weak solutions is related to some
form of commutator lemma which allows to perform differential computations on regularizations

of L*°-solutions. In the deterministic case one has strong convergence to zero of the commutator.



Here we have strong convergence in L} . only for d = 1, since (2) implies that divb = Db €
Llloc ([O,T ] ]Rd). For d > 1 our conditions on b do not guarantee the strong convergence of
the commutator and we are forced to exploit some non-trivial regularization properties of the
stochastic characteristic equation which come from the non-degeneracy of the noise. Let us
briefly explain this phenomenon.

Observe that formally the mean value u(t, x) = E[u(t, z)] of the solution to eq. (1) satisfies

1
%U(t, £) 4+ b(t,2) - D(t, ) + L AT(t, )t =0,

(0, ) = ug(z), =€ R

(4)

(this may be explained by Lemma 13). The regularizing effect of the viscous term is linked with
the regularity properties of the law of the diffusion X. At the path-wise level no regularization
of u(t,x) can appear (as witnessed by the characteristics method). However the non-degeneracy
of the diffusion has a remarkable effect also on integrals of the form

T
/0 f(s, XJ)ds (5)

where f : [0,7T] x R? — R? is a deterministic but possibly time-dependent function. The
occupation measure of a typical trajectory of X* (by occupation measure we mean the push-
forward of Lebesgue measure on [0,7] under the map ¢t — XJ) has a density with respect to
Lebesgue measure in dimension one, the local time, see [33]. In dimension larger than one its
regularity is less easy, but in any dimension it may be captured by means of It6 formula and
the regularity of solutions of an auxiliary parabolic equations. Indeed, if we consider a solution
F' to the parabolic PDE

1
OF + 3AF +b-DF = f

on [0,T] x R%, then an application of the It6 formula allows us to rewrite the above integral as
T T
/ f(s,X3)ds = F(T,X?) — F(0,x) —/ DF(s, X7) - dWs.
0 0

The point of this manouvre (which we will call the “It6—Tanaka trick”) is to replace the time-
average over the diffusion path by a combination of terms which usually are better behaved than
the Lh.s.. Indeed, under appropriate conditions, the non-degeneracy of the diffusion implies that
the solution F' of the parabolic PDE is more regular than the original function f. In some sense
the Ito6—Tanaka trick allows us to partly transfer the parabolic regularization of the law of the
diffusion to its sample paths.

This basic strategy is our key tool. It gives us the following two properties of the character-
istics equation (3):

(i) Under the assumption that b(t,-) € C(R% R?) uniformly in time, equation (3) generates
a stochastic flow of C1+ _diffeomorphisms ¢; (z,w), for any 0 < o/ < a. Moreover this
flow is stable under approximation of the vector field. Related results in d = 1 have been
proved in [13].



(ii) Under the integrability assumption (2) on div b, we show that the Jacobian J¢;(-,w) of the
flow is in L?(0,T; I/Vlicz) P-a.s. (see Theorem 11). Note that, since the noise is additive,
the Jacobian J¢;(x,w) solves pathwise at least formally the deterministic ODE

%J(ﬁt(x, w) =divb(t, pi(z,w))J ¢ (x,w)

and thus .
logJ¢t(a:,w):/ div b(s, ps(z,w))ds.
0

In the deterministic case there is no hope to differentiate in x without further differentiabil-
ity assumptions on div b, but in the stochastic case we use again the improved regularity of
integrals of the form (5) thanks to the It6—Tanaka trick and to some classical LP-parabolic
regularity results. The required integrability condition on divb (see (2)) turns out to be
different from the one imposed in the deterministic setting [10, 2].

When «a € (1/2,1), we can prove distributional convergence of the commutator (and so unique-
ness for our SPDE) by combining the Hélder regularity of b and the one of the stochastic flow
(so using only (i)). In the case of a € (0,1/2] we can still prove distributional convergence of
the commutator, but we need both (i) and (ii) (and so we require (2)).

The differentiability of the flow gives easily existence and uniqueness of BVj,. solutions
(and other more regular spaces) to the SPDE without any requirement on the divergence (see
Appendix A).

A remark on the connections with the work of Y. Le Jan and O. Raimond [28] on generalized
stochastic flows is important. At present, no precise comparison can be made between the result
of the present work and those of [28], but it is clear that [28] has been a source of inspiration
for us, like [2, 10].

Conceptual similarities between all these works can be seen in the following results of [28].
It deals with a stochastic transport-like equation, or to be more precise, a stochastic continuity
equation written in weak form and a variation-of-constant reformulation of it, see equations (e)
and (d) respectively of Theorem 3.2. An existence and uniqueness result is proved, in a special
class of solutions, under very general assumptions. Finally, [28] gives criteria for existence of
an associated flow of maps, or on the contrary for the possibility of coalescence and diffusion.
The general results are applied to examples where the coefficients have a very poor Sobolev
regularity.

What is entirely different between our work and [28] is that [28] deals with stochastic equa-
tions which are well posed in the weak sense (martingale sense) but not necessarily strongly
well posed. The relevant examples, at present, are constructed by means of suitable diffusion
coefficients (and infinite dimensional noise, often, like the isotropic Brownian motion); the drift
part does not play a relevant role. The poor regularity of coefficients mentioned above regards
the diffusion coefficients. On the contrary, our purpose is to deal with a non-regular drift coeffi-
cient (and we choose a trivial but non-degenerate diffusion part for sake of simplicity), following
the philosophy that we randomly perturb a deterministic transport equation having non-regular
drift. Our stochastic equations are also strongly well posed and they always define a stochastic
flow of diffeomorphisms.

Finding a synthesis of these different approaches to non-regular transport (or continuity)
equations, deterministic and stochastic, would be a very interesting progress. Let us end this
introduction by mentioning a few other open questions.



The generalization to nonlinear transport equations, where b depends on u itself, would be
a major next step for applications to fluid dynamics but it turns out to be a difficult problem.
Specifically there are already some difficulties in dealing with a vector field b which depends
itself on the random perturbation W. There is no obvious extension of the It6—Tanaka trick
to integrals of the form fOT f(w,s, X (w))ds with random f. As we will show in Section 6, it
is very easy to produce examples, both for the linear SPDE (1) and for a stochastic version of
Euler equation which show that the particular noise we use does not have any regularizing effect
in this case. Thus new ideas are needed to approach nonlinear problems.

The linear case with deterministic b still contains interesting open problems. N. Depauw [9]
gave examples of non-uniqueness in d = 2 for divergence free bounded measurable fields b with
a condition on the bounded variation norm. Our results do not cover this case. In particular,
the existence of stochastic flows under L* assumptions on b is an interesting open problem.

Finally, in Section 6 we see that the classical one dimensional example with b(x) ~ |z|”,

€ (0,1), is covered by our uniqueness result. The differentiability of the stochastic flow ¢
means in particular that its stretching J¢ around x = 0 is very large but finite. However, we
can prove J¢ € L2(0,T; W22 only for v € (1/2,1). It is not clear if v > 1/2 is a natural

loc
threshold for the smoothness of the stretching or it is just a limitation of our approach.

Acknowledgement. The authors would like to thank the anonymous referees for the careful
reading of the first version of this paper and for their remarks which helped to greatly improve
the paper.

Plan. The main body of the paper is devoted to the analysis of weak L°°-solutions and prelim-
inaries on stochastic flows. In Sect. 2 we prove the existence of a global stochastic flow associated
to eq. (3) and its differentiability properties. Sect. 3 is devoted to prove that under our hypothe-
ses on div b the Jacobian of the flow is in L?(0, T} VV&)CZ(]RCI)) In Sect. 4 we prove existence of
weak solutions to the SPDE (1). Sect. 5 is devoted to prove uniqueness of L*>°-solutions to the
SPDE (1). Finally, in Sect. 6 we collect some positive and negative examples.

Then we present a number of appendixes on related results. Appendix A is devoted to
existence and uniqueness of BV),. solutions, Appendix B to an equivalent pathwise formulation
of the SPDE, Appendix C gives Wong-Zakai approximation results finally Appendix D gives

uniqueness results by fractional Sobolev spaces non covered in the main text.

Notations. Usually we denote by D;f the derivative in the i-th coordinate direction and with
(€i)i=1,..a the canonical basis of R? so that D;f = e; - Df. For partial derivatives of any order
n > 1 we use the notation Dy . If n: R? — R? is a C'-diffeomorphism we will denote by
Jn(z) = det[Dn(x)] its Jacoblan determlnant For a given function f depending on ¢ € [0, 7]
and z € R, we will also adopt the notation f;(z) = f(t,z).

Let T > 0 be fixed. For a € (0,1) define the space L> (0,7;C¢(R?)) as the set of all
bounded Borel functions f : [0,7] x R? — R for which

[flar = sup sup |f(t,x) — f(t,y) < 00
7 te[0,T] z#£ycRe ’x — y’oz

(] - | denotes the Euclidean norm in R? for every d, if no confusion may arise). This is a Banach
space with respect to the usual norm || f|la, 7 = || fllo+[fla,r where || fllo = sup( z)cj0,77xra | f(E: )|



We write L (O, T; C2(RY Rd)) for the space of all vector fields f : [0, 7] x R? — R? having
all components in L> (0, T; C¢(RY)).

Moreover, for n > 1, f € L*® (O,T; C’:Jra(Rd)) if all spatial partial derivatives Dfllkf €
L™ (O, T; C{)"(Rd)), for all orders k = 0,1,...,n. Define the corresponding norm as

1f lntaz = [1£llo+ D ID* fllo + [D" fla;r

k=1

where we extend the previous notations || - ||o and [-]o,7 to tensors. The definition of the space
L ((), T, C’l’)”a (RY; Rd)) is similar. The previous functions spaces can be defined similarly when
T = +oo (i.e., we are considering functions defined on [0,00) x R?). The spaces C}'"*(R%)
and Cp't*(R% R?) are defined as before but only involve functions f : RY — R? which do not
depend on time. Moreover, we say that f : R? — R? belongs to C™*, n € N, a € (0,1), if f
is continuous on R?, n-times differentiable with all continuous derivatives and the derivatives of
order n are locally a-Hblder continuous. Finally, CJ(R?) denotes the space of all real continuous
functions defined on R? having compact support and by cge (R) its subspace consisting of
infinitely differentiable functions.

For any » > 0 we denote by B(r) the Euclidean ball centered in 0 of radius r and by
C°(R?) the space of smooth functions with compact support in B(r); moreover, | - ||;» and
|+ [lyy2» stand for, respectively, the LP-norm and the WhPnorm on B (r), p € [1,00]. We let

also [fleo = sup, 2y per) | F(2) = F(W)]/ 2 —y|°.

We will often use the standard molliﬁers Let ¥ : R — R be a smooth test function such
that 0 < 9(z) < 1, 2 € RY, ¥(x) ), Jpa¥(x)dx =1, supp (9) C B(2), ¥(z) = 1 when
x € B(1). For any € > 0, let 9.(z ) = d'l?(:c/s) and for any distribution g : R — R” we define
the mollified approximation ¢g¢ as

¢ (2) = V. # g(2) = gD — ), =R (6)

If g depends also on time ¢, we consider ¢°(t,z) = (9. * g(t,))(x), t € [0,T], z € R™

Recall that, for any smooth bounded domain D of R?, we have: f € W9P(D), 6 € (0,1),
p > 1, if and only if f € LP(D) and

)P
dxdy < 0.
Moo= [, e e

We have W1P(D) c W9P(D), 6 € (0,1).

Throughout the paper we will assume a stochastic basis with a d-dimensional Brownian
motion (€2, (F¢),F, P,(W:)) to be given. We denote by Fs; the completed o-algebra generated
by Wy, — W,, s <r <u<t,foreach 0 <s <.

2 Differentiable stochastic flow with C;' drift

Given s € [0,T] and z € R?, consider the stochastic differential equation in R? :

dXt =b (t,Xt) dt + th, t e [S,T] 5 XS = T. (7)



A classical fact is the existence and uniqueness of a weak solution, obtained for instance by Gir-
sanov transform. Yu. Veretennikov [36] proved that boundedness of b (uniformly in ¢) is enough
to have path-wise uniqueness and existence of strong probabilistic solutions. For related works
see also the more recent paper [21] by N.V. Krylov and M. Rockner where strong uniqueness
is proved under some integrability assumption on b. These works are based on the technique
introduced by Zvonkin [38] of removing the irregular drift by a suitable change of coordinates in
the SDE. The fact that such a coordinate change modifies the drift is a consequence of the Ito
formula. Technically, as we will see in the proof of Th. 5, the It6—Tanaka trick is similar to the
Zvonkin approach. It is worthwhile to note however that the heuristic behind is not necessarily
the same and in our opinion the It6-Tanaka point of view has wider range of applicability (as
we demonstrate in the control of the Jacobian of the flow).

A related interesting result has been obtained by A.M. Davie in [8]. Under the assumption
that b is measurable and bounded, he proved that the (deterministic) integral equation

x(t) ::U—I—/O b(s,z(s))ds + w(t)

has a unique solution z(-) € C(0,T;R%) for all w € N¢ where N C C(0,T;R?) is a set which
has probability zero according to Wiener measure. This paper contains also the very interesting
key estimate

|

where C), is an absolute constant not depending on b. This estimate is obtained by non-trivial
direct computations and show very explicitly the regularization phenomenon which occurs when
considering average values of functions along the trajectories of diffusions (Brownian motion in
this case).

In all the cited works the analysis of the flows is however missing, essentially they deal only
with (various forms of) path-wise uniqueness of the SDE. For papers that tackle existence of
global flows of homeomorphisms for SDEs without global Lipschitz coefficients see [37, 11] and
the references therein. However, the assumptions of these works are too strong for our purposes.

1 p
/ (b(s,x + W) — b(s, Ws))ds } < Cpllbllso]zlP, 2z eR?
0

Our key result is the existence of a differentiable stochastic flow (z,s,t) — ¢s(x) for equa-
tion (7) under the following hypothesis:

Hypothesis 1 There exists a € (0,1) such that b € L™ (O,T; C’,‘)’(Rd;Rd)).
Recall the relevant definition from [23]:

Definition 1 A stochastic flow of diffeomorphisms (resp. of class C1®) on (Q, (Fy) , F, P, (W)
associated to equation (7) is a map (s,t,x,w) — ¢s1(x) (w), defined for 0 < s <t < T, x € RY,
w € Q with values in RY, such that

(a) given any s € [0,T], x € RY, the process X*% = (X;*,t € [s,T]) defined as X;* = ¢s4(z)
is a continuous Fs-measurable solution of equation (7),

(b) P-a.s., sy is a diffeomorphism, for all0 < s <t <T, and the functions ¢s¢(x), gi);tl(@,
Dogi(x), DqS;tl () are continuous in (s,t,z) (resp. of class C* in x uniformly in (s,t)),

7



(¢) P-a.s., ¢pst(x) = put(Psu(x)) for all0 < s <u <t <T andz € R and ¢s,s(x) = .

As already mentioned, the main ingredient to obtain the regularity of the flow is the observa-
tion that the time integral fot b (s, X7)ds has richer regularity properties than expected only on
the basis of the regularity of b. To reveal them we have to use the regularity theory of parabolic
PDEs. Let A > 0 be fixed. Let us extend b to the whole [0, 00) x R? by setting

b(t,z) =b(T,z), t>T, xR (8)

Clearly we have that b € L™ (0, 00; C,?(Rd;Rd)). Given a function f € L™ (O, 00; C’?(Rd;Rd)),
consider the following backward parabolic system (collecting d independent equations):

dyuy 4+ Louy — Muy = f, (t,z) € [0,00) x R, (9)

where )
Loy = iAu +b-Du (10)

and u : [0, +00) x RY — R? (eq. (10) has to be interpreted componentwise).

Since b and f are only measurable in time instead of continuous, the notion of solution to
(9) is not standard. We follow [20] by prescribing that a function u : [0, +00) x RY — R% which
belongs to L™ (0, oo; CEH(RY; R%)) is a solution to (9) if

u(t,x) —u(s,z) = / [—Lbu(r, z) + Mu(r, ) + f(r,z)]dr

for every t > s > 0, 2 € R From this identity it follows that u (-, z) is Lipschitz continuous for
every z € R%. Other regularity properties can be found in [20].

The next result deals with Schauder estimates and is known even in a more general form
(see [20] and the references therein). A-priori estimates of the type (11) were first proved in [4].
We will only sketch the proof and refer to [20] for more details. The backward equation (9) is
not supplemented by the value of the limit u (0o, z) and uniqueness is due to the condition of
uniform boundedness of w.

Theorem 2 Let us consider equation (9) with b, f € L™ (0, 00; C’bo‘(]Rd;Rd)) . Then there exists
a unique solution u = uy to equation (9) in the space L™ (0, oQ; CEJF“(Rd; Rd)). Moreover there
exists C > 0 (independent on w and f) such that

. a < . a .
s [t Vlegeoansy < CSup 17 lep s (1)

Proof. Step 1 (uniqueness). Uniqueness follows from the maximum principle |lullp <
A7 fllo applied to the difference of two solutions. The maximum principle under our conditions
is proved in [20, Theorem 4.1] (the proof is more delicate than in the classical case when b and
f are continuous in t, see [17, Theorem 8.1.7]). For completeness we give also a self-contained
probabilistic proof. From [36] or [21], under Hypothesis 1 there exists a unique strong solution
(X.")i>0 of equation (7). Let u € L (0, 00; C2t*(R% RY)) be a solution of equation (9). For
any given s, we may apply It6 formula to e M=%y (t, X %) (see Lemma 3 below) in the ¢
variable. Taking then expectation we get

s s

e MTIVE [u (8, X54)] = u(s,x) + / N [f (r, X3,)] dr.

8



As t — oo (recall that u is bounded) we obtain

u(s,x) =— /OO e Mg [f (T’ X;r)} dr.

S

Then u is uniquely determined by f and b. This also gives the estimate |jullo < A7 fllo
mentioned above.

Step 2 (existence and estimate (11)). We only recall the idea of the proof, see [20] for
details. If b = 0, then the result follows by using the explicit formula

+o0 +oo
u(t,z) = /t eI f(r, ) (@) dr = /0 e P f(t+s,-)(x)ds (12)

(where (P;) denotes the forward heat semigroup) and well known estimates on the spatial deriva-
tives of P;g when g € C}' (Rd) and ¢t > 0.

In the general case, using to the boundedness of b and the maximum principle, we get easily
a-priori estimates for equation (9) (assuming that there exists a bounded solution u). Then a
continuity method (see [20, Lemma 4.3]) allows to get the existence of the solution which verifies
equation (9), along with the estimate (11). m

In the previous proof we have used It6 formula for solutions of equation (9), although their
regularity in time is not standard for Itd formula. We give a self-contained proof of the validity
of It6 formula in our hypotheses since we have to use it again below in the essential step of the
change of variables from the SDE (7) to the SDE (19).

Lemma 3 Let u: [0,400) x R — R be a function of class L™ (0, 00; C’nga(]Rd)), such that
t
Ult,z) = U(s,z) = / V (r,z)dr (13)

for everyt > s >0, x € R, with V € L* (0, 00; C3(RY)). Let (Xt);>0 be a continuous adapted
process of the form

t t
Xy =Xo+ / bsds —|—/ osdW
0 0

where b and o are (resp. R¥-valued and R -valued) progressively measurable processes, b
integrable and o square integrable in t with probability one. Then

! 1
U(t,X:) =U(0,z) —|—/ <V—i— bs - DU + §T7' (UO’TDQU)> (s, Xs)ds
0

t
—i—/ (DU (s,X5),0:dWs) . (14)
0
Proof. Set
t+e t+e
U (t,x) = 51/ U(s,x)ds, V:(t,x)= 81/ V (s, x)ds.
t t

The time derivative (see (13))

U = U (t+e,2) = U (t,z)] = V. (t,z)



exists and is continuous. Thus U, satisfies the assumptions of the classical It6 formula. We
apply it to U. (t, X;) and get an identity like (14) with U, and V. in place of U and V. Given
t >0, the r.v. U.(t,X;(w)) = et tHEU(s,Xt (w))ds converges P-a.s. to U (t, Xy (w)) as
e — 0 (we may also use the fact that, from equation (13), U is globally bounded and con-
tinuous in (t,2) on [0,+00) x R?). Now we use the fact that |V.|, |Ue|, |DU-||, HD2U€H are
uniformly bounded in (¢,z,¢). The P-a.s. convergence of the Lebesgue integral is easy by
dominated convergence theorem, since |V| is uniformly bounded in (¢, z,¢), |bs - DU¢| is uni-
formly bounded in (z,e) by a constant times |bs| and similarly for ‘Tr (aaTD2U€)‘. Finally,
the r.v. fg (DU; (s, Xs),05dWs) converges in probability to fg (DU (s,Xs),05dWs) because
fg HUST (DU (s, Xs) — DU (s,XS))szs converges in probability to zero (since it converges to
zero P-a.s., again because the integrand is bounded by a constant times HUSUEH). The proof is
complete. m
We also need the following simple lemma.

Lemma 4 Under the assumptions of Theorem 2, let uy be the solution to (9). Then
|Duyllo — 0, as A — 400

where the supremum is taken on [0,00) x R, The choice of A to have, for instance, ||Duy|o <
1/2, depends only on ||bllo and || f]lo-

Proof. We write EML,H—%AUA —Au) = f—b-Duy. Using the well known estimate for the heat
semigroup sup,ega |DPig(x)] < Ct™2 sup,cpa |9(z)|, g € Cp(R?), t > 0, and, differentiating in
formula (12), we get easily, for any A > 0,

C C C
[Duxllo < — ([l fllo + [[b- Duxllo) < —[Ifllo + —l[bllol| Duallo-
A2 A2 A2

Considering A > ¢2||b]|2, we get

C C
(1- ;Ilbllo) [Duxllo < gllfllo

>
and the assertion follows. The proof is complete. =

Theorem 5 Assume b€ L™ (O,T; C’g‘(Rd;Rd)). Then we have the following facts:

(i) (pathwise uniqueness) For every s € [0,T], z € RY, the stochastic equation (7) has a unique
continuous adapted solution X** = (X" (w),t € [5,T], w € Q).

(11) (differentiable flow) There exists a stochastic flow ¢, of diffeomorphisms for equation (7).
The flow is also of class C1T" for any o/ < a.

(iti) (stability) Let (b™) C L™ (0,T; C&(R%R?)) be a sequence of vector fields and ¢™ be the
corresponding stochastic flows. If b"™ — b in L™ <0, T; C’g“/ (RY; ]Rd)) for some o’ > 0, then,
for anyp > 1,

lim sup sup E[ sup |47, (x) — dsr(x)P] = 0 (15)
=00 L eRd 0<s<T  rels,T]
sup sup sup E[ sup | Dey,(2)[F] < oo, (16)
neN zecRd 0<s<T  u€[s,T] ’
lim sup sup E[ sup [[De7,(x) — Dby ,()[”] = 0. (17)

N0 2eRd 0<s<T  r€[s,T]
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Proof. Step 1. (auxiliary parabolic systems). For A > 0 consider the (vector valued)
solution ¢ € L™ (0, 00; C’EJFO‘(]Rd; ]Rd)) to the parabolic system

Oybx + Loy — Mpy = —b, (t,z) € (0,00) x R (18)
provided by Theorem 2 with f = —b. Define
Ua(t,z) =z + Ya(t, ).
Lemma 6 For A large enough, such that sup;>q ||DYa(t,-)|lo < 1 (see Lemma 4), the following

statements hold:

(i) Uniformly in t € [0,+00), Wy has bounded first and second spatial derivatives and moreover
the second (Fréchet) derivative D2V, is globally o-Hélder continuous.

(i) for anyt >0, ¥y : R? — R? is a non-singular diffeomorphism of class C?.

(iii) \I’;1 has bounded first and second spatial derivatives, uniformly in t € [0, +00).

Proof. Assertion (i) follows by Theorem 2.

(ii) Recall the classical Hadamard theorem (see for instance [32, page 330]): Let g : R — R?
be of class C2. Suppose that limy, . |g(z)| = +00 and that the Jacobian matrix Dg(z) is an
isomorphism of R? for all z € R?. Then g is a C?-diffeomorphism of R%. Applying this result to
Uy, we get the assertion.

(iii) We know that 111;1 is of class C2. Moreover

DU (t,y) = [DUA(E, U y)] ™! = [T+ Dpa(t, Uy 'y)] !
=Y (=Dun(t, U 'y)k, yeR?
k>0

It follows that sup;s DL, )]0 < > k>0 (suptZOHDwA(t,-)Ho)k < oo. This shows the
boundedness of the first derivative. Arguing in a similar way we get also the boundedness
of the second derivative since

DQ\PKI(L y) = _[D\Ij)\(tv qjxly)]_lDQ\pz\(t? \le(t y)) {[D\Il/\(t7 \ley)]_l}(gz .

In the sequel we will use a value of A for which Lemma 6 holds and simply write ¢ and ¥
for ¢ and ¥.

Step 2. (conjugated SDE). Define

bit,y) = —X(t. U7 (t,y), F(ty) = DU (t,y))
and consider, for every s € [0,7] and y € R?, the SDE

t t
Y=y +/ o (u, Yy, )dW, —|—/ b(u,Y,)du, tes,T]. (19)

11



This equation is equivalent to equation (7), in the following sense. If X is a solution to (7),
then Y; = ¥(¢, X;) verifies equation (19) with y = ¥(s,x): it is sufficient to apply It6 formula
of Lemma 3 to ¥(t, X;) and use equation (18). It is also possible to show that given a solution
Y; of equation (19), then X; = ¥1(¢,Y;) is a solution of (7) with 2 = ¥~1(s,y), but we shall
not use this fact.

Step 3. (proof of (i) and (ii)). Assertion (i) is known, see [36], but we give a proof based on
our approach. We have clearly b € L (0,T; CLH*(R%RY)) and & € L™ (0, T; CFF(RY; R¥*4)).
By classical results (see [23, Ch. 2]) this implies existence and uniqueness of a strong solution Y’
of equation (19) and even the existence of a C1*’ (o/ < a) stochastic flow of diffeomorphisms s ¢
associated to equation (19). Continuity in time is assumed in [23], but it can be easily extended to
L time dependence, as it is done in [25] even in greater generality. The uniqueness of Y implies
the path-wise uniqueness of solutions of the original SDE (7) since two solutions X, X give rise
to two processes Y; = W(t, X;) and Y; = U(t, X;) solving (19), then Y = Y and then necessarily
X = X. By the Yamada-Watanabe theorem path-wise uniqueness together with weak existence
(which is a direct consequence of the Girsanov formula) gives the existence of the (unique)
solution (X[);>s of eq. (7) starting from x at time s. Moreover setting ¢, ; = \Ift_l opstoV, we
realize that ¢, is the flow of (7) (in the sense that X7 = ¢ (z)).

Step 4. (proof of (iii)). Let 1™ be the solution in L> (0, T; C’g“‘(Rd; Rd)) of the parabolic
problem (18) associated to b,. Notice that we can make a choice of A\ independent of n. Since
b — b in L*® (0,T;C2(R%RY)), by Theorem 2 we have 3" — v in L (0,T; CZT*(R% RY)).
To prove this last fact one has to write

O (" =) + LV (" =) = A(@" = ¢) = = (0" —b) + (V" —b) - Dy"

and use the bound
J" —b) - (DU~ Dl s ey < C 6" = bl gerper

which is true since, by Theorem 2, D™ is uniformly bounded.
Consider the flows ¢, = ¥} o ¢, o (¥7) ! which satisfy

Pot(y) =y+/ b (u, w?,u(y))dw/ " (u, 050 (y)) - AW, (20)

We have 5" — & and b" — b in L>® (O,T; C;*O‘(Rd;RdXd)) and L (O,T; C,}Jra(Rd;Rd)), re-
spectively. By standard argument using the Gronwall lemma, the Doob inequality and the
Burkholder inequality (compare, for instance, with the proof of [23, Theorem II.2.1]) we obtain
the analog of (15) for the auxiliary flows o7, and ¢s;. The estimates are standard so we leave
them to the reader. We note only that we need to control the difference ¢ ,(yn) — s +(y) where
yn = U(x) and y = Vy(x). But |[¥7?(z) — VUy(x)| is uniformly small in z € R? so we need to
estimate 4,0?7t(y +v) — @s¢(y), uniformly in y, only with respect to a uniformly small variation v.
Then it is not difficult to see that E[sup,cis ) |©5 (v +v) — @s4(y)[F] is small in y uniformly for
large n and small v. Finally, one has to check that (¥7)~! converges to W, ! uniformly. This is
due to the fact that U7 converges uniformly to ¥y with its derivatives and the Jacobian JVy is
uniformly away from zero.

Concerning the derivative of the stochastic flow, first one can prove an inequality for Dy, (y)
similar to (16) using the fact that the equation for DY ,(y) has the identity as initial condition

12



and the coefficients Db" (¢,) and Do™ (¢7,,) are uniformly bounded functions (in all variables
and n). Then one has to use the uniform boundedness of the derivatives of U7 and its inverse,
to estimate D¢y,

Arguing as in the proof of [23, Theorem I1.3.1], we get the following linear equation for the

derivative D¢ ()

[DW(¢s,t(7))]|Dos i(x) = DUs(x) +/ [DQ\IJU(¢S,u(x))]D¢8,U(x)qu
5 (21)

A / (DY u(2))] Dsn()dus,

0<s<t<T,zeR% From the convergence 9™ — 1 in L>® (O,T; C’EJFO‘(Rd;Rd)) together
with (16) and (21), we finally obtain, for any p > 1,

lim sup sup B[ sup_ D¢l (2) — Déyu(a)|P) = 0. (22
N00 zeRd 0<s<T  w€[s,T]

We show now that the inverse flow ¢5_t1 is directly related to the solutions of a simple
backward stochastic differential equations, of the same form as the original one (only the drift
has opposite sign).

Lemma 7 Under Hypothesis 1 the process ((bs_tl (y))se[o q 1s the unique solution of the backward

SDE .
67l y) =y / b(r, ¢ () dr — (W — W],

and

sup sup E[ sup [|D¢y,(z)|"] < oo (23)
z€RI0<u<T  s€[0,u]

for any p > 1.

Proof. We have ¢(x) =z + [1b(r, ¢s(z))dr + W, — Wy and then

t
ben(671W)) = 671 () + / b(r, bur (651 )))dr + Wy — W,

But ¢, 0 ¢;; = ¢, and thus y = ¢, (y) + JEo(r, ¢y (y))dr + Wy — W,. The proof of the
bound (23) is then similar to that of eq. (16) once taken into account the backward character
of the equation. m

Remark 8 We shall use the following consequence of the stability estimates in Th. 5: for any
r>0andp>1,
lim F

n—oo

te[0,7

/ sup |60 (y) — ¢t<y>|pdy] —0
B(r)

lim F

n—oo

/B sup ||D¢?<y>—D¢t<y>||pdy] —0.

(r) te[0,T]
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Possibly passing to a subsequence, still denoted by ¢, this implies that P-a.s. the following
property holds: for every t € [0,T], ¢} and D@} converge to ¢, and D¢y in LP (B (r) ;Rd) and
LP (B (r); R¥4) respectively.

We finish the section with a result of independent interest. It concerns a special situation
when the given vector field b is of zero distributional divergence and gives rise to a measure-
preserving flow.

Lemma 9 Assume divb(t,-) =0, t € [0,T], in the sense of distributions. Then the stochastic
flow ¢ is P-a.s. measure-preserving, i.e., Josi(x) =1, for all0 < s <t <T and all x € R?,
P-a.s..

Proof. Let b, be C}% vector fields that converge to b in C’g‘/T for some 0 < o/ < a and such
that divb, = 0. The functions b, can be constructed as in (6). Let @™ be the associated smooth
diffeomorphism. Applying [23, Theorem I1.3.1] and the well known Liouville theorem, we get
that the diffeomorphism ¢" preserves the Lebsegue measure since b, is a divergence-free vector
field. Then J¢7 () =1 forall 0 < s <t < T and all #, P-a.s.. Fix z € R and s € [0,T]. By
(22), there exists a subsequence (possibly depending on , s and still denoted by D¢y ,,) such
that P-a.s.

sup || D¢y, (z) — Dosu(x)||* — 0, as n — oo.
s<u<T
We find that J¢,(x) = 1, for any z € R?, and so ¢s,¢ is a measure-preserving diffeomorphism
P-as. forany s<t<T. m

3 Estimates on the derivative of the Jacobian

The aim of this section is to prove Sobolev type estimates on the derivative of the Jacobian of
the stochastic flow ¢; = ¢ associated to equation (7) starting at 0. These estimates will be
crucial in the proof of uniqueness of weak solutions of the SPDE for d > 2 (the case d = 1 will
be treated differently).

The basic observation is that the (formal) expression

logJ<Z>t(x):/0 div b(s, ¢s(x))ds (24)

shows the opportunity of exploiting the It6—Tanaka trick to regularize the integrated divergence
of b. We make the following hypothesis on div b:

Hypothesis 2 There exists p € (2,+00), such that
divb € LP([0,T] x RY) (25)
(where div b(t, -) is understood in distributional sense).

To apply the It6—Tanaka trick to eq. (24) the relevant PDEs results are classical LP-parabolic
estimates (see, for instance, [19]) which are based on the following function spaces. For p €
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(1,+00), we consider the Banach space H2(T) of all functions u € LF(0,T; W*P(R?)) such that
the distributional derivative dyu € LP([0,T] x RY). The norm is given by

lull 2y lull Lo 07wz (ayy + 100wl Lo (o710 ()
u € H2(T). The next result is well known (see, for instance, [19, Theorem 9 in Section 7.3]).

Theorem 10 Consider a Borel and bounded function 1 : [0,T] x R? — RY. For any function
f e Lr([0,T] x RY), p > 1, the Cauchy parabolic problem

F o1
‘1+5AF+1-DF=f, t e 0,77

ot (26)

F(T,z)=0, z¢cR?

has a unique solution F in the space Hg(T) and F € C([0,T); WHP(RY)). Moreover, there exists
a positive constant C' = C(p,d, T, ||l||lsc) such that

1E 2y < ClIf o (o,11xRa)- (27)

If p > 2 the constant C' above can be chosen such that

sup || F'(t, ')le,p(Rd) < Clfll e (po,m)xra)- (28)
te[0,T

We prove now a regularity result for the Jacobian J¢.

Theorem 11 Under Hypotheses 1 and 2 we have J¢ € L*(0,T; er’Q) P-a.s. for any r > 0.

Proof. Step 1. Recall the chain rule for Sobolev function: if f : R — R is a continuous
function, of class I/Vllo’CQ(Rd) and g : R — R is a C™ function, then go f € VVllo’CQ(Rd) and

2
/ ID(gof)(x)|2de§<sup \g'<f<x>>\> / Df(x)dx
B(r) B(r)

zeB(r)

for every r > 0. Since log Joi(z) is a continuous function, by the previous argument, if we
prove that log Joé(x) € Wlif(Rd) for a.e. (w,t) € Q x [0,T], then J¢.(z) € VVZZ’E(Rd) for a.e.
(w,t) € Qx[0,T] and

x€B(r)

2
/ DI ()| dar < ( sup |J¢t(:n)|> / D log Jon(z)| da.
B(r) B(r)

Integrating in ¢ € [0, 7] and recalling that supyep(rco,r) [/¢t(x)| is finite (P-a.s.) because
J¢i(x) is continuous in (¢, x), we see that in order to prove the theorem it is sufficient to prove
that

log Jo.(-) € L*(0,T, W,-?)

for every r > 0, for a.e. w € ). This will be proved by showing that

log Jo.(-) € L*(2 x (0,T), W}?). (29)
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Step 2. Introduce b°(t,z) = (9 * b(t,-))(z), € > 0 and also set b = b. Let ¢5 be the flow
corresponding to the SDE (7) with b replaced by b°. By well known results (see [23]), we get,

for any € > 0,
t

log J 62 () = /O div b (s, 6= (2))ds.

Since the noise is additive, this can be also proved in an elementary way by the w-wise application
of the classical deterministic results to the equation

t
o) = o+ /0 o (s, p5(x)) ds
where pf(z) = ¢f(z) — Wy, ¢° (t,y) = b°(t,y + Wy) (one has J¢f(x) = Jpi(x) and div ¢® (t,y) =

div b (s, y + W)).
Note that, by Remark 8, J¢5(x) — J¢,(x) in L?(Q x (0,T), L?) as € — 0F. Define

t
velti) = [ div (5,5 ) ds.
0
Possibly passing to a sequence (g,,)n>1, we have that

Ve, (t,x) — log J¢y(x) (30)

a.e. in t,z,w, as n — o0o. On the other hand, we have that (i:).., is bounded in L2(Q x
(0,7); L?). Indeed, we have, using that p > 2 and (23),
t
/ div b° (s, ¢S (z)) ds

T
(=] )
0 B(r) 1J0
T
S OT,TE/ /
0 B(r)

T T
<Clap [ as | O 5 6L )P e < Ol [ s [ i s BLIE )y

2 d:pdt) o

p

t
/ div ¥ (s, 6% (2)) ds| dudt
0

T
<Cly s EU@) ) [ ds [ vk ) Pdy < C <.
s€[0,T], yeRd 0 R4

where C' is independent on € > 0. Note that the previous computation also shows that . (¢, x)
is uniformly integrable on Q x [0,T] x B(r).

By weak convergence we known that there exists a subsequence of {1, }n>1 (still denoted
by {te, }n>1) which converges weakly in L2(Q2 x (0,T); L?) to some function .

On the other hand, almost sure convergence and uniform integrability together imply that
1., converges strongly in L'(Q x [0,T] x B(r)) to log J¢. It follows that, for any n € L>(Q x
[0,T] x B(r)), we have

T T
E/ U(t, z)n(t, z)dtde = E/ / log J ¢ (x)n(t, x)dtdzx.
0 JB(r) 0 B(r)
giving 1 = log J¢ which means that 1., converges weakly in L?(Q2 x (0,T); L) to log J¢.
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Step 3. To prove assertion (29) it is enough to check that the family (¢.).. is bounded in
L2(92 x (0,T); W, ’2). Indeed, once we have proved this fact, we can extract from the previous
sequence v, a subsequence which converges weakly in L2(Q x (0,7); W, ’2) to some «y. This in
particular implies that such subsequence converges weakly in L?(2 x (0,T), L?) to 7. By the
previous step, we must have that v = J¢.

We introduce the following Cauchy problem, for £ > 0,

Fe 1
8815 + AR+ DF B =divl, ¢ e[0,T]

FE(T,z) =0, zeR<
Note that by Theorem 10 and since p > 2 we have

1E N 2y + Sup, = (& llw o rey < CllAV Dl oo, 0 e (32)
€0,

for any € > 0. Using It6 formula we find (remark that F=(¢,-) € CZ(R%))

t t
F (6,67 (@) = F* (0.0) — | DF* (5,65 (@) - aW. [ divt (5,65 (@) ds = v (t.2).
0 0
By classical results (see [23]) the maps 9. (¢, -) are differentiable, P-a.s. and
Dype(t, x) DF* (¢, ¢; () D¢y (x) — DF* (0, ) (33)

- /0 D2F* (s, 62(2)) D5 (z) AWV,

Since we already know that (¢.).., is bounded in L*(Q2 x (0,T), L?), to verify that (1), is
bounded in L2(Q x (0,T); W;?), it is enough to prove that (D¥e),. is bounded in L?(Q x
(0,7),L3?).

To this purpose we only prove the bound for the critical term fg D2F¢(s, ¢5(z)) DS () dW
in (33). The other terms are easier to estimate, we remark only that for the term DF*(0,x) we
use eq. (32).

We show that there exists a constant C' > 0 (depending on r and T') such that

T t 2
E / / / D?F? (5,6 (z)) D¢ (x) dWy| dadt| < C (34)
0 B(r) 1/0
for every € > 0. Note that
T t 2
/ / E / D?F# (5,6 (x)) D¢ (x) dWy| | dxdt
0 JB(r) 0

gT/B(T)E [/OT\DQFE (s,¢% (z)) Dg? (x)|2ds] da.

According to (16), we have

/Bm ( /OTE 1065 ()] ds> dr<C < oo
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for every r > 1, with C independent on ¢; therefore by the Hélder inequality on Q x B(r) x [0, T1,
it is sufficient to prove that there exists C' > 0 such that, for any € > 0,

/Bm E [/OT |D?F* (s, ¢ (2))[" ds} dz < C < 0. (35)

Step 4. Let us show (35). We have

T
ds 2re (5,065 (2))|F dx
/0 /B(T)\Dm,ass())! ]

T
< [Fas [ 0P Gl BUG) " Wl dy

E

T
< sup E[J(qbi)fl ()] / ds/ }DZF6 (s,y)|p dy < C < o0,
s€[0,T7), yeRd 0 R4

where, using (23) and (32), C is independent on € > 0. This proves (35) and ends the proof. m

4 Stochastic transport equation. Existence of weak solutions

To avoid doubts, let us clarify a convention of language we use in the sequel. An element
u € L®(2x[0,T] xR?) is an equivalence class. Given 6 € L*(R?), the notation [p, 6(z)u(t, z)dz
stands for an element of L>°(2x[0,T]) (so again an equivalence class) defined by Fubini theorem.
When we say that [pq 0(x)u(t, 2)dx has a continuous modification we mean that there exists
an element in the equivalence class that is a continuous stochastic process (a process with
continuous paths, P-a.s.). We choose this language so that it is the same as in the case when u
is a measurable function u : Q x [0, 7] x R? — R instead of an equivalence class (moreover, this
way, when the property is true for the equivalent class it is true for all its representatives).

We still use the name ‘stochastic process’ for the elements of L>(£2 x [0,7] x R9).

In the following definition we perform a Stratonovich integration. This is well defined when

the integrator is a continuous semimartingale adapted to the filtration of the Brownian motion,
see [23].
Definition 12 Let b € L} ([0,T] x R4 RY), divb € L ([0, 7] x RY) and ug € L®(R?). A weak
L>®-solution of the Cauchy problem (1) is a stochastic process u € L>(Qx [0, T] x R?) such that,
for every test function 6 € C§°(RY), the process [pq 0(x)u(t,z)dx has a continuous modification
which is an Fi-semimartingale and

/IR ult,2)f(x)dz = / uo(z)0(x)dx

R

+ /0 ds /Rd u(s,z) [b(s,z) - DO(z) + div b(s, z)0(x)] dx
d

+Z/0t (/Rdu(&x)Die(‘”E)dx) o dW!.

=1
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In the previous definition we have used Stratonovich integrals since they are the natural ones
in this framework. However, as usual, one can reformulate the problem in It6 form and avoid
the semimartingale assumption.

Lemma 13 A process u € L= (2 x [0, T] x R?) is a weak Loo—solutz'on of the Cauchy problem (1)
if and only if, for every test function 8 € C§°(R?), the process [pq 0(x)u(t, x)dz has a continuous
Fi-adapted modification and

/]Rd u(t,z)0(x)dz :/ uo(z)0(x)dz

R4

—i—/ ds /Rd u(s,x) [b(s,z) - DO(x) + div b(s, x)0(x)] dx

+Z/ (/ (s,2)Dif(z )dx>dWl /ds/Rd u(s, ©)Af(z)dx (36)

P-a.s., t €[0,T7.

Proof. The relation between It6 and Stratonovich integrals is (see [23])

/Ot </}Rdu(s,x)Di0(gg)dx) o dv
= /Ot (/Rd M&@D,ﬂ(x)dm) AW +% [/Rd 5 D)o, W |

where [-, -], denotes the joint quadratic variation. Only the martingale part of [pq u(-, z)D;0(x)dx
counts in the joint quadratic variation. If we start from definition 12, the martingale part of
Jga u( (z)dz is (taking D;6f in place of # in the equation)

Z/ </Rd sxDQQ(x)dx> AW,

The same is true if, conversely, we start from equation (36). The joint quadratic variation is

therefore equal to (see [23])
t
/ (/ u(s,:r)D%H(x)dx) - 1ds.
0 R4

Summing over ¢, we get the result. The other details of the equivalence statement are easy. The
proof is complete. m

Remark 14 The presence of the Laplacian in the Ité formulation should not suggest that our
SPDE has of parabolic nature. As clarified in the classical literature on parabolic SPDEs, an
SPDE in Ité form is parabolic when a super-parabolicity condition holds. If the second order
operator in the drift has the form Z” 1 ai;DjDiu and the first order part of the multiplicative

noise has the form ZZJ 1 0ii DjudWy, then the operator

d

3 (aij L (o7a), >DDu

i,j=1

must be strongly elliptic (see for instance [34], [7]). In our case this operator is equal to zero.
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We may now prove a very general existence result, similarly to the deterministic case. The
proof is essentially the same of that for SPDEs with monotone operators, see [22, 31, 34].

Theorem 15 Let b € LL _([0,T] x R4 RY), divb € L}
there exists a weak L*-solution of the SPDE (1).

([0, 7] x RY) and ug € L®(R%). Then

loc

Proof. Let 7 be a C®°(R x RY) mollifier; let ¢ € C§°(R?) be such that ((z) = 1 for |z| < 1
and ((z) = 0 for |z| > 2. Define b* = n® x ({(e-)b) (for t & [0,T], we set by = 0). Note that
each b° is globally Lipschitz. Let ¢° be the associated flow and define u5(x) = uo((¢°); *(x)).
It is known (it can be checked by direct computation, see [24]) that this is the unique classical
solutions of the associated transport equation, that written in weak It6 form is equation (36)
with ¢ and b° in place of v and b. From the representation in terms of the flow we immediately
have sup, ,, ; |ug(z)(w)| < C uniformly in € so there exists a sequence u*" converging weak-* in
L>®(Q x [0,T] x RY) and weakly in L?(Q x [0,T] x B(N)) for every integer N > 0, to some
u, Which belongs to these spaces. For shortness, let us denote: ¢, by ¢; for every 6 € Ll(]Rd),
fRd £(t,x)dx by ui(0), including u:(#) as the case ¢ = 0; b°(s,z) by b(x), again also for
€= 0

We follow here the arguments of [31], Chapter IIL. Let § € C5°(R?). The process u®() is non
anticipative (by its definition) and converges weakly in L?(2 x [0,T]) (by the weak convergence
of u® to u in L2(Q x [0,T] x B (N)) for N such that B (N) contains the support of #). The
space of non anticipative processes is a closed subspace of L?(£2 x [0,T]), hence weakly closed.
Therefore u(6) is non anticipative. Thus It6 integrals of u(#) (which is also bounded) are well
defined. Moreover, the mapping h +— fo h - dW is linear continuous from the space of non-
anticipative L2(Q x [0,T]; R%)-processes to L%(Q x [0,7]); then it is also weakly continuous.
Therefore [, u$ (D) - dW, converges weakly in L?(Q x [0,T]) to [, us (DO) - dWs.

Moreover we have b — b and div b — divb in L ([0, T] x R%). For every e > 0, define

t 1 t
GE(uF, 0) = uE(0) — uo (9)—/ u (bg.D9+9divb§)ds—2/ W (AG) ds.
0 0

It is not difficult to check that G¢(u®, ) converges weakly to G(u,) in L?(2 x [0,T]). To this
purpose notice that b° - D@ + 0div b® converges strongly to b- D + 6divb in L' ([0, T] x R?).

Therefore we may pass to the weak L?(€2 x [0, T])-limit in the equation for v and prove that
u satisfies equation (36) for a.e. (w,t) € Q x [0,T].

Finally, the right-hand-side of equation (36) defines a continuous stochastic process. There-
fore u(#) has a continuous modification. The proof is complete. m

Under more restrictive conditions we may construct a solution related to the stochastic flow.

Theorem 16 Assume that hypothesis 1 holds and divb € LL ([0, T]xR%). Given ug € L°(R?),
the stochastic process u(t,x) defined as u(t, ) = uo(d; *(x)) is a solution of (1).

Proof. Step 1. We first prove the claim when ug has support in some ball B (R). Let b°
be a regularization of b as described in Section 1. It converges to b in L™ <O,T ; C’g" (Rd;Rd)>
for every o < a. We apply the argument of the previous proof to this particular * and the
associated solution u§(z) = uo((¢°); '(x)). Let u be one of its weak (and weak-x) limits, as
described by the previous proof, and u®" the corresponding sequence. We know that w is a
solution of (1). We shall use that u" converges weakly to u in L?(Q2 x [0,7] x B (N)) for every
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integer N > 0. Thus, for every 6 € C§°(R?), u®" (0) (we use the notations of the previous proof)
converges to u () weakly in L2(Q x [0, T)).

Let us prove that a further subsequence, still denoted by u;™ (0), converges to the quantity
Jga uo(¢y ()0 () dz for a.e. (w,t) € Q x [0,T]. Since us™ () is equibounded, the convergence
is also strong in L*(Q x [0,7]) and thus weak. Therefore u; () = [gauo(¢; *(x))0 () dz. This
implies the claim of the theorem. Let ¢ € [0, 7] be given. We have

un (0) = /f uo()0 (65" (4)) T (y)dy.
B(R)

By Remark 8, up to a subsequence still denoted by e, 8 (65" (+)) J#;"(-) converges in L' (B (R))

to 0 (i (+)) Joe(+), P-a.s. and thus, P-a.s., u;" () converges to fB(R) uo(y)0 (¢4 (v)) Jope(y)dy.
This is what we wanted to prove.

Step 2. Consider now a general ug € L®(R?). Let ¢ € C§°(R?) be such that ((z) = 1 for
lz| <1, ¢(z) = 0 for |z| > 2, ((x) € [0,1] for all z € R%. Define ufl (x) = ug (v) ((n"'z). Let u”
be the corresponding solution given by step 1. We have

u"(t,z) = uo(¢y ' (2))¢(n o (2)).

The function u™ converges pointwise to u(t, ) = ug(¢; *(z)) and, because of equiboundedness,
strongly in L2(Q x [0,T] x B (N)) for every integer N > 0, and weak-* in L>(Q2 x [0, T] x R%).
Moreover, u" verifies equation (36). It is now easy to repeat the proof of the previous theorem
and check that u is a solution. The proof is complete. =

5 Uniqueness of weak solutions

In this section, we prove uniqueness for our SPDE. Our main results are Theorems 20 and 21.

Let us recall that in the deterministic case with non-regular vector fields b, uniqueness of
weak L*-solutions is proved by means of the concept of renormalized solutions, see [10, 2].
The technical tool is a commutator lemma, where the role of some of the assumptions on b is
immediately visible. Given g € L (R9), v € L} (R4, RY) , dive € Li, (R?), denote by v - Dg

oc loc
the distribution defined on smooth compactly supported test functions p as

(v-Dg)(p) = — /gv -Dpdx — /gpdivvdx.
Given mollifiers 9. as in Section 1, define the commutator R:[v, g] as the smooth function
Re[v,g](z) = [V * (v Dg) —v- D (e * g)] (x) .
In the case d = 1 we shall use the following classical form of the commutator lemma.

Lemma 17 Given v e W1 (R4 RY) | g € L2 (RY), we have

loc loc
[ Reler @l < ol o,

for all v >0, for some constant C' > 0 independent of €, v, g and r. Moreover, limc_q
fB(r) |Re{%9](£)\dz =0.
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Proof. In a global form on R? it is proved for instance in [29, Ch. 2], Lemma 2.3. The
local form on balls B (r) can be easily deduced from the global form by multiplying v and g by
a smooth function which takes values in [0, 1], and it is equal to 1 on B (r 4 1) and to 0 outside
B(r+2). =

The strong L' convergence of commutators requires some weak form of differentiability of
v or g. We impose such differentiability conditions only in the case d = 1 where divb = Db,
or in the case of BVj,. solutions treated in Appendix A. For d > 1 and L solutions, taking
advantage of the presence of the flow, we can prove uniqueness by means the distributional
convergence of commutators composed with the flow. This composition put into play the first
derivatives of the Jacobian of the flow.

The special estimates of Section 3 becomes the main tool to prove our first uniqueness result
(see Theorem 20).

We start by giving some preliminary easy estimates on the distributional commutator and
on its composition with a C! diffeomorphism.

Lemma 18 Given v € L, (Rd,Rd) dive € Lloc (Rd) ge Ly, ( d); for any p € C(R?) and
for sufficiently small € we have

' [ Relvg)@)p (@) da

lim | Re[v, 9] (2) p (z) dz = 0.

<2llgllzz, [ldivel s, ol + 0] ces, 1Pl ]

and

Proof. The proof proceeds as the one of Lemma 17 from [29, Ch. 2]: we prove the inequality
for regular fields, then one can extend to non-regular ones and prove the convergence again first
in the regular case and then apply an approximation procedure which we will omit. Let us
rewrite the expressions in a suitable way:

[ Reog@ptade = [ 105 (0 Dlaplads’ ~ [lo-D (0. g))(@)p(o)i
// Dt (z — 2) — g(2)0-(x — 2)div v(z)]p(x) dada’
/ / [9(&)o(2)9.(z — ) Dapl) + g(a')pl)0.(z — o')div () doda’.
Using Dyd(z — ) 9.(z — 2') and integrating by parts in = the first term we get
/ / (2 — ') Dap(@)[o(x) — v(a")) dada’
/ / (2 — o) [div v(z) — divv(2/)] dzda’.

Assume ¢ so small that the support of 9. has diameter less than one. We have (using standard
estimates on convolutions)

’/Rvg (2)dz

< 2|lgllzee , l1vllzoe, 1Pl Ly + 2 1ol oo 19/l o, 1divoll
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Corollary 19 Let ¢ be an C' diffeomorphism of RY. Assume v € L. (Rd,Rd), dive €
Ll (Rd), g € LS (Rd). Moreover, if d > 1, assume also Jop~' € VVlz’cl (Rd). Then for

loc loc

any p € Cgo(Rd) there exists a constant C, > 0 such that, given any R > 0 such that
supp(po ¢~1) C B(R), we have:

o ford>1,
] [ Relo.gl6@)p(w)iz

< Cyliglugs,, [Idivellzy, 1967 e + lollzge,, (ID6™ o +11DT6 7 Izy,)]

R+1 R+1

o ford=1,

/ Relv, 6)(6())p(x)dz

In both cases we have

< CollTe gl llglles, -

lim / R- [v,9] (6 (2)) p (x) dz = 0,

Proof. By a change of variables we have [R.[v,g](¢(z))p(z)dz = [Re[v,q](y)pe(y)dz
where the function ps(y) = p(¢~'(y))J¢~'(y) has the support strictly contained in the ball of
radius R. For d > 1, by the previous lemma

<2l g, [Idivelly, ool + I0loge,, 10615y |-

‘ [ Relv g (@ @) @) da

To conclude, it is sufficient to note that [|pg|lzee < ||pl|zee||J¢ || L5 and, denoting by [Dé~ (y)]*
the adjoint matrix of [D¢~!(y)],

(D™ (" (Dpo¢™) () J6™ (| 1y + (0o d™") - DI
< D™ e 12Ny, + ol e [T -

IN

1Dyl

A

Given the bound the convergence follows by approximation.
For d = 1, we simply have

\ [ Relv.gltota)ptarda

_ ‘ [ Relo. @)

IN

loollizs / Refo, g](y)| dx
B(R)

IN

Coll T¢I Lse ol lollzs.,

where we have used Lemma 17. The proof is complete. m
We are now ready to prove our first uniqueness result of weak L*°-solutions to the SPDE (1).

Theorem 20 Assume that Hypothesis 1 holds true. Moreover, assume Hypothesis 2 for any
d > 1 or simply Db € L, ([0,T] x R) in the case d = 1. Then, for every ug € L™, there
exists a unique weak L*°-solution of the Cauchy problem (1) which has the form u(t,z,w) =

uo(¢y ' (w) ).
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Proof. Step 1. By linearity we have to prove that a weak L°°-solution with initial condition
up = 0 vanishes identically. Let us denote by u such a solution. For y € R? fixed, ¢ > 0, let us
choose the test function f(x) = Y. (y — x) in Definition 12. Let us define u®(t,-) = 9. * u(t,-).
We get

t d t .
() = / Ac(s,p)ds+ 3 / B9 (s,y) o dW
0 — Jo

where
Ac (t,y) = /Rd u(t,x) {b(t,z) - Dy[0:(y — z)] + div b(t,x)0:(y — x)} dx

BY (t,y) = /Rd u(t, z)D;[Ve (y — x)]dx.

All these functions of y, namely u®(t,y), Ae(t,y), Bél) (t,y), are bounded measurable in ¢,
adapted, smooth (of class C? is required for the next computation) in y (from (i) and (ii)
of definition 12). As a minor remark, we know that [, u(t,z)p (z)dz is adapted when p €
Cg° (]Rd), by definition of solution, and by approximation the same property holds for p €
Lt (Rd). From the Stratonovich version of Kunita-It6-Wentzel formula (see [23, Th. 8.3 page
188]), we have

ut(t, ¢r(x)) = Ac (¢, ¢ (x dt+ZB( (t, pe()) 0 AW}

+ (b- Duf) (t, ¢u(z dt+z (D) (t, d(x)) o dW}.
=1

But
(D) (t) = = | ult.) D (v~ )} do

hence
u(t, ¢e(x)) = [Ae (T, ¢e(@)) + (b Du”) (£, de(w))] dt

namely (recall that the initial condition is zero)

Wt il /R [bs, 1] (65 ) dis

where R. [bs, us] is the commutator defined above.

The Stratonovich version of Kunita-It6-Wentzel formula as given in [23, Th. 8.3 page 18§]
is optimized only with respect to the martingale parts of the processes: the theorems are stated
for integrals of the form fo fs (z) dMg where M is a continuous semimartingale, but the assump-
tions on f are those necessary to deal with martingales, not simply with processes of bounded
variations. For the bounded variation parts, which in our case take the form fg fs (z) ds, much
weaker assumptions are needed. This is in analogy with Lemma 3 proved above and applies
in particular to the random function U (¢,y) given by the integral fo (s,y)ds: A, does not
satisfies the conditions of [23, Th. 8.3 page 188] but U (t,y) satisfies those of Lemma 3. The
Stratonovich version of Kunita-Ito-Wentzel formula extends to this case.
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Step 2. For every p € C§°(RY) (see the definition above) we have

/ W (1, du())p () d = / (e (67 () Jor ()d.

Given t € [0,T], with probability one, u®(¢,) converges weak-* to u(t,-) as € — 0. Moreover,
P-a.s., the function y — p(é; ' (y))Jé; ' (y) is integrable, since it is continuous and with compact
support. Hence, P-a.s.,

tim [ (1, 64(@))p () e = / ult, y)p (67 () Jor " (v)dy
- / ult, du())p () da.

Therefore we have P-a.s.

¢

[t antanp @y e =t [ ([ Relooud e as) p o) d
- 0

If we prove that, given p € C5°(RY) and t € [0,T], this P-a.s.-limit (which exists) is zero, then

we have that u is identically zero (because ¢y is a bijection).

Step 3. Let us check, by means of Corollary 19, that

5+ / Re [bs, us] (¢s(x)) p (x) dx
R4

satisfies the assumptions of Lebesgue dominated convergence theorem (P-a.s.) on [0,7]. This
will complete the proof.

Assume p € C®(R%) for some 7 > 0 and define the r.v. R = SUPscfo,7],zeB(r) |Ps(T)] so that
the maps ¢s send the support of p strictly in the ball of radius R.

Let us give the details of the proof in the case d > 1, the case d = 1 being similar and easier.
By Corollary 19, for every s € [0,T] we have

) [ Rt @)l

< Cpllus|irgy [IIdiV bllry, N03 lzgs + lIbslizgg,, (1D5 Hlzgs + 1D T 6 1)

R+1 R+1

< G [Iaivballyy, 1767 ez + 1065 e + 10767 13

by the global boundedness of b and u. From the properties of the stochastic flow ¢ we know
that P(R < oo) = 1 and that (s,7) — D¢, !(z) is P-a.s. continuous. Hence the term

_ _ . T 1
supgeqo,7) I/ 05 1”L§§ and supcpo. 7y [|[Dog IHL}? are P-a.s. finite. Moreover, [; [|div bSHL}eHdS <
00. So it remains to show that

T
/ [DT¢ |y ds < oo, Pas. (37)
0

where R is a positive r.v. which is P-a.s. finite. This bound will follow from a similar bound
where R is replaced by an arbitrary positive number. Moreover, since by Lemma 7 the equation
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for ¢! is equal to the equation for ¢s (up to a sign and inversion of time) we can use Theorem 11
to conclude. The proof is complete. =

Let us formulate our second main result which basically only requires Hypothesis 1 but with
a > 1/2 (for any d > 1). Here we do not need the regularity results on the derivatives of J¢ in
Sobolev spaces.

Theorem 21 Assume that Hypothesis 1 holds true with o > 1/2. Moreover assume that divb €
L ([0, T)xR9). Then, for everyug € L™, there exists a unique weak L>-solution of the Cauchy

loc

problem (1) which has the form u(t, z,w) = ug(d; * (w) ).

The proof requires the following lemma, in which we provide a special bound for the com-
mutator.

Lemma 22 Given v € LS, (R4, RY), divv € L}, (R?), g € L2, (RY).
(i) For any p € C(R?) and for sufficiently small € we have, for some positive constant C,.,

‘/R 0,0 (2)p(x)dz

" W 9(a) Dot — 2') (p(a) — pla')) [o() — v(a)] drda’|

< Crllgllze

r+1

ol g l[div ol (38)
r+1

(i) If in addition there exists 0 € (0,1) such that v € C¢ (R4, R?), then we have the uniform

bound
‘ / Relg,v (z)dx

Proof. (i) We start as in the proof of Lemma 18. We write

<Cr HgHLgoH(II/JIIL;xvHdiVUIILl+1 + [leo,, [Plers)-

r+1 r41

/R 0.9] () p () dz = J1 (p) + Ja(p),

where

/ / (2 — 2) Dap(2) o) — v(a')] duda’
/ / (2 — 2)[divo(z) — div v(z)] dzda’.

Let us estimate Jo. By changing variables, © = ey + ¢/, 2’ = ¢/,

R0) = = [ [ oty =)o) — div ola!) dods!

e

// pley +y)0(y)[divo(ey + ') — div v(y)] dydy'.

Hence
| J2(p)| < ||9||L$11||P||L°°/ (Jdivo(ey +y)| + |div v(y')|) dydy’

< Crllgllezs, lIpllee lidivell ,

r+1
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In order to estimate Ji, we note that

9= [[ 90w~ D (p(a) = pla") fo(@) — v(a')) ded’

- / [ 91Dt~ o) (pla) — pla") o) — v(a")] dar
// (z — ) (p(z) — p(z')) divv(z) duda’

= Ju(p) + Ji2(p)-
Let us treat Ji2(p). We find

o) < 2z, ol [ 1divo@)lde [ 0. - o) do’ < 2lglus, ol Idiv e,

(ii) We only have to estimate Ji1(p). We get

gd+1 / / (= u ) (p(z) — p(2)) [v(z) — v(2')] dwda’

1 1
< g[”]cfH [P]C};f HQHL‘;ﬁ_l =d

where C is independent on €. The proof is complete.

|J11(p)| <

A

)z — 2'|dzda’

wlee,, oo llgllzss, s

The previous result is now extended to the case in which commutators are composed with a
flow.

Corollary 23 Let ¢ be a C*-diffeomorphism of R? (Jqﬁ denotes its Jacobian). Assume that there
exists § € (0,1) such that v € CY (R4, R?), dive € L}, (R?), g € LS, (R?). Moreover assume
that J¢ € Cllozg(Rd). Then, for any p € C2(R?) and any R > 0 such that supp(po¢—') C B(R),
we have the uniform bound

| [ Relov) (6 @) o (@) da| < Collgluze Mol 1767y v,

+ Crllgllz, Wleo, (1D ca-o [ Dpllzee + llpllee[DE™ ca-0)-

(39)

In addition,
lim [ Re[g,0] (6 (2)) p () dz = 0.

Proof. By changing variable, we have [ R.[g,v](¢(z))p(z)dz = [ Re[g,v](y)py(y)dz where the

function
po(y) = p(6™" () Jo~" (1)
has the support strictly contained in the ball of radius R. Clearly, ||pg|/zee < ||pllzee HJ(b*lHL%o.
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To prove the result, we have to check that Lemma 22 can be applied with pg instead of p.
This follows since

pelcio < 176 ez (6 (Dleas + Il 76 oao

< 1D6 gz 1Dplae (D6 o + 1ol D6 oo

]
Proof of Theorem 21 . We follow the proof of Theorem 20. The first two steps are just
the same. The only change is in Step 3.

Step 3. We have to check that

s [ Refusbs] (6(2)) p (x) do
R4

satisfies the assumptions of Lebesgue dominated convergence theorem (P-a.s.) on [0,7]. Assume
p € C=®(R?) for some r > 0 and define the random variable R = SUPse(0,7],z€B(r) |Ps(2)| s0 that
the maps ¢s send the support of p strictly in the ball of radius R. Note that

sup \J¢;1($)| < 00.
s€[0,T],z€ B(R)

Recall that D¢ ! is P-a.s. locally o/-Holder continuous, uniformly in s € [0,7], for any o/ €
(0, ). Since aw > 1/2, we infer by Corollary 23 with = 1/2

[ Relun ] (000 p ) s] < Colllig (vl -+ il 1065 ).

From the properties of the stochastic flow ¢ we know that P(R < co) = 1 and that (s,z) —
D¢ () is P-a.s. continuous. Hence the terms fOT ||div bsHL}%ds and sup,e(o 71 ([bs] ;1/2 | Dot lo1/2)
R+1 R

are P-a.s. finite and so we can apply the dominated convergence theorem. The proof is complete.

The following result shows a stability property for the solutions of SPDE (1); such property
involves the weakx topology (or the o(L>®(R?), L' (R?))-topology).

Proposition 24 Assume that Hypothesis 1 holds true for some o € (0,1). Moreover, denote by
¢t = dos the stochastic flow for equation (7). Then, for any sequence (v™) C L%®(R?), we have:

v, — v € L®(RY) in weakx topology = vn(¢; 1(-)) — v(é; (1)) in weak* topology,
uniformly in t € [0,T], P—a.s.

Proof. We fix any f € L'(R%) and prove that

an = sup | [ fouler () = ol )] F)dy| = 0 (40)

t€[0,T]

as n — o0o. Recall that there exists a positive constant M such that |v,]lo < M, n > 1, and
[ollo < M.
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It is enough to check (40) when f € C§°(RY). Indeed, if f € L'(R?), we can consider a
sequence (fy) C C§°(R?) which converges to f in L*(R?) and find, P—a.s.,

w20 [ 10) = Sty + sup | [ fonlo ) o6 )] Aty

te[0,7)

by the previous inequality the assertion follows easily.

To prove (40) for f € C$°(R?) we argue by contradiction. If (40) does not hold, then there
exists € > 0 and (¢,) C [0, 7] such that

| /R [oa (87,1 (1)) = v(¢7, ()] f(y)dy| > .

Possibly passing to a subsequence, we may assume that t,, — ¢ € [0, T]. Define the compact set

K ={(t,z) € 0,T] xR* : ¢ (x) € supp(f)}.
By changing variable (J¢;(x) denotes the Jacobian determinant of ¢, at x), we have, for any
n>1, P—a.s

<] [ 1060) — vula)] £(01, (@) 61, (a)ie] < (1) + ),

)= / = on(@)] [/ (61, (2)) T b1, (2) = [(64()) T 65(x)]d
- ‘/ ) = vn(@)] f(s(x ))J%(x)dx‘.

Now

1)< oM /K (e (@), () — F(5(x)) Ty(a)d,

which tends to 0, as n — oo, P—a.s., by the dominated convergence theorem (indeed (¢,x) +—
f(p1(x))J¢e(z) is continuous on [0, T] x RY). Since x +— f(¢;(2))J () is integrable on R?, we
find that also (2) tends to 0, P—a.s., as n — oo. The proof is complete.

]

6 Examples

In this section we give two classes of examples. First, we recall a classical example of non-
uniqueness for the deterministic transport equation and we observe the improvements obtained
by random perturbation (we call it a ‘positive example’). Notice however that other relevant
examples of deterministic non-uniqueness, like the one of N. Depauw [9], are not covered by the
results of our work since there b is not Holder continuous in the space variable.

Second, we show by means of two ‘negative examples’ that it is not clear how to extend the
approach of this paper to random fields b and nonlinear SPDEs.

6.1 A positive example

Without noise, the transport equation with an Hélder vector field is not necessarily well-posed.
A counter-example can be easily constructed in 1d. Consider the function

o) = = sien (o) (ol AR 7€ (0.1)

29



(the simplest but less symmetric case b(z) = ﬁ (|z] A R)7 is similar, and many other variants
can be treated in the same way), where R > 0 is introduced only to have boundedness. This
function is C; (R) and divb =¥’ € LP (R) for all p € (1,1/ (1 — ~)). Hence it satisfies hypothesis
1 for every v € (0,1), hypothesis 2 for v € (%, 1) (because of the restriction p > 2) and the
condition Db € L} . ([0,T] x R) for every v € (0,1). Hence the stochastic flow of diffeomorphisms
exists and the stochastic transport equation is well posed in L*> and in BV, (see Appendix A
below) for all v € (0,1).

On the contrary, the deterministic transport equation is not well posed; let us recall why.
The Cauchy problem

2Zt)=0b(x(t), t>0, z(0)=um
has a unique solution for all zy # 0, denoted by ¢ (zp). For xyp = 0 we have two extremal
1
solutions x4 (t) e z_ (t), x4+ (t) = [t|7 and z_ (t) = —|t|T> for small ¢. In addition, for
xo = 0, we have the solution z (¢) = 0, and the solutions z (t) = x4 (t — o) 1i>¢, for every
to > 0. Given t > 0 and = € [z_ (t), x4+ (t)], there is a unique number to (¢,2) > 0 such that
Tgign(z) (t — to (t,2)) = x. The function ¢; maps R\ {0} one to one on (—oc, z_ (t))U(x4 (t), 00);
oy ! will be its inverse, between these sets. With these notations, given ug € L> and two bounded
measurable functions vy,v_ : [0,00) — R, define the function

uo (gb;l (z)) for x> (t)
) e (ta) for 0<a<ay ()
U (BT =9 () for z (1) <z <0 (41)
up (¢7 ' (z)) for  z<az_(t)
These are weak L°° solutions, for every v4,v—, of the deterministic transport equation with the
same initial condition ug. For instance, if ug = 1,50 and v = v_ = a for a constant value a,

the shape of u,, can be easily worked out. All these functions are solutions both in L* and in
BViye, corresponding to the same BV, initial condition wug.

6.2 Negative examples

It would be interesting to generalize the results of this paper to random vectorfields b(t, x,w),
possibly adapted. However our approach faces a fundamental difficulty: it is very easy to exhibit
a counterexample which shows that in some cases the regularizing effect disappears. Consider

in one dimension the case
b(t’wi) =V |:’C - Wi (w)’7

namely the stochastic differential equation
dXP =b(t, X}, )dt+dWy, t>0, Xj=u=.
If (X}) is a solution, then Y;* = X7 — W, solves
A = /| |dt t>0, Y=«

and viceversa. Hence the non-uniqueness for the latter equation transfer to the former. In terms
of stochastic transport equation, an equation of the form

O (t,x) + (bg (x — W (t)) - Du (t,x)) dt + Du (t,z) o dW (t) =0
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may have several pathologies if by is only Holder continuous.
Unfortunately the previous example is not so artificial: something similar happens in the
nonlinear case. Let us argue only formally. Consider the example in R?

d
06 (t,x) + (u(t,x) - DE(tw)) dt+ Y Dy (t,x) o dW* (£) = 0
=1

where £ = Jouy —O1ug. This is the vorticity equation of a 2D ideal fluid described by a stochastic
version of Euler equation. Following [30], this equation is (formally) equivalent to the family of
stochastic ordinary equations depending on a parameter a € R?

dXg = [ / K(XP — Xta')fo(Xf/)da’} dt + dW;
R2

for a suitable kernel K, £, being the initial condition of the vorticity equation. This problem is
equivalent to

ave = | [ K = vy | a
RQ

by the change of variable Y, = X{ — W, and the equation for (Y,*) corresponds to the classical
vorticity equation

& (t,x

tga(t) + (v (t,z) - DE (t,2)) dt =0 & = o) — Oyul
with initial condition &y. This means that the stochastic vorticity equation is (at least formally)
equivalent to the deterministic one. There is no advantage to introduce that kind of stochastic
perturbation.

A Existence and uniqueness in BV,

The results proved in Section 2 on the stochastic flow allow one to prove several existence and
uniqueness results in spaces more regular than L. We describe here the case BV, as a less
trivial example. Let us emphasize that only the assumption b € L™ (O, T, C’,‘)’(Rd; Rd)) is needed;
no condition on div b is imposed. This is again at variance with the deterministic case.

For more details on the functions of locally bounded variation see [14]. Let us recall that a
function v € L}, C(Rd) is said to be of locally bounded variation, v € BVj,.(R?) if its distributional
derivatives D;v, i = 1,...,d, are signed Radon measures. We denote by Dv the vector valued
measure with components D;v. We have

/ Y(x) - Du(dz) = —/ v(z)divd(x)dz
R4 R4
for all vector fields ¥ € C}(R? R?), and also for all ¥ € Co(R?, R?) such that the distributional
divergence (which has compact support) div4 is of class L'(R%).

When a € C(R?,R?) is a given vector field and v € BV.(R%), the notation a - Dv stands
for the (scalar) distribution 6 — [, 8(z)a(z) - Dv(dz), § € Co(R?). This is the meaning of the
notation [pq 0(x)bs(x) - Dug(dx) used in the next definition.
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We denote by L¥(BV,..(R?)) the space of all stochastic processes u € L®(Q x [0,T] x RY)
such that u(w,t,-) € BVje.(RY) for ae. (w,t) € Q x [0,7], for every § € C5°(RY) and ¥ €
L>(0,T; Co(R%,R?)) the processes

0(z)u(t,z)dz, I(t, z) - Du(t, dx)
Rd Rd

are progressively measurable with respect to (Fi)icpo,7], and [Du(w,?)| (the total variation of
the measure Du(w,t,-)) has the following property:

T
/ |\ Du(w, )| (B () dt < oo (42)
0
for all » > 0, for P-a.e. w € Q. We use again the notation wu; for u(t,-) below.

Definition 25 Let b € L™ (O,T; C’g‘(Rd;Rd)) and ug € BV, (]Rd). A stochastic process u €
LF (BV}OC (Rd)) is a BVjye-solution of the Cauchy problem (1) if, for every test function 6 €
C5° (RY), the process [pa 0 (x) us (x) dz has a continuous modification which is an F-semimartin-
gale and

/Rdut(x)ﬂ(x)dx:/Rduo(x)Q(x)dx

_/Ot </Rd9(x)bs(x)~Dus(da:)>ds

+sz;/0t (/Rdus(x)DiG(ﬂf)dI> o dW.

If uw is a BVj,e-solution and divd € LlloC ([O,T] X Rd), then u is also a weak L°°-solution.
Conversely, if u is a weak L°°-solution, ug € BV, (]Rd) and u € LP (BVIOC (Rd)), then u is a
BV,,-solution.

Theorem 26 Ifb € L™ (O,T; C’?(Rd;Rd)) and ug € BV (Rd), there exists a unique BVj,.-
solution u, given by u (t,z) = ug (qb;l (:B))

Proof. Step 1 (Existence). Let us mention a preliminary known fact. If ug € BV, (Rd)
and ¢ is a diffeomorphism of R? (differentiable in both directions with continuous derivatives),
then ugop € BV (Rd) and the signed Radon measures D; (ug o ) (dz), i = 1, ...,d, are defined
by

0@ Di(uo 0 ) (do) = /]R LT W) T (9) (Dig) (971 (9) - Duo (dy) - (43)
for every 6 € C§° (Rd). To prove this claim we use the characterization of BV}, functions v as the

weak L} (R?) limits of wht (R?) (or C§°(RY)) functions v, such that sup, fB(r) | Doy, (z)| dz <

loc
oo for every r > 0 (see [14], Chapter 4). Take a sequence of functions u} € C$°(R?) such that
up — ug in L}, (R?), sup, fB(r) |Duf} (z)|dz < oo for every r > 0. The function ufj o ¢ is in

C{RY), ugop = ugopin L}, (R?) and

/ IDi (uf 0 ) (a)] der < / Du (¢ (2)) - Dip ()] da
B(r) B(r)

N / |Dugy () - Dig (#7 ' (9)) | ™" (y) dy
P(B())
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which implies that sup,, fB(T) |D (ug o ) (xz)|de < oo for every r > 0 and thus up o ¢ €
BVioe (R?). Similarly

/ 0 (2) Di (uf o ) (d) = / 0 (o (v) Jo~ () Dig (o7 () - Du () dy.
R4 R4

Up to a common subsequence, the measures D; (ug o ) and Dufj weakly converge to D; (ug o ¢)
and Duyg respectively, on B (r) for every r > 0 (Proposition 5 of [14], Chapter 4.1.1). We can
take the limit in the previous identity and get (43).

Let us prove the existence claim. Let ¢; be the stochastic flow of diffeomorphisms given
under the assumption b € L (0,T; C¢(R%; R?)) and let us set u (¢, z) = uo (qb;l (z)). For every
set A C R? denote by ¢ (w, A) the image of [0,7] x A under the mapping (¢,z) — ¢ (w,x).
This mapping is P-a.s. continuous, hence ¢ (w, B) is a bounded set P-a.s., for every bounded
set B.

We have u € L*® (2 x [0,7] x R?) and [, 6 (z)u(t,z) dz is progressively measurable for
every § € C§° (Rd). Since ug € BV}OC( ) for a.e. w € Q we have that for all ¢ € [0,T] the
function x — ug (d)t_l (:1:)) belongs to BV, (Rd) and, for § € L*>® (0, T; Cy (]Rd)) andi=1,...,d,

6: (x) Dyuy (dz) = /R 0@t ) Jor (v) (Dign) (61 () - Duo (dy)

R4
which is progressively measurable. Moreover, since |D;u;| (B (1)) is the supremum of the quantity
‘fB x) Djuy (d:z:)‘ over all 0 € C} (B (r)) such that |0 (z)| < 1 for all z € B(r), and from the
previous 1dent1ty we get

/ 6 («) Dy (do)| < / 167 () |(Did) (67 ()| | Dol (dy)
B(r) ¢(B(r))

< [Duo| (¢ (w, B () [ Jér " () [(Dige) (7" O] 1< (o0 50r1))

we deduce (42) and even P(sup,c(o ] |Dut|(B(r)) < oo) = 1. Hence u € LF (BVioe (R)).

We may now repeat the proof of Theorem 16 and prove that w (¢,2) = wug (gb;l (;U)) is a
solution; the difference is that in Section 4 we assumed divb € LlloC and u was only L°°, while
here div b is only a distribution but v € BV}, (]Rd), so we have to write differently the integrals
involving b - Du.

Step 2 (Uniqueness). We repeat the first part of the proof of Theorem 23: by linearity, we
treat the case ug = 0; we mollify a BV,.-solution u € L (BV}OC (Rd)), apply stochastic calculus
and prove the same results as in steps 1 and 2 of the proof of Theorem 23. The commutator
Re [us, bs] is always given by R [us, bs] = Ve * (bs - Dus) —bs - D (0 * us), but here we stress that
bs - Dus is the distribution having the meaning recalled at the beginning of the section (we have
to use compact support mollifiers). We have to prove that, P-a.s.,

lin (/R ] (00 (@) p () di ) ds =0

for every p € C§° (Rd), namely step 3 of the proof of Theorem 23. Equivalently, we have to

prove that P-a.s.
t
liII(l] </ Re [us, bs] (y) 05 (y) dy> ds =0
E— 0
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where 0, (z) = p (¢; ' (z)) J#; ' (x). This is, P-a.s., a bounded continuous function of (¢, z), and
0t (w,z) =0 for all z ¢ ¢ (w, K) and all ¢t € [0,T], where K is the support of p. One has

Re [us, bs] () = / De (y — 2) [ba (2) — by ()] - Dus (d2)

hence (all functions are bounded so we may apply Fubini theorem)

/Ot (/RE [us, bs] () 05 () dy) ds = /Ot (/fa (s,2) - Dus (dz)) ds

fe(w,s,2) = /195 (y — 2) [bs (2) — bs (y)] 0s (w, y) dy.

Notice that, for P-a.e. w € Q, f: (w,s,z) =0 for all z ¢ U (¢ (w, K)) and all s € [0,T]. Here
U: (¢ (w, K)) is an e-neighbor of ¢ (w, K) (assuming that the support of ¢ is in B (1/2)). And
fe (w, s,-) is continuous. Hence [ f; (s,z) - Dus (dz) is meaningful. We have

/Ot </R [us, bs] (y) Os (y)dy> ds s/ot (/yfg (s,z)HDUs(dz)> ds

t
< /0 (D] U (6 @, K))) 1F- (@5 M e s o0meny 48

for all € < 1. Moreover, with C'(w) = [|0. (w, )| oo (jo, 7] x g (w, K))» W€ have

where

e (@,5,2)] < C () [b oy B ) b )y

< C(w) - 9 (h) |bs (2) — bs (2 + eh)| dh < C" (w) e*

uniformly in (s, z). Hence

/ot </ Re [us, bs] (y) 05 (y) dy) ds

which converges to zero as ¢ — 0, for P-a.s. w € (). The proof is complete. m

T
<C'(w)e /0 |Du| (U (6 (w, K))) ds

B The perturbative equation

In this section we give a pathwise formulation of the SPDE, that we call perturbative equation.
It does not involve stochastic integrals explicitly. We use it to prove Theorem 31: the absence of
stochastic integrals simplify the analysis of some limits. Moreover, we think it may have other
applications.

For streamlining the notations in this section we will let

Wis =Wy —W,, t>s5>0, v (0) = O(x)v(t,x)dx, te[0,T],
R4

for any v € L{ ([0,T] x RY), 6 € Cg°(RY, RF).

loc
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Theorem 27 Let b € L ([0,7] x R4ERY), divy € LL ([0,7] x RY) and ug € L¥([R?). A
process u € L®(Q x [0, T] x RY) is a weak L>®-solution of the SPDE (1) if and only if, for every
0 € C3°(RY), uy(0) has a continuous adapted modification and the perturbative equation

w(6) = uo(0(- + W) / ds / DOz + W) + div by()0(z + Wi )us ()dz (44)

holds almost surely in w € Q, for every t € [0,T].

Remark 28 Given 0 € Cy° (]Rd) and t € [0,T], the integral on the right-hand-side of equation
(31) is a well defined random variable, in spite of the only local integrability of b and div b. Indeed,
for P-a.e. w e Q, W.(w) is bounded on [0,T] and thus 6 (x + Wis (w)) and DO (x + Wy (w))
vanish for x outside a bounded set B, C R? (B, depends on w but not on t and s in [0,T]).

Proof. Step 1. Let us prove that a solution wu; (6) of the perturbative equation is an F-
semimartingale and that the equation of Definition 12 is verified. We apply 1t6 formula to the
process Fy (W;) and It6-Wentzell-Kunita formula (see [23]) to F} (¢, W;) where

Fo(y) =uo (0 (- +y))

1(ty) = /ds/ DO (x +y— W) +divbs (z) 0 (x +y — Ws)] us () dz
Rd

te[0,T],x € R?. Notice that F} (t,y,w), although being a random field, is of bounded variation
(and more) in ¢, namely it has no martingale part, and

filty) = 8F18(tt’y)

= [ B (@) DO @y = W)+ vy (0) 0 -+ y = Wl s (o) o

Moreover Fj (t,y,w) and Fy (y) are smooth in y. Thus It6-Wentzell-Kunita formula reduces to
the classical It6 formula

duy (0) = f1 (t, W) dt + (DEy (Wy) + DFy (t,Wy)) - dW;
+ % (AFy (W) + AF, (£, W) dt.

Notice that D;Fy (W) + D;Fy (t, W) = wy (D;0) and AFy (Wy) + AFy (¢, W) = uy (A6). A
substitution yields

duy () = /Rd (b (z) - DO (z) + div by () 0 (x)] uy (x) dx dt (45)
d
+ ;ut (Di) AW + Sy (A9) dt

which shows that u; () is a semimartingale. For the same reason, also u; (D;0) is a semimartin-
gale, for each ¢ =1, ...,d. Hence the Stratonovich integral fg us (D;0) o dW is well defined and
is related to the It6 integral and to the joint quadratic variation by the formula (see [23])

t t
) 1 ) )
/us (DZ-H)odWSZ:/ Us (Die)dWSUri[M@,Wl]t
0 0
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where M} is the martingale part of u; (D;0), which is equal to

Z / us (DZ0) dW?

(put D;6 in place of § in (45) above). Thus [M, Wi]t = fg us (D;D;0) ds. Summarizing,

d t d t t
3 / us (Dif) 0 dW! = 3 / ws (D) W + - / s (AG) ds.
i=170 =1 /0 2 /o

Together with equation (45), this proves that u satisfies the equation of Definition 12.

Step 3. Let us now prove the converse statement. Let u be an L*-solution of the SPDE (1).
Given 0 € C°(R?) and y € R? let us take the test function 6, (z) = 0 (x +y) in the weak
formulation of the SPDE. We get

dt/Rdu(t,x)Q(a:—l—y)dx
:/Rd[b(t,x)-DQ(x+y)+divb(t,m)0(:c+y)]u(t,1:)dxdt
—I-Z/ (t,2) Dif (x + y) dx o AW

Consider now the random field O(t,y) = [pau(t,z)0(z + y)dx. Given t; € (0,T], we apply
It6-Wentzell-Kunita formula, in Stratonovich form, to t — © (t,y — Wy) for ¢ € [0, 1] (see [23]).
We get

dO (t,y — Wy) =dO (t,2) |;=y—w, — DO (t,y — W;) o dW;

:/ [b(t,z) - DO (x+y— W) +divb(t,z)0 (z +y — W) u(t, ) de dt
Rd

+Z/ (t,z) D;f (x 4y — W) dx o dW

—Z/ w(t,2) Difl (& +y — W) dz o AW,
— [ra

The last two terms coincide. Thus, integrating on [0, ¢1] we get

O (t1,y —Wy)—0(0,y)
S

= [ [

All the terms are a.s. smooth functions of y, then taking y = W;, and substituting the definition
of © we get the perturbative equation. The proof is complete. ®

,x) - DO (x+y—Ws) +divb(s,z)0 (z+y — W) u(s,z)dzds.
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C Wong-Zakai approximation results

In this Appendix we prove Wong-Zakai results to motivate the Stratonovich integral in the SPDE
(1). Since this is a side result for the purpose of this work, here we do not aim at full generality.

Wong-Zakai principle states that the solutions to equations where the noise is approximated
by more regular processes converge to the solution of the stochastic differential equation with
Stratonovich integrals. In contrast with the classical literature on the subject, here we meet
a new difficulty: the approximating equations could miss uniqueness of solutions, since they
are deterministic transport equations depending on a random parameter and the regularity of b
assumed in this work does not suffice for uniqueness. The most general statement of Wong-Zakai
type, thus, would claim that all possible L*> solutions of the approximating equations converge
to the unique solution of the SPDE (we have proved uniqueness for the SPDE in the previous
sections). However, for the deterministic transport equation, under our assumptions on b, there
is no control on solutions, no representation in terms of a flow and it is not even clear how to
prove bounds on them (in spite of the fact that, formally speaking, the L> norm should not
increase in time).

Because of these difficulties, we restrict ourselves to two manageable situations. In the first
case we regularize not only the noise but also the field b, so that the approximating equations
are well posed. In the second one we consider a sequence of solutions of the approximating
equations which fulfill a uniform bound (such sequences always exist under our hypotheses).

Let us mention that there exist several results of Wong-Zakai type for stochastic partial
differential equations; let us quote only [16], [35] and [5] and references therein, as examples
of results for parabolic and transport-type equations. Several works are based on stochastic
characteristics and a Wong-Zakai result for them, which is also one of our strategies below.
However, at the level of characteristics, all works assume sufficient regularity of coefficients to
be able to make estimates of differences of solutions. Under our weak assumptions on b, we use
a different approach, based on the compactness method. The strong well posedness of the limit
equation is the key tool. Also the second theorem, not based on characteristics, is proved by a
compactness argument.

Given a d-dimensional Brownian motion W on a probability space (€2, F, P), let (W},),,~;, be
a sequence of processes on the same space such that (7 > 0 is given) W,, converges in probability
to W in the topology of C° ([0, T] ;]Rd).

An example is

W, (t) = / nl (n (t— ) W () ds (46)
0
where 6 is a smooth non negative function with support in (—1,1) and [*_6 (r)dr = 1.

Theorem 29 Assume that hypothesis 1 hold and divb € L'(0,T; L} .(RY)). Assume ug €

loc
cy (Rd). Let {by}n>1 be a sequence of equibounded (in (t,z,n)) measurable fields such that for
a.e. t € [0,T] we have by, (t,-) € CLR?) and by, (t,-) — b(t,-) uniformly on compact sets. Let
un(t, ) be the unique L™ solution of the equation
- AW (1)

+ bn(ta ‘T) : Dun(t7x) + ZDzun(tvx) dt =0, un(03$) = UO(x)
i=1

Oun(t, )
ot

and let u(t,x) = ug (Lpt_l (z)) be the solution of equation (1) given by Theorem 16. Then, for
every t > 0 and x € R, u, (t,x) converges in probability to u (t,z).
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Proof. We have u, (t,2) = ug (go,:; (z)) where @p; is the flow associated to the random
equation
dXn (1) dW, (t)
dt dt -

Thus it is sufficient to prove that ga,;% (z) — ¢; ! () in probability, given ¢t > 0 and z € R%.

The equations satisfied by the inverse flows are entirely similar to the equations for the direct
flows. Thus, just for simplicity of notations, let us prove that ¢, +(x) — ¢¢(z) in probability,
given t > 0 and = € R%. For shortness, denote ¢, +(x) by X, (t) and ¢;(z) by X (t) (the initial
condition x is given).

Convergence in law would be classical. Thanks to the idea of [15], we can prove also conver-
gence in probability, due to strong uniqueness for the limit equation. Let us recall some detail,
similar to [15] (but here we have to deal also with the approximation of the noise).

Recall Lemma 1.1 from [15]. To prove the convergence in probability of X, (t) to X(¢)
it is sufficient to prove the following property. Let {l;}r>1 and {mj}r>1 be two diverging
sequences of natural numbers. We have to prove that there exist {k(j)};>1 such that the pair
(X5, (1), Xomy ;) (t)) converges in law to a random element supported on the diagonal {(z,y) €
R x RY: z = y}.

We have

= bn (t, X0 (1)) +

Xo(t) =z + /0 b (5, Xn(8))ds + Wi (2).

Since the sequence {by, },>1 is equibounded in all variables, the processes { [; bn(s, Xpn(s))ds}n>1
are equibounded in C([0,T];RY). Then since W,, — W in C([0,T],RY) in probability then the
laws p, of X, on C([0,T]; Rd) are tight, hence precompact by Prohorov theorem. We do not
use explicitly this fact; we have described the argument in this simple case for later reference.
The argument now is similar to the proof of Theorem 2.4 of [15]. Given the two sub-
sequences {l;}r>1 and {my}r>1, let us repeat the previous argument for the process Zj; =
(X1, Xong» Wiy, Wiy, ). By Prohorov theorem there exist {k(j)};>1 such that Zj;) converges in
law to a probability measure v on C([0, T]; R4¢). By Skorokhod embeddmg theorem, there exists
mk(]) ’ I/Vlk(y) ’ ka(]))
j)» and a random variable Z = (X0, X wh w@) with law v,
such that {Zk(J }j>1 converges P-as. to Z in the topology of C([0,T];R%). It is easy to
deduce that W@ and W® are Brownian motions. Using the bounded continuous function

1) —~(2)
p(110, 7)) = - on C(10, T); R)?, we see that

a new probability space (Q F P) and random variables Zk(J) = (Xlk( "

with the same laws as Zj

Blp(W, W) = lim Elo(Wiy;) W)

Jj—oo

= lim E[@(Wlk(j)’ka(j))]

J—00

= Elp(W,W)] =0

hence W = W®. With a similar argument, one can check that )Nflk(j),mk(j) are related by
the equation

~ t ~ —_—
Xy (1) = 2 + /O bia ) (8, Xy (8))ds + Wiy (t)

38



and similarly for the pair )Z'mk(j),ka(].). From the P-a.s. convergence in C([0,7]; R%) of all
processes, the uniform convergence of by, (s,-) to b(s,-) on compact sets (a.s. in s), and the

equiboundedness of blk(j)’ by Lebesgue dominated convergence theorem we get
XO@) =z + / b(s, XD (s))ds + W(¢)
0

for i = 1,2, where WNZ W(l)Nz W@, By strong uniqueness for this equation we deduce
XM = X®) . Hence (Xl ;) (), Ximy ;) () converges in law to a random element supported on

the diagonal {(x,y) € R? x R? : x = y}. This implies the claim. The proof is complete. m

Remark 30 A more difficult form of Wong-Zakai result would be to prove that any sequence
{un} of L*™ solutions of the (a priori) not well posed equations

Ouy, Wi

d
d
—+b~Dun—|—ZDiun-— 0, u"(0,2) = wup(x)
=1

ot dt
converges to the unique solution u of the SPDE (here we do not reqularize b). Under our
assumptions on b, it is very difficult to deal with L*° solutions of this ‘deterministic’ equation.
For instance, if we want to perform computations (for proving estimates, comparisons, etc.),
we have to regularize the solution and control the behavior of a commutator, which is an open
problem under this regqularity of b and u™ (this problem is the same as proving that weak solutions
are renormalizable, in the sense of DiPerna-Lions [10], problem solved under other conditions
onb).

As a partial result towards a general convergence statement we propose the following theorem
dealing with convergence of a particular class of non-unique solutions to the transport equation.

Theorem 31 Let b € Ll ([0,7] x R4 RY), divb € L ([0,T] x RY) and up € L=(R?). Let u™
be a sequence of L=®(Q x [0,T] x R?Y) functions which are weak solutions of the PDEs

d
Opuf + by - Dup + > Dauf Wi (t) =0 (47)
=1

with the same initial condition ug. Assume the following conditions

(1) Fi* = o(Wy(s) : s < t) converge to Fy = 0(Ws : s <t) as n — oo for any t in the sense
that B[F|F]"] — E[F|F] almost surely for any bounded r.v. F.

(i) The family {u"} is equibounded in L>® (2 x [0,T] x RY) and u™ is F"-progressively mea-
surable for any n.

Then up to extraction of a subsequence still denoted by u™ we have weak-x convergence to

u € L®(Q x [0,T] x RY) satisfying the SPDE P-almost surely. Moreover under Hypotheses 1
and 2 the whole sequence converge to the unique L°-solution of the SPDE.
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Note that by regularization and by compactness it is not difficult to show that the equi-
bounded family of solutions {u"},>1 of the equations (47) exists (condition (ii)). Moreover the
convergence of the conditional expectations (condition (i)) holds for our example 46 since the
mollifier is of compact support (in that case F{* C F; ./, for some ¢ > 0 and the filtration F
is continuous). Unfortunately, as we already stressed, we are not able to deal with an arbitrary
family of solutions to the approximating problems (47).

Proof. By an adaptation of Theorem 27 the u™ are shown to satisfy the perturbative
equation

u (0) = uo(0(- + Wa(t)))
+/0 [b(s,z) - DO(x + Wy (t) — Wp(s)) + divb(s, z)0(x + W, (t) — Wy (s))|uy (xz)dzds

for any 6 € C§° (R%). By equiboundedness in L™ we can pass to a weakly-* convergent subse-
quence (still called u™) and we have that the weak-* limit w is in L*° and satisfies

ut(0) = ug(0(- + We)) + /0 [b(s,z) - DO(x + Wis) + div b(s, 2)0(x + Wis)|us(z)dzds

for a.e. (w,t) € Q x [0,7]. The right-hand-side of this equation is a well defined random
variable, for every given 6 € Cg° (R?) and ¢ € [0, 7] (see remark 28). With little more work one
can see that, as a stochastic process in t, it is P-a.s. continuous. Let us prove this in detail for
completeness. We give the details only for the double integral, that we denote by [; (w). Take a
representative u of the equivalence class of u, that is a bounded measurable function. For all w
in a full measure set 0, u is a bounded measurable function of (¢, x). Let {23 be a full measure
set where W is continuous on [0,7]. For every w in the full measure set 1 N Qs we have two

integrals of the form
t
/ / a(s,z)p(x+ Wi (w)) deds
0 JRd

where a is deterministic and integrable, ¢ € C§° (Rd) and Wy, (w) is continuous in ¢ and s. Then

this integral is continuous in ¢. This proves that the double integral is a continuous process.
By Theorem 27, u satisfies the SPDE as soon as we can prove that the continuous pro-

cess ut(ﬁ) is adapted. We have that u}(0) converges to u(f) weak-+ in L (Q x [0,7T]), hence

E [ f ftGdt} converges to E [ fo wg( ftGdt} for every bounded r.v. G and bounded mea-

surable functlon f :]0,T] — R. Moreover, uy () is F{'-measurable. Then for any bounded

r.v. G we have E[u}(0)G]| = E[u}(0)E[G|F}']]. Therefore f(;f fiE[uf (0)E[G|F]]dt converges to

{ I ftGdt]

Moreover, we can write
Elui (O)E[G|F']] = Eluf ()E[G|F]] + Eluf (0)(E[G|F'] — E[G]F])]
and thus, by the a.s. convergence of E[G|F]'] — E[G|F;] together with the dominated con-
vergence theorem we get that fOT fiE[uf(0)E[G|F:]]dt converges to E fo ut(0) frGdt]. But the
quantity fOT [tE[u(0)E[G|F¢]]dt converges also to fOT [iE[ut(0)E[G|F]]dt.
We thus obtain that E[u:(0)G] = E[u(6)E[G|F]] for any bounded r.v. G showing that u:(6)
is Fy-measurable. The proof of the first claim of the theorem is complete.

If Hypotheses 1 and 2 hold, each weak-* convergent subsequence converge to the unique
solution of the SPDE so that the extraction of a subsequence is not necessary. m
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D Two additional uniqueness results in L

The aim of this section is to prove some complementary uniqueness results for L>° weak solutions
of the SPDE obtained extending the key estimates in fractional Sobolev spaces. The first result
is the following:

Theorem 32 Let d > 2. Assume Hypothesis 1 and also that divb € LI(0,T; LP(R?)) for some
q>2>p> di%' Then there exists a unique weak L -solution u of the Cauchy problem (1)

and u(t,z) = uo(@_l(x))'

The main interest of this result is due to the fact that we can consider some p in the critical
interval (1,2] not covered by Hypothesis 2.

Another result deals with an additional hypothesis of Sobolev regularity for b (beside the
usual Holder regularity) which allow to relax the hypothesis on div b.

Theorem 33 Assume that divb € LL ([0,T] x RY) and that

be L0, T; W2 RY) N L®(0,T; C*(RY))

loc

with a > 0, 8 >0 and a4+ 60 > 1. Then there exists a unique weak L*°-solution u of the Cauchy
problem (1) and u(t,z) = uo(d; *(2)).

The proofs of both theorems follow the proof of Theorem 21 using the results below on
the commutator and on the regularity of the Jacobian of the flow. Since these results are
complementary the details of the proofs are left to the reader. The following commutator
estimates follows from Lemma 22.

Corollary 34 Assume v € Ly, (Rd,IR{d) dive € Lloc (Rd) g€ Ly, (Rd).

(1) If there exists 6 € (0,1) such that v € WIZ’CI (R4, RY), then

‘/RE ga )d.’E

(ii) If there exists a € (0,1) such that v € C2 (R4, RY), then

‘/R 0.0 (2)pla)dz

Proof. We have

< Crllgllzes, (lollzeelldivoll,,  + [olga-o [l ).

r+1 1 s r+1

< Crllgllzz, (ol idivell, + [leg,, [plw-an).

‘/ / 9(a") Dt (z — 2') (p(x) — p(a')) [o(x) — v(a")] dwda’

el 1 - |u(z) — ()| 00
< _ oo D +d !
< ——llarellglcs, //B(T 1)2! 20( )l o — P |z — /" dadx

< [pler-o llgllzes HDGHOO[ [
7‘+1

r+1

The second statement has a similar proof. m
These results can be extended to the case in which commutators are composed with a flow.
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Lemma 35 Let ¢ be a C'-diffeomorphism of R? (J¢ denotes its Jacobian). Assume v €
Lo (R4, RY), dive € L, (RY), g € LiS, (RY).

loc loc

Then, for any p € CX(R?Y) and any R > 0 such that supp(po ¢~ ') C B(R), we have a
uniform bound of [ Rc[g,v] (¢ (z)) p(z)dz under one of the following conditions:

(i) there exists 6 € (0,1) such that v e WO RLRY), J¢ € CL0(RY);

loc loc

(ii) there exists o € (0,1) such that Jp € W,--*1(RY), v € Cce (R4, RY).

loc

Moreover, under one of the previous conditions, we also have
lim [ Re[g,0] (¢ (2)) p(2) dz = 0.

Proof. By a change of variables [ R.[g,v|(¢(z))p(x)dz = [ Relg,v|(y)ps(y)dz where the func-
tion py(y) = p(¢~'(y))Jod '(y) has the support strictly contained in the ball of radius R.
Clearly, ||pg| e < HpHLgoHJgZ)_lHL%c. To prove the result, we have to check that Corollary 34
can be applied with pg instead of p.

(i) To apply Corollary 34 (i), we need to check that pg € Cllozg. This follows since

[pg]cr-o < 1T~ | Lse [P(Wl('))]c}l%—a + ||PHL$°[J¢71}C}2—9

< ID6 35 Dol D& eao + llpllzae [P oo

and the bound follows.

(ii) To apply Corollary 34 (ii), we need to check that p, € Wﬁ;a’l: first

pelr-an < 176 egzlpo 6 Tyyr-an + 767 Yy 1ol

and since
[po ¢_1]ng@,1 <|[ID(pod gy, < DpllLall D™ s ;

we find
[slyien < Crl|Dpll 11D~ Lss 1 To s + [J¢71]W}1;a,1 o[l Loe

and the bound follows. =

Finally the next theorem extends the analysis of the Jacobian of the flow presented in
Section 3 and links the regularity condition on J¢ required in Lemma 35 (ii) to the assumption
on the divergence of b stated in Theorem 32.

Theorem 36 Let d > 2. Assume Hypothesis 1 and the existence of p € (%,2} and q > 2

such that divb € L9(0,T; LP(R?)). Then, for any r >0, J¢ € LP(0,T; erfa’p), P-a.s.

Proof. The first part of the proof is similar to the one of Theorem 11. Indeed Step 1 can be
carried on thanks to the chain rule for fractional Sobolev spaces: if f : R — R is a continuous
function, of class W, “P(R?) and g : R — R is a C™ function, then g o f € W,>_“P(R%) and

(90 P s < ( sup !g'<f<x>>!) I

z€B(r)
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for every r > 0. The modification of Step 2 does not pose any problem, so we only consider the
last steps of the proof.

Step 3. To prove the assertion it is enough to check that the family (v.) >0 is bounded in
LP(Q % (0,T); Wi~ *P).

Indeed, once we have proved this fact, we can extract from the previous sequence v, a
subsequence which converges weakly in LP(Q x (0,T); WP ) to some 7. This in particular
implies that such subsequence converges weakly in LP(Q x (0,T), LT) to v so we must have that
v =Jo¢.

We introduce the following Cauchy problem, for £ > 0,

oFc 1

- € €. he — div hE
o T RAFTH DE 0 =divht, £ €[0T

(48)
FE(T,z) =0, xR

This problem has a unique solution F*¢ in the space LI(0,T; W?2P(R?). Moreover, there exists a
positive constant C' = C(p, q,d, T, ||b||o) such that

1% Lao,rw2e@ayy < CllAiv 0|l o 1,10 (raY)» (49)

for any € > 0. This result can be proved by using [18, Theorem 1.2] and repeating the argument
of the proof in [21, Theorem 10.3]. This argument works without difficulties in the present case
in which b (and so b°) is globally bounded and divb € L(0, T; LP(R?)) with p, ¢ € (1, +00).

From the previous result we can also deduce, since we are assuming g > 2, that F*¢ €
C([0,T); WHP(R?)), for any € > 0, and moreover there exists a positive constant C' = C(p, g
d,T,||b||oc) such that

sup (|F=(, )|l (may < Cldiv O] Logo,rsLr(ma)- (50)
te(0,7

We only give a sketch of proof of (50). Define u®(t,z) = F¢(T — t,z); we have the explicit
formula

W (tw) = /0 Pre g (s, ) (@)ds,

where (P;) is the heat semigroup and ¢*(t,x) = Du®(t,z)-b*(T —t,x) — divb*(T — t, ). We get,
sin(:eq>2andq':qii1<27

b ! vd oot 1/q
||Dmu6(t,.)|Lp§c/0 W|,ge(s,.)”Lpds§C</o ) (/O Idivb(s. )l ds)

and so (50) holds.
Using It6 formula we find (remark that F€(¢, ) € CZ(R%))

t t
Fe (t,¢7 (x)) — F° (0,2) — /0 DFe® (s, ¢S5 (x)) - alI/VS/0 divd® (s, ¢ (x)) ds = Ve (t, ). (51)

Since we already know that (1):).. o is bounded in LP(£2x (0, T), LY) and since p < 2, to verify that

(¥e) .~ is bounded in LP( x (0, T); W, ~*P), it is enough to prove that E fOT[wg(t, '>]€V1‘a’2dt <
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C, for any ¢ > 0. We give details only for the most difficult term fg DFe (s, ¢5(x))dWs in (51).
The F(0,z) term can be controlled using (50) and the others are of easier estimation. We show
that there exists a constant C' > 0 (independent on ¢) such that

2

B[ a [resmar] | <c (52)

Wy™

We have

/dt / / o (DF= (s ¢>€|x ©)) = DF* (s, 65 (/) )dW;[* dx,]

_ ml’(l—a)?—&-d

|DF5 s, ¢e )) DFE( Qbes ($,))|2 ,

/ /'r)/ E/ | — a/|(1—e)2+d ds dx dx’,

’l)FE (be ( )) DFe€ ( ¢65 (x/)) ‘2 /

_E/ dt/ ds/B(r)/ o~ /|1a2+d dz dzx
IDF (s,¢¢, (x)) — DF® (s, ¢¢ (x/)) ’2 /

/o dS/B(r) /B(r) |z — 2/|(1-a)2+d d:cdx],

T
<STE [ IDF (5,0 (e s

<TE

By the Sobolev embedding the W, *2 seminorm can be controlled by the norm in WP if

d d
1-=>(1-a)—-.
Sz (-a)-g

This means if p > =5 +2 . Then we consider p; such that p > p; > 55— +2 and show that

T
B [ IDF (5.6 (I ds <€ < x, (53)
O T

where C' is independent on €.

Step 4. To obtain (53) we estimate

2

T 2
B [as( [ 102 0 0) D6, (@) i)
0 B(r)
A similar term has been already estimated in the proof of Theorem 11. Since

/B(T) (/OTE (1D ()]] ds)ydx < o0,

for every r,y > 1 (see (16)), by the Holder inequality, it is sufficient to prove that

T P
/ E (/ }DQF‘E (s, 9%, (x))‘p dw) dt < C < o0.
0 B(r)

44



We have

T ) » P
/0 E (/B(r)|DF (s,qzﬁs(a:))} dx) dt

T
=F d D?F* PI(6%)  (y)d
/ s</¢€s(3m)\ (0] T ) y>

< swp  EB[J(@) )7 /T (/d |D?Fe (s,y)\”dy)f’ <C <o,

s€[0,T], yeRd 0 R

P

where, using the results of Section 2 and the bound (49), C' is independent on € > 0. The proof
is complete. m
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