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Abstract: We study existence and uniqueness of solutions for second order ordinary
stochastic differential equations with Dirichlet boundary conditions on a given interval.
In the first part of the paper we provide sufficient conditions to ensure pathwise unique-
ness, extending some known results. In the second part we show sufficient conditions to
have the weaker concept of uniqueness in law and provide a significant example. Such
conditions involve a linearized equation and are of different type with respect to the
ones which are usually imposed to study pathwise uniqueness. This seems to be the
first paper which deals with uniqueness in law for (anticipating) stochastic boundary
value problems. We mainly use functional analytic tools and some concepts of Malliavin
Calculus.

1 Introduction

The object of this paper is the stochastic ordinary differential equation

X f(t X dXt) e (1.1)

dt2 O Ta ) T Tt

subject to the boundary condition Xg = 0 = X, where f : [0,1] x R? — R is a given
continuous function and (W;) is a one-dimensional Wiener process starting from 0 (note
that X; = X(¢), t € [0,1]).

There is a wide literature on (anticipating) stochastic boundary value problems (see, for
instance, [2], [7], [8], [16], [17], [I8]). Methods for numerically solving stochastic bound-
ary value problems are investigated as well (see [I] and the references therein). Usually,
once the existence of a solution X = (X;) is guaranteed, the question of uniqueness is
tackled in the pathwise sense (i.e., if Z is another solution to (LI), then X = Z, P-a.s.,
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where P denotes the Wiener measure on Cy([0, 1]), see Section 2). Having in mind an
application of the contraction principle, it is usually required, roughly speaking when
flt,z,y) = f(x), that f is globally Lipschitz with a Lipschitz constant small enough or
that f satisfies a kind of monotonicity condition.

Our contribution is two-fold. On one hand, concerning pathwise uniqueness, we show
in Section 3 that some of the methods of nonlinear analysis (see the seminal work
[13] and the book [6]) for deterministic ordinary differential equations are suitable for
improving some of the results already available in the literature. On the other hand,
we propose a new step in the study of stochastic BVPs, i.e. we provide sufficient
conditions for the weaker concept of uniqueness in law of solutions (i.e., if Z is another
solution to (1)), then P(X ~!(A)) = P(Z~1(A)), for any Borel set A C Cy([0,1])). Such
conditions are of different type w.r.t. the available results on pathwise uniqueness (see,
in particular Section 4.5 and also Section 4.6, which contains a significant example).
Roughly speaking, our Theorem in Section 4.6 shows that uniqueness in law holds
even if a “typical” non-resonance condition is violated on a discrete set of points. On
the other hand, we do not know if pathwise uniqueness holds in such a case, since the
usual methods of nonlinear analysis fail.

Note that, to the authors’ knowledge, up to now uniqueness in law has been treated
only for the well-studied (non-anticipating) Cauchy problem for stochastic differential
equations (cf., for instance, [11]).

We first concentrate on a precise definition of the notion of solution. Indeed, according
to the paper [16] by Nualart-Pardoux (which was the starting point of our research), we
understand (L)) in the integral sense, i.e., we require that X : Cy([0,1]) — Co([0,1]) is
Borel measurable and that (setting djgt = X))

X (w) —i—/o f(s, Xs(w), XL(w))ds = X} (w) + wy, t € [0,1], (1.2)

for any w € Cy(]0,1]), P-a.s. (see Section 2 for the precise definition). Then existence
and pathwise uniqueness of solutions to (2]) are investigated, arguing for a fixed w €
Co([0,1]). In Section 3.1 we use the global implicit function theorem and provide an
existence and uniqueness result (Theorem B.2]) under a non-resonance type condition;
this goal is reached after writing (L2)) as an abstract equation involving the Green’s
function of —d?/dt? (with Dirichlet boundary condition). In Section 3.2 we give sufficient
conditions (of Lipschitz type) on f(t,z,y) which enable us to study the BVP (1)) as
a fixed point problem and to apply the contraction mapping principle. In particular,
Corollaries and [B.I1] improve related results in [16, Section 1]. Section 3 ends with
a discussion on the Fredholm alternative for (II).

Once this first aspect has been developed, it is quite natural to consider the case in
which pathwise uniqueness is not guaranteed (see Section 4). To this purpose, we deal
with the mapping 7" : Cy([0, 1]) — Cp([0,1]) introduced in [16]:

Ti(w) = wy —I—/O f(s,Ys(w), Y/ (w))ds, w e Cy([0,1]), t €]0,1],

where Y = (Y;) is the solution to (LI]) corresponding to f = 0. In [I6] it is shown
that if T is bijective then existence and pathwise uniqueness hold for (L)) (see also
Proposition 24]). We first show that even if T is not bijective, there always exists a
measurable left inverse S of T provided that a solution X exists (see Lemma [£.13]).
This was our starting point to study uniqueness in law. Indeed, once the existence of a



left inverse is proved the aim is to use a non-adapted version of the Girsanov theorem
recently proved by Ustiinel-Zakai in [25] (see Section 4.2).

Remark that to study uniqueness in law we can not use the well known non-adapted
version of the Girsanov theorem due to Ramer and Kusuoka (see [12], [20], and also [14],
Section 4.1]). This result has been already applied to stochastic BVPs in [7], [8] and [16],
in order to investigate the Markov property when a unique solution exists. The Ramer-
Kusuoka theorem would require that T is bijective (i.e., pathwise uniqueness holds for
(TT)). This is not the case for the Girsanov theorem in [25] which, however, requires
some additional hypotheses (involving Malliavin Calculus) which are not present in [12]
and [20].

Although the formulation of [25] Theorem 3.3] involves Sobolev spaces of Malliavin Cal-
culus, we find more useful to deal with the strictly related notion of H-differentiability
(cf. Section 4.1 and see [I4] Section 4.1.3] and [22]). By using the inverse function
theorem and some functional analytic tools, we first show the H-differentiability of the
transformation F': 2 — €,

Fi(w) = —/0 (s, Xo (@), X ())ds, weQ, te01],

where X is a given solution (see Theorem [I4]); it turns out that S = I + F' is the
above mentioned left inverse of T'. Then we prove an exponential estimate for the
Skorohod integral of F' (see Section 4.4) which is required in the Girsanov theorem of
[25]. Remark that the known exponential estimates (cf. [23] and [25] Appendix B.8])
are not applicable to get our bound. We obtain the required exponential integrability
assuming that f is bounded.

In Section 4.5 we prove a uniqueness in law result in the following form (assume for
simplicity that f(t,z,y) = f(z)). If f € CZ(R), then uniqueness in law for (L) holds
among all the solutions X such that the corresponding linearized equations

uf + ap(w)uy =0, ug=wuy =0,

where a;(w) = f/(X,(w)), t € [0,1], have the only solution u = 0, for any w € Q, P-a.s..
This means that uniqueness in law holds for (I.I]) whenever one is able to prove that
all solutions X to (L)) verify our assumption on the linearized equation. In Section 4.6
we show a concrete class of BVPs for which this is possible. Note that in Theorem 23]
of Section 4.6 we also establish existence of solutions; this is quite involved (see also
Remark where a more general existence result is formulated).

The previous condition on the linearized equation can be, roughly speaking, interpreted
(from the nonlinear analysis point of view) as a requirement on the invertibility of the
differential of the map S; indeed, as it is explained in the proof of Theorem [4.14] it
ensures that S is a local homeomorphism. In order to obtain a global homeomorphism,
and thus pathwise uniqueness, Section 3 shows that some additional assumptions (such
as the non-resonance condition (3.6))) have to be added. Thus, a rough comparison
between our pathwise and “in law” uniqueness results may be proposed in the sense
that the fact that S is a local diffeomorphism is sufficient to guarantee uniqueness in
law.

Finally, in Section 5 we tackle a problem which arises when dealing with non-adapted
versions of the Girsanov theorem. It consists of the determination of an explicit expres-
sion for a Carleman-Fredholm determinant related to the mapping 7" (see (£31])) This
expression is reached in [7] and [16] with an involved proof based on Malliavin calculus.



We propose an alternative shorter proof based on a functional-analytic approach taken
from the book [10]. We believe that this method can be extended to other situations in
which the computation of Carleman-Fredholm determinants is of interest. We also use
the methods of [10, Chapter XIII] to find the expression of the Malliavin derivative of
F' (see Proposition [16). An account of the ideas from [I0] can be found in Appendix
B.

Acknowledgments The authors are grateful to Paolo Cermelli for many helpful and
fruitful discussions. They also thank the collegues of the I.LN.D.A.M. project “Does noise
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Basic Notations Q = Cy([0,1]) denotes the Banach space of all real continuous
functions on [0,1] which vanish in ¢ = 0, endowed with the supremum norm || - [|o.
Moreover, F is the Borel o-algebra on 2 and P the Wiener measure on €2; P can be
uniquely characterized by saying that on the probability space (€2, F,P), the stochastic
(coordinate) process W = (W),

Wiw) =w(t), we, te]0,1], (1.3)

is a real Wiener process (up to time ¢ = 1). As usual, when a property concerning €2
holds for any w € Qp, with Qg € F and P(y) = 1, we say that this property holds
P-a.s.. The subspace C¢ of Q consists of all C''-functions vanishing at ¢ = 0 and t = 1.
Let H; and Hy be real separable Hilbert spaces (with inner product (-,-)q, and norm
| |, £ =1,2). A linear and bounded operator L : H; — H is said to be a Hilbert-
Schmidt operator if for some orthonormal basis (e,) in Hy we have Y, - [Len|3;, < .
The space of all Hilbert-Schmidt operators will be indicated with Hy®Hs or HS(Hy, Hs);
it is a Hilbert space with the inner product (-, ) g, @ H,, (R, S)Hi0H, = Y p>1 (Ren, Sen) Hy
(see, for instance, [I0, Chapter IV] or 21, Chapter VI]). -

The corresponding Hilbert-Schmidt norm is indicated by || ||, @ma5 |- | 2(#,  m7,) denotes
the operator norm in the Banach space L£(H;, Hz) of all bounded and linear operators
from H; into Hs.

Let K be a real separable Hilbert space. We recall that if A and B are linear bounded
operators from K into K and B is Hilbert-Schmidt, then AB is also Hilbert-Schmidt
and

I1AB|| kor < | Allzk, )| Bllkok- (1.4)

If L is a Hilbert-Schmidt operator from K into K, the Carleman-Fredholm determinant
of I+ Lis
deto(T + L) = [T (1 + Me)e ™,
k>1

where A\ are the eigenvalues of L, counted with respect to their multiplicity (see [26],
Appendix A.2] and [10]).

We set H = L?(0,1) and consider also Hy = {f € Q : there exists the distributional
derivative f' € H}. It is well known that any f € Hj is absolutely continuous and so
differentiable a.e., with the derivative defined a.e. which coincides with the distributional
derivative.

The space Hy will be considered isomorphic to H and so identified (when no confu-
sion may arise) with H through the isomorphism f — f’ from Hy onto H; its inverse



mapping will be simply denoted by ~;, i.e., f; = (f); = fot fsds, feH, tel0,1]. By
defining the inner product

<h7g>Ho = <h,7g,>H7 fvg € H07

H{ becomes a real separable Hilbert space.

2 Preliminary results

In this section we introduce the basic boundary value problem studied in later sections,
and give two equivalent integral formulations of it.

Let f:[0,1] x R?> - R be a given continuous function.

An Borel set Qy C Q is called admissible if P(€y) = 1 and, moreover, for any w € Q,
P-a.s., for any h € Hy, we have that w + h € Qg (i.e., w + Hy C Qp, for any w € Qy,
P-a.s.).

A Borel measurable mapping X : Q — Q, X = (Xy), t € [0, 1], is said to be a solution of
() if there exists an admissible open set ' C €2, such that X (w) € C{, for any w € T,
and, for any ¢ € [0, 1], we have

Xi(w) +/0 f(s, Xs(w), XL (w))ds = X{j(w) +wi; Xo(w) = Xq(w) =0, weT.

We say that pathwise uniqueness holds for (L)) if given two solutions X and Z, we have
X = Z, P-a.s.; we say that uniqueness in law holds for ([II)) if given two solutions X
and Z, they have the same law, i.e., for any A € F, we have P(X € A) :=P(X}(A)) =
P(Z € A).

In the sequel we will often omit dependence on w of X and write, more shortly,

t
Xé—k/ f(s, X5, X0)ds = X, + wy, Xo=X1=0, wel, te]0,1]. (2.1)
0

Remark 2.1. Pathwise uniqueness is investigated by [16] always assuming I' = Q; our
generality is also motivated by the existence and uniqueness result in Section 4.6.

An easy equivalence between the classical and weak formulation of solutions is proved
in the next result.

Proposition 2.2. A Borel measurable mapping X : Q — Q such that X (w) € C}, for
any w € T' (T is an admissible open set in ), is a solution if and only if it satisfies, for
every p € C’&,

1 1 1
- / Oy X dt + / o f(t, Xy, X[)dt +/ Pwrdt =0, weT. (2.2)
0 0 0

Proof. We have to show equivalence between (1) and (Z2]). It is clear that if X is a
solution according to () then (multiplying by € C} and integrating by parts) X is
also a solution to (2.2]).

Let now X be a solution according to (Z2]). Letting

t
ut:X,g—i—/ f(s,Xs, XD)ds — X{) — wy, t €[0,1],
0

5



we obtain fol whedt = 0, for every ¢ € C([0,1]) with zero mean. This means that

1 1
/ ug sin(27nt)dt = / ug cos(2mnt)dt = 0, n>1.
0 0

By the L?-theory of Fourier series, u is a.e. constant; but since ug = 0 and u is
continuous it must be u; = 0 for every ¢ € [0, 1]; it follows that X; is a solution of (2.1]).
Alternatively, to prove that u is constant, one can use [4, Lemma VIII.1]. O

Following [16], we consider the solution Y to (ILI) corresponding to f =0, i.e.,

1 t
Yi(w) = —t/o wsds +/0 wsds, te[0,1], we Q. (2.3)

Note that Y : Q — Q is a linear continuous and one to one mapping; moreover Y () =
CL. Moreover, if Y (w) = n then Y, () = wy = 1, — nh, t € [0, 1].

Proposition allows us to rewrite the boundary value problem (1) as an integral
equation. Consider in fact the Green’s function of —d?/dt? (with Dirichlet boundary
condition)

K(t,s)=tNs—ts. (2.4)
First note that
LoK
Yi(w) = / OR () )wds, t€0,1] (2.5)
0 88
Equivalently, using the stochastic It6 integral, we have, P-a.s., Y; = — fol K(t, s)dws,
t €0,1].
Introducing the operator
1
K:Q—Q U= / K{(-, s)vsds, (2.6)
0

we have the following standard result, whose proof is omitted for brevity (see also [7]).

Lemma 2.3. A measurable mapping X : Q — Q, such that X(w) € G}, for any w € T
(T is an admissible open set in ) is a solution of (L) if and only if it solves the
integral equation

X(w)—K(f(,X(w), X' (w))) =Y (w), weTl. (2.7)

Lemma shows that the existence of solution to (L) is equivalent to the existence
of a fixed point for the operator X — K(f(-, X, X")) + Y (w), for any w € I'; such fixed
point must also depend measurably on w. By the properties of the Green’s function, if
X = X(w) is a fixed point of this operator then necessarily Xo =0 = X;.

As in [16] let us introduce the operator T': Q — Q,
t
Ty(w) = wr +/ F(5,Yo(w), Y!(w))ds, weQ, te[01]. (2.8)
0

Note that 7" is continuous on §2.

The following useful result is an extension of [16, Proposition 1.1]. It characterizes
pathwise uniqueness for (LI) by means of the mapping 7". We provide a proof for the
sake of completeness.



Proposition 2.4. The following assertions are equivalent.

(i) There exists an admissible open set I' C ) such that the mapping T : T~1(T) — T
18 bijective.

(ii) There exists an admissible open set I' C Q, such that, for any w € T, there exists
a unique function u € C’é which is a solution of

up + fg f(s,us,ul)ds = ufy + wy (2.9)
uo :0:u1. '

Moreover, if (i) (or (ii)) holds, then there exists a pathwise unique solution X to (L)
which is given by X (w) =Y (T"Hw)), w €T and X (w) =0 ifw € Q\T.

Proof. (i) = (i1). We first show the existence of a solution u corresponding to w € T'.
Let n = T~ }(w) and define u := Y (T~ (w)). We find, for ¢ € [0, 1],

1 t
uy =Y/ (n) = —/0 nsds +my = Y3 (n) + wy —/0 f(s,Ys(n), Y] (n))ds

¢
= u6 + wy — / f(s,us,ul)ds.
0

Uniqueness is obtained from the injectivity of T, using the following fact: if u € C} is
any solution to [Z1) with w € T, then we have T(Y ~!(u)) = w (see the comment after
&3).

(19) = (). Let us check that T is onto. For a fixed w € I', let u be the solution
corresponding to w. We define 7, = Y;_l(u) = u} — uyp, t € [0,1]. We immediately find
T(n) = w. Let us verify that 7" is one to one. If n = T'(wy) = T(w2), then we have, for
k=12,

m = wi(t) + /0 F(5, Yalwn), Y (wi))ds, ¢ € [0,1].

Since wi(t) = Y/(wp) — Y{(wr), t € [0,1], k = 1,2, we see that u(}) =
u® = Y (wy) are two solutions to (Z9) (when w = 7). It follows that Y (w
and so w1 = ws.

To prove the final assertion, i.e., that the given X is in fact a solution, it remains
to check that X : I' — € is Borel measurable. Since Y is continuous, the assertion
holds if 77! : I' — T—YT) is measurable. To show this fact it is enough to apply an
important theorem due to Kuratowski (see [19][Section 1.3]). This result states that any
Borel measurable mapping ¢ from a complete separable metric space F} into another
complete separable metric space Fy, which is also bijective from a Borel subset E; C Fj
onto a Borel subset Fy C I, has the inverse ¢~! : Ey — E; which is Borel measurable
(i.e., ¢ is a measurable isomorphism). O

Y (w1) and
1) = Y(w2)

3 Pathwise Uniqueness

In this section we adapt techniques from the classical theory of boundary value problems
to the integro-differential equation (2.I]) and obtain sufficient conditions on the function
f which guarantee the existence and pathwise uniqueness of the solution for any given
w € Q (i.e., we can take, as it is done in [16], I' = Q in the definition of solution to

@ID)-



3.1 Existence and uniqueness under non-resonance conditions

Consider the boundary value problem
t
X{ + / f(S,Xs)dS = Xé + wy, Xo=X1=0, we Q, (31)
0

and assume that f : [0,1] x R — R is continuous and differentiable with respect to its
second argument with bounded derivative.

By Lemma 2.3l and Proposition 2.4] solvability of ([B.1]) is proved if, for any w € Q, there
exists a unique function u € C} which satisfies

1
u — IC(f (-, w))(t) :/0 aa—ls((t, s)wsds, t € [0,1]. (3.2)

Write H = L?(0,1) and introduce
®: H— H, ur— f(,u(r)). (3.3)

Notice that the existence and uniqueness of the solution of (B2) for every w € € is
guaranteed, in particular, if the map

(I-K®):H-—H, u—u—K(f(u())

is a global homeomorphism. In order to apply a variant of the abstract global implicit
function theorem (cf. [6l Theorem 3.9, page 29]) to (83]), we shall need the following

Lemma 3.1. ([6, Lemma 3.4, page 95]) Let M be a real Hilbert space and K : M — M
be a compact, symmetric, positive definite operator. Let 0 < A\ < Ao < --- < A, < ...
be its eigenvalues (counted according to their multiplicity). Consider a family A of
symmetric linear operators on M, and assume that there exist fiy, fin11, sSuch that

Md < pnd <A< pipirl < Aparl, n>1, (3.4)

for each A € A. Then, the linear map F': M — M, x — v — K Ax, for each A € A has
a bounded inverse and there exists N > 0 such that

(I = KA) e < N, forall A € A. (3.5)
We can now state and prove the main result of this section.

Theorem 3.2. Assume that
of

mm? < h < %(t,x) <k<mim+1)?% te[0,1], z€R, (3.6)

where m > 0 is an integer and h, k are real constants. Then (31]) has a unique solution.

The assumption on % is a non-resonance condition in the sense that zero is the only

solution to the BVP associated to the linear problem fu;/ + %(7, &)vy = 0, for any fixed
7,& eR.



Proof. We only give a sketch of the proof, since it is similar to the second proof of [G],
Theorem 3.3, page 93]. This proof consists of an application of [6, Theorem 3.9, page
29] and Lemma [B.J] As mentioned above, we have to show that (I — K®) is a global
homeomorphism from H onto H. To this end, it is sufficient to check that ® in (33
is of class C! on H and that (I — KD®(u))~! exists, for any u € H (D®(u) being the
Fréchet derivative of ® at u € H) and satisfies, for some N > 0, the inequality

(I = KD®(w) Memm <N,  forallue H. (3.7)

From the assumptions on f, it follows that ® is of class C''. In order to verify B.7), it
suffices to apply LemmaB I with M = H, K = K, A, = (n7)?, taking as A the family of
all bounded linear operators on H defined by Ay(t) = D®(u)[y](t) = %(t, u(t))y(t), for
every u € H. It is clear that the non-resonance hypothesis allows us to apply Lemma

51 O

We close this section with a short discussion of the Fredholm alternative in our context.
Consider a linear BVP for which

f(ta Xt7 Xt,) = MXh (38)

with ¢ > 0 a real positive constant. By Lemma we know that (LI} with B8] is
equivalent to the linear integral equation

(I —pk)X(w)=Y(w), weQ, (3.9)

with Y given by ([Z5]). The operator K is self-adjoint in L?(0,1) and the eigenvalues

and eigenfunctions of K are % = # and sin(knt), with k integer, k > 1. The classical

Fredholm alternative states that, if u # k*72, then ker(I — uK) = {0} and (ZI)) admits
a unique solution X (w) = (I — pK)~'Y (w), while for 4 = k%72 there exist solutions if
and only if Y is orthogonal in L? to the eigenfunctions of K.

In our case, the requirement that Y be orthogonal in L?(0,1) to the eigenfunctions of
KC yields

1 1 1
| /01 Yi(w)sin(knt) dt = —/0 sin(kmt) <1/0 K(t, s)dws) dt
= _/0 (/0 K(t,s) sin(k:7rt)dt> dws = —#/0 sin(kms)dws = 0. (3.10)

However, the stochastic integral ﬁ fol sin(kms) dws is a non-degenerate gaussian ran-
dom variable (with mean 0 and variance # fol sin?(kns)ds = ﬁ) It follows that
the probability that ([8.10) is verified vanishes. This implies that (B.8]) does not have a
solution, for /g = k.
Hence, we have proved

Proposition 3.3. (i) If u # n?n2, the linear Dirichlet BVP associated to (3.8) has a
unique solution.

(ii) If p = m?x? for some m > 1, the linear Dirichlet BVP associated to [33) has no
solution.

Remark 3.4. As in the deterministic case, the above result can be also deduced from
the explicit expression of the solution using Fourier series.



Remark 3.5. A standard argument shows that the above result still holds in the general

case
Ft, X0, X)) = aX, +bX], abeR, (3.11)

where the condition for the existence and uniqueness of the solution of ([BI]) is now
a—b?/4 # k*r?, with k € Z.

3.2 Existence and uniqueness under Lipschitz-type conditions

In this section we give some other existence and pathwise uniqueness results for our
BVP, taking into account Proposition 2.4 and using some tools of the theory of classical
nonlinear ODEs. To this end, we will consider the solution Y (see (2.3])). Let w € Q
and define f : [0,1] x R2 — R by

ft,z,y) = [tz + Yi(w),y + Y/ ().
A straightforward computation leads to
Lemma 3.6. Let w € ) be fizred. A function u € C’& s a solution of
{ uy+ [ f(s,us,ul)ds = uf + wy (3.12)
ug =0 =1uy
if and only if z := u; — Yi(w) belongs to C?([0,1]) and is a solution of

zy —I—f(t, zt,21) =0
1
{2’0:0:21. (3 3)

Note that, as a consequence of its definition, the function f has the same regularity of
f with respect to the second and third arguments.

Lemma [3.6] allows to apply the classical existence and uniqueness results for boundary
value problems by Bailey, Shampine and Waltman [3]. To do this, let K, L be real
numbers and define

2 L : 2
VIR 3 AYeCos 5 if4dK — L* >0
2 L . 2
—= arccosh—~— if4K —L“<0,L>0,K >0
a(L,K)={ VIPIK 2VK (3.14)
2 if AK —L?=0,L >0
400 otherwise
and
B(L,K)=a(-L,K). (3.15)

The first result of [3] that we use here is based on the contraction mapping principle,
and its proof consists in showing the existence and uniqueness of a fixed point of an
operator defined through the Green’s function for problem (BI3]) (analogue to the in-
tegral operator introduced in Section 2). However, more work is needed in order to get
an optimal result.

Theorem 3.7. ([3, Theorem 3.5]). Assume that there exist K, L such that
|t 2,9) = f(t.3,9)] < Ko =3[+ Lly — g, (3.16)
for allt € [0,1] and for all x,%,y,§ € R. Assume also that 1 < 2a(K, L). Then (313)

has a unique solution.

10



Remark 3.8. The above result is optimal, in the sense that neither existence nor
uniqueness are guaranteed when 1 = 2a(K, L).

Recalling Proposition 2.4] and Lemma [B.6] we obtain
Corollary 3.9. Assume that there exist K, L such that

for all t € [0,1] and for all x,Z,y,y € R. Assume also that 1 < 2a(K,L). Then (LI
has a unique solution. In particular, if

forall t,x,Z,y,y and 0 < L < 4, then ([LI)) has a unique solution.

Proof. Tt is sufficient to apply Theorem 3.7 Lemma 3.6 and the definition of f . As for
the particular case when (B8] holds, it is easy to check that if 0 < L < 4 then we can
get

4 L
1 < —=arccos —. 3.19
VAL — L2 2 (8.19)
From the definition of « it follows that the above inequality is equivalent to 1 < 2«a(L, L)
and thus Theorem B.7 applies with K = L. O

Corollary improves Proposition 1.4 in [I6], which shows existence and uniqueness
under the assumption that

’f(tvxvy)_f(tvi'?g)‘ SL("Z'_‘%‘—’_’?J_@D? (320)

for all t € [0,1] and for all z,Z,y,5 € R, and L < 1/3.
Corollary can be further improved by means of a generalized Lipschitz condition.
To this end, we recall

Theorem 3.10. ([3, Theorem 7.6]). Assume that f is locally Lipschitz and that there
exist K, L1, Ly such that

ft.z,y) — f(t,3,y) < K(z — &), (3.21)
forallz > z,t €[0,1],y € R,

for ally > g,t € [0,1],z € R. Assume also that 1 < a(Le, K) + (L1, K). Then (313)
has a unique solution.

Arguing as above, we obtain

Corollary 3.11. Assume that f is locally Lipschitz and that there exist K, Ly, Lo such
that

ftzy) — f(t3,y) < K(z — %), (3.23)
forallz > z,t €[0,1],y € R,
Ll(y - ?j) S f(t,.%',y) - f(t,.%',g) S LQ(?J - g)v (324)

for ally > g,t € [0,1],z € R. Assume also that 1 < a(Le, K) + (L1, K). Then (312)
has a unique solution.
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Corollary BI1] can be compared with Proposition 1.3 in [16], where it is assumed that
f = f(z,y) is nonincreasing in each coordinate and that it has linear growth. More
precisely, the monotonicity condition in x,y is contained in (B.23)), [324]) when we
take K = 0 and Lo = 0, respectively. Moreover, it follows from the definitions that
B(L1,0) = +00. Notice that no linear growth restriction is required in Corollary BT}
the assumptions are satisfied also (as remarked in [3]) by a nonlinearity of the form

flt,x) = —e”.

4 Uniqueness in law

In this section we will give sufficient conditions to have uniqueness in law for solutions to
the BVP associated to equation (ILI). These conditions are not covered by the pathwise
uniqueness results of previous sections. In this section (excluding Remark [£.24]) we will
always assume that

Hypothesis 4.1. The function f : [0,1] x R? is continuous and bounded and has first
and second spatial partial derivatives fr, fy, foxs fey and fyy which are continuous and
bounded.

4.1 H—differentiability

Let H = L?(0,1) and Hy be the subspace of {2 introduced at the end of Section 1. Recall
that a Hilbert-Schmidt operator K : H — H can be represented by a Kernel K(t,s) €
L?[(0,1)2], ie., Kih = fol K(t,s)hsds, t € [0,1]. Identifying H with Hj, a Hilbert-
Schmidt operator R : Hy — Hy can be represented by a Kernel R(t,s) € L?[(0,1)?] as
follows:

t 1
Rtf:/o dr/o R(r,s)fids, f € Hy, te€]0,1]. (4.1)

In the sequel we will identify Hilbert-Schmidt operators from Hgy into Hy with their
corresponding kernels in L?[(0,1)2]; to stress this fact, we will also write Hy ® Hy ~
L?[(0,1)?]. The following definition is inspired from [22] (compare also with [I4, Chapter
4], [26], Section 3.3] and [26, Definition B.6.2]).

Definition 4.2. Let K be a real separable Hilbert space. A measurable map G : Q — K
is said to be H-differentiable if the following conditions hold:
(1) For any w € Q, P-a.s., the mapping G(w + ) : Hy — K, h — G(w + h), is Fréchet
differentiable on Hy.
(2) For any w € ), P-a.s., the H-derivative DyG(w), which is defined by
h) —
DyG(w)h] = lim YW =0W) (4.2)

r—0 T

is a Hilbert-Schmidt operator from Hy into K.
(8) the map w+— DyG(w) is measurable from  into Hy @ K.

Remark 4.3. In condition (1) we are requiring that G is differentiable along the direc-
tions of Hy (the Cameron-Martin space or the space of admissible shifts for P, see [26]).
The space Hy is densely and continuously embedded in € (the immersion ¢ : Hy — 2
is even compact). The triple (2, Hp,P) is an important example of abstract Wiener
space (see [14, Section 4.1]). The notion of H-differentiability can be more generally
formulated in abstract Wiener spaces.
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In the special case when K = Hj we obtain (see (4I]) and compare with [16, Theorem
2.1])

Definition 4.4. A measurable map G : Q — Hy is said to be H-differentiable if the
following conditions hold:

(1) For any w € Q, P-a.s., the mapping G(w + ) : Hy — Hy is Fréchet differentiable on
Hy.

(2) For any w € Q, P-a.s., there exists the H-derivative, i.e., a kernel DyG(w) €
L?([0,1]?), such that, for any w € Q, P-a.s.,

lim Glwtrh) =Gw) _ / (DuGW)[W](s)ds, h e Ho, (4.3)
r— r 0

where (DG (w))[R](t) = fol DpG(w)(t,s)hlds, t € [0,1].

(3) the map w — DyG(w) is measurable from Q into L?([0,1]?).

The concept of H-differentiability goes back to Gross at the beginning of the 60s and it is
now well understood that it is strictly related to Malliavin Calculus (see also Appendix
A). The relation between the H-differentiability and Malliavin derivative is completely
clarified in [22] (see also [14] Section 4.1.3]). It turns out that DyG is the Malliavin
derivative of G. More precisely, we have the following result as a special case of [22]
Theorem 3.1].

Theorem 4.5. (Sugita [22]) Let K be a real separable Hilbert space. Let us consider a
measurable map G : Q0 — K which is H-differentiable and such that G € L2(Q; K) and

DypG e L*(Q; Hy ® K).
Then G belongs to DY2(K) (see Appendiz A). Moreover, we have Dy G = DG, P-a.s..
Let us go back to the map T given in 2.8]); T: Q — Q, T =1+ G, where G : Q — Hy,

Gi(w) :/0 f(s,Ys(w),Y!(w))ds, we, te]lo,1]. (4.4)

We have the following lemma.

Lemma 4.6. The following assertions hold:
(i) The mapping T : Q — Q is continuously Fréchet differentiable on ), with Fréchet
derivative DT (w) : Q — €,

DT =0+ [ (£l Y@l YD i) + fy(5, Yol YY) ds
=60+ DG(w)[0], w, 6l €.

(ii) The mapping G : Q — Hy is H-differentiable, with the following H -derivative
DyG(w), for any w € Q,

DuG(w)[h)(t) = fo(t, Yi(w), Y (w)) Yi(h) + f, (¢, Yi(w), Y/ (@) Y{ ()
= —ay(w) /1 K(t,s)hsds — by(w) /1 K (t,s)hsds, he€ H, te€[0,1],
0 0

where a; = ay(w) = fo(t, Yi(w), Y/ (w)) and by = b(w) = f,(t, Yi(w), Y/ (w)). Moreover,
the following relation between Fréchet and H -derivative holds:

DG(w)[h](t) = /0 DuG)(s)ds, heHy 1], we  (45)
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Proof. (i) It is straightforward to check that 7" is continuously Fréchet differentiable
on ). First one verifies its Gateaux-differentiability at a fixed w, finding the Gateaux
derivative DT'(w). The computations are easy, we only note the estimate

sup |Ys(w +78)] < [lwlloo + [10]|oo-
s,r€[0,1]

Then one proves in a straightforward way that the mapping: w — DT(w) from  into
L(Q) (L() denotes the Banach space of all linear and bounded operators from € into
 endowed with the operator norm) is continuous and this gives the assertion.

(i) First note that the operator

h— DgG(w)lh] = —ar(w) /01 K(t,s)hsds — by(w) /01 O K (t,s)hsds, h € H,

is a Hilbert-Schmidt operator on H. To check the H-differentiability of G, it is enough
to verify that (the limit is in H)

- Gi (w7 [y hsds) — Gi(w)

r—0 r

= fo(t, Ya(w), Y/ (@) Yi(h) + f (1, Yi(w), Y/ (@) Y{ (),
(4.6)
h € H, where hy = fot hsds, and also that

h+— DyG <w +/ hsds> is continuous from H into L?([0,1]?), (4.7)
0

for any w € Q. The proof of (40 is straightforward (formula (48] also appears in [16])
and also the verification of ([T]).

It remains to show the measurability property, i.e., that w — DpyG(w) is measur-
able from Q into L?([0,1]?). We fix an orthonormal basis (e;) in H and consider the
orthonormal basis (e; ® e;) in L%([0, 1]?); recall that e; ® e;(t, s) = e;(t)e;j(s), s,t € [0,1]
(cf. see [2I, Chapter VI]). To obtain the measurability property, it is enough to verify
that, for any 4,7 > 1, the mapping;:

W /0 1 /0 U DF (W) (s, es(t)e; (s)dtds (4.8)
is measurable from €2 into R and this follows easily. The proof is complete. O
Remark 4.7. We have, for any w € €,
1DEG (W)l L2(0,172) < ([ fzllo + [[fyllo) (1K N 22 (0,172) + 10K || L2 (0,112))- (4.9)
Lemma 4.8. For any w € ), the Fréchet derivative DT (w) : Q — Q is such that

DT (w) =1+ DG(w) : Q — Q is an isomorphism <&
the linearized equation ué’ + btu; +auy =0, ug =wuy =0,
with a; = ay(w) = fo(t, Vi(w), Y/ (), be = bi(w) = fy(t, Vi(w), Y/ (w)),

has the unique zero solution.

(4.10)
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Proof. Since DG(w) is a compact operator on €2, by the Fredholm alternative theorem
it is enough to check that I + DG(w) is one to one. Fix w and let 6 €  be such that

t
0; +/ (fal(s,Ye(w), Yi(w)) Ys(0) + fy(s,Ye(w), Y (w)) Y{(#))ds =0, te][0,1].
0
It follows that 6 is differentiable and
0 + ar(w) Yi(6) + by (w) Y/ (0) = 0.

Recalling that 0, = Y/'(6), we find that Y;(#) = u; solves the boundary value problem
uf + agug + byuy = 0, ug = u; = 0. Hence Y (6) = 0 and so 6 = 0. O

4.2  An anticipative Girsanov theorem involving a Carleman-Fredholm
determinant

Here we present a non-adapted version of the Girsanov theorem proved recently in [25]
Theorem 3.3]. This result will be used in the sequel to prove uniqueness in law for
our boundary value problem (LI]). Its formulation requires some concepts of Malliavin
Calculus (see Appendix A). Recall that Hy ® Hy ~ L?[(0,1)?].

Hypothesis 4.9.

(i) Let F : Q — Hy be a measurable mapping which belongs to D*?(Hy).

(i1) If 5(F) denotes the Skorohod integral of F' and Dy F its Malliavin derivative,
it holds

exp ( — §(F) + HDMFHLQ([O,HZQ e LY(Q). (4.11)

Let us comment the previous assumptions; (i) and (ii) are immediately obtained from
the corresponding assumptions in [25, Theorem 3.2] with » = 2 and v = 3. Consider
Ap:Q — R,

1
Ap(w) = det o(I + Dy F(w)) exp ( — §(F)(w) — 5|F(w)|§,0). (4.12)
As pointed out after [25, Theorem 3.2] (see also Appendix A.2 in [26]) under Hypothesis
A9 we have Ap, Ap(I + Dy F) 'v € LA(Q), for any v € H,.

Theorem 4.10. (Ustiinel-Zakai [27)])
(H1) Assume that F satisfies Hypothesis[].9 and consider the associated measurable
transformation T = Tp : Q0 — €,

7Tw)=w+ F(w), we. (4.13)

(H2) Assume that, for any w € Q, P-a.s., [ + Dy F (w)] : Hy — Hy is an isomor-
phism (here I = Iy, ).
(H3) Assume that there exists a measurable (left inverse) transformation T; : Q@ — €
such that
T(Tw)) =w, weQ, P—as.
Then there exists a (Borel) probability measure Q on , which is equivalent to the
Wiener measure P, having density % = Ap, and such that

Q7T YA) =Q({w € Q : T(w) € A}) =P(A), for any Borel set A C Q.  (4.14)
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Note that the assertion says that the process (7;(w))icpo,1) is a Wiener process on
(Q,F,Q). The measure Q is called a Girsanov measure in [25].

Remark 4.11. It is useful to compare the previous theorem with another non-adapted
extension of the Girsanov theorem known as the Ramer-Kusuoka theorem (see [12], [14]
Theorem 4.1.2] and [26, Section 3.5]). This result has been also applied in [2], [7], [8]
and [I6]. Its formulation requires the following assumptions.

(H1) Assume that F : Q — Hy is H-differentiable and that the mapping: h —
Dy F (w+ h) is continuous from Hy into Hy ® Hy, for any w € §, P-a.s..

(H2) Assume that the measurable transformation T =1+ F : Q — Q (see [@I3))
1s bijective.

(H3) Assume that, for any w € Q, P-a.s., [[ + DyF (w)] : Hy — Hy is an isomor-
phism.

If (H1)-(H3) hold, then there exists a (Borel) probability measure Q on €, which is
equivalent to P, having density % = |AFr|, such that [@AI4]) holds.
Note that Theorem [ZI0] does not require the invertibility of 7. On the other hand,
additional integrability assumptions on F' are imposed. There is also a difference in the
expression of %. Indeed Theorem [I0] claims that deto(I + Dy F') is positive, P-a.s.,
while in the Ramer-Kusuoka theorem, we have to consider |deto(I + Dy F)|.

4.3 Some results on H-differentiability and Malliavin derivatives

Let X = (X;), X : Q — Q be a measurable transformation. We introduce an associated
measurable mapping S¥ = 5 : Q — Q, as follows

St(w) = wy —/0 f(s, Xs(w), XL(w))ds = [(I + F)(w)];, where F=FX :Q — Hy,

Fi(w) = —/ f(s, Xs(w), XL (w))ds, te]0,1].
" (4.15)

Proposition 4.12. A measurable mapping X : Q — Q is a solution if and only if there
exists an admissible open set I' C €, such that

Xi(w) = Vi(SW), weT, teo]
Proof. Recall that Y;(w) = —t fol weds + fg wsds, so that

1
Yi(w) = / as(t As — ts) wgds.
0

Let X be a solution. By Lemma we have, for any w € T,

1 s
Xt(w):/o Du(t N s — ts) (ws—/0 F(r, X, (), X! ())dr) ds = Yi(S(w).

The reverse implication follows similarly. U

Let us go back to the continuous map 7" : 2 — . Recall that pathwise uniqueness can
be characterized by the fact that T" is bijective (see the precise statement in Proposition
2.4). In this section we are mainly interested in situations in which we do not know if
T is bijective or not.

The following two results will be important. The first one says that 1" is always a
measurable left inverse of S (compare with Theorem [.10]).
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Lemma 4.13. Let X be a solution to (21l and let S be the associated measurable
mapping (see [@I3D])). We have on the admissible open set I' C Q (see (2.1]))

ToS =1, (4.16)
in particular S is always injective on T’ and T' surjective from S(I') onto I

Proof. We have, for any w € I, using Proposition [£12],
t
T (S(w)) = Se(w) + / f(5,Y(S()), Y{(S(w)))ds
0

:wt—/o f(s,Ys(S(w)),Ys’(S(w)))ds+/0 (5, Xa(w), X' (@))ds = wy, £ € [0,1].

O

We introduce now an assumption on solutions to the boundary value problem under
consideration. Let X be a solution to (21I). We say that X satisfies the hypothesis (L)
if there exists an admissible Borel set €y C 2 such that

for any w € Q, the linearized BVP u} + byuj + agus = 0, ug = up = 0,
(L) § where a; = a;(w) = fo(t, Xy (w), Xj(w)) and by = b(w) = f, (¢, Xi(w), X} (w))
has only the zero solution.
(4.17)

If T:Q — Q is bijective (as it is always the case in [16]) a condition which implies (L)
is

for any w € Q, the linearized BVP u} + byu; + arup = 0, ug = ug =0,
(LY) < where a; = a;(w) = fo(t, Yi(w), Y/ (w)) and by = by(w) = fy(t, Vi(w), Y/ (w))
has only the zero solution.
(4.18)

Using Lemmas and [L.8 we can prove the following result (recall the admissible open
set I' C Q given in (2]) and the fact that 7= I + G in [@4)).

Theorem 4.14. Assume Hypothesis [[-1. Let X be a solution to ([21) which satisfies
(L) and let S = I+ F be the associated measurable mapping (see ({-19)). Then the map
F is H-differentiable and we have, for any w € Q, P-a.s.,

-1

Dy F ()] = [T+ DuG (@)™ — I = ~DuG(Sw)) (I + DuG(Sw)) ™. (4.19)

Moreover, for any w € Q, P-a.s. (setting I = I, ),
[I + DyF (w)]: Hy — Hy is an isomorphism.

Proof. The proof is divided into some steps.

I Step. We show that there exists an admissible open set I'g C I', such that S and F are
Fréchet differentiable at any w € Ty.

According to formula ([@I0]) the Fréchet derivative DT(S(w)) is an isomorphism from
2 into Q if and only if (£I7) holds for w (recall that X =Y o S). Let Q¢ C Q be the
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admissible Borel set such that (ZI7) holds for any w € Q. Define Q' = QyNT'. Clearly
P(Q') =1 and also Hy +w' C ', for any w € ', P-a.s.. Thus ' is an admissible Borel
set in €.

Fix w € Q. Since DT(S(w)) is an isomorphism, we can apply the inverse function
theorem and deduce that 7" is a local diffeomorphism from an open neighborhood Ug/.,
of S(w) into an open neighborhood Vy(g(,)) = Vo of T(S(w)) = w. We may also assume
that V, C T, for any w € €. Let us denote by 7! the local inverse function (we have
T-YV,) = Us(w))- By Proposition 212} we know that

(0T SO) T (V,)} =V..
It follows that S is Fréchet differentiable in any «’ € V,, and that
DS(W') = (DT(S(w") ™" = (I + DG(S(w)))~".

Introduce the open set

Iy = U V, cT.
weY

Since ' C Ty, we have that P(T'g) = 1. In addition Hy+w C Ty, for any w € T, P-a.s..
The restriction of S to I'y is a Fréchet-differentiable function with values in 2. It follows
that also F'is Fréchet differentiable at any w € I'g with Fréchet derivative

DF(w) = (I + DG(S(w)))™' — 1. (4.20)

II Step. We check that, for any w € Ty, DF(w)[h] € Hy, if h € Hy, and, moreover, for
any w € Ty, DF(w) € Hy® Hy (when considered as an operator from Hy into Hy). We
also show that, for any w € 'y, P-a.s., the map:

DF(w+-): Hy— Hy® Hy is continuous (4.21)

and that DF(+) is measurable from Ty into Hy ® Hyp.

Let us consider, for w € I'g, k = (I + DG(S(w)))~'[h]. We have k + DG(S(w))[k] = h.
It follows that k € Hy, since DG(S(w))[k]| € Hyp. By (@5]) in Lemma [£.6] we obtain that
if h € Hy, then

(I +DG(Sw)~'[h] = (I + DuG(Sw)~ ' [A].

By using the identity
(I +DpG(SW)))™" =1 =-DupG(Sw))(I + DuG(Sw)))™", we Iy,

since (I + Dy G(S(w)))~! is a bounded operator and Dy G(S(w)) is Hilbert-Schmidt,
we deduce that (I + DyG(S(w)))~! — I is a Hilbert-Schmidt operator on Hy (see (I4)).
We verify now the continuity property (£2I]), i.e., that for any w € 'y, P-a.s., for any
k € Hy,

J_Jim Dy G(S(w+h) I+ Dy G(S(wth)) ™= DuG(S(w k) (I +DrG (S (w k)™

(note that, for any w € T'g, P-a.s., DF(w + h) is well-defined at any h € Hp). This
requires the following considerations.
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(a) The mapping: DG : Q — Hp ® Hy is continuous. Indeed we know (see Lemma

E.0)
DHG(W) = _fx(tayz(w)’}/t/(w))K(t’ S) - fy(ty}/t(w)vy;//(w))atK(tvs)

(identifying operators in Hy ® Hy with corresponding kernels in L?([0,1]?)). Since Y
and Y’ are continuous from € into Q we get easily our assertion using Hypothesis BTl

(b) Since S : Ty — € is continuous and T’y is admissible, we get that, for any w € I,
P-a.s., the map: S(w + -) : Hy — Q is continuous. Using also (a), we obtain that, for
any w € I'g, P-a.s., (DgGo S)(w++): Hy — Hy ® Hy is continuous.

(c) To get the assertion we use (L4]) and the following fact: for any w € Iy, P-a.s., we
have
}llin}ﬁ(l +DG(S(w+h)" =T +DyG(S(w+ k)~ !

(limit in £(Hy, Hyp)) for any k € Hy. This holds since, for any w € Iy, P-a.s., (I +
DyG(S(w+ h))) is invertible for any h € Hy, and, moreover, for any w € I'g, P-a.s.,
limp ., (I + DpG(S(w+h))) = (I + DugG(S(w + k))) in L(Hy, Hy), for any k € Hy.

To check the measurability property, we can repeat the argument before formula (Z.S]).

IIT Step. There exists ¢y > 0, depending on || fzllo and || fyllo such that, for any w € Ty,
|DS(w)h|g, = |(I + DrG(S(w))) ™ hlw, < colb|m,, h € Ho. (4.22)

This estimate follows from Corollary applied to L = DyG(S(w)).
IV Step. We prove that F is H-differentiable with Dy F(w) = DF(w) (see (@1)), for
any w € I'g.
The assertion will be proved if we show that there exists, for any w € Ty, R(w) € Hy®Hy,
such that

lim L@ = F@) pym, he my (4.23)

r—0 r

(the limit is in Hy). Indeed, once this is checked we will get that R(w) = DF (w) (because
the topology of Hj is stronger than the one in ). Moreover, we will obtain (since I'g is
admissible) that, for any w € I'g, P-a.s., F(w+ ) : Hy — Hj is Gateaux differentiable
on Hy. Combining this fact with (£21]), we will deduce the required property (1) in
Definition EL41

To prove ([@23]), we first show that, for any ¢ € [0,1], w € Iy, and h € Hy,

(i) Tim Xi(w+rh) — Xy(w)

r—0 T

= Y (DS(w)[h)), (4.24)

(i) lim X/ (w+rh) — X(w)
r—0 r

=Y/ (DS(w)[h]).

Let us only check (ii) (the proof of (i) is similar). Using the fact that X =Y oS on Ty,
we have (for r small enough)

Xi(w+rh) - X{(w) _ _/1 (Ss(w +7h) — Ss(w))ds N Si(w + 7h) — Si(w)
0

r r r

and the assertion follows passing to the limit as r — 0 (using also ([£22])).
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Let us go back to ([£23)). Define, for w € Ty, and h € Hy,

RO = [ (a)V(DS@)I) + b)Y, (DS@)H) )ds., ¢ 0.1]

We have
. F(w+rh) — F(w) R(A 2
lim | ; - R@)nl],
iy ] - Lol o ) o X Xt
r—0 Jo T

—as(w)Ys(DS(w)[h]) — bs(w)Y;'(DS(W)[h])‘QdS-

Now an application of the dominated convergence theorem shows that the previous limit
exists and is 0. The proof is complete. O

Next we provide useful properties of the Malliavin derivative of F', taking advantage of
the techniques in [I0] (see Appendix B). The first one is an L>-estimate for Dy F' and
will be important in Section 4.5.

Proposition 4.15. Under the assumptions of Theorem there exists C' > 0, de-
pending on || fillo and || fyllo, such that, for any w € Q, P-a.s. (identifying L*([0,1]%)
with Hy ® Hy),

1D F(w)llz2(0,12) < C- (4.25)
Proof. Using (L4, estimates (9] and ([£22) lead to the assertion. O

The following result provides an “explicit expression” for the Malliavin derivative Dy F.
The formula follows from ([@I9]) and Theorem 53]

Proposition 4.16. Under the assumptions of Theorem[{.17] (identifying Hy ® Hy with
L?([0,1]?)), we have, for any y € L*(0,1), w € Q, P-a.s.,

1
Dy F(w)ly] = - /0 At s)y(s)ds, t e [0,1],

with
ts) = {(%)[atm(s)w(w Fhua(s) ()], 0<s<t<l,
: ({5 (arua(t) + by (1)) p(s), 0<t<s<l1.

Here uy, k =1, 2, denote the solutions to u) + byu), + arup, = 0 (the coefficients a; and

by depend on w and are given in ([{.17)) with initial conditions uy(0) = ub(0) = 1,

1} (0) = ug(0) = 0, respectively. Moreover, W = uyub, — uguy, M = uy(1)/uz(1), and
(10(8) = _UZ(S)M —|—U1(3), T/J(t) - u2(t)M - ul(t)7 te [07 1]7 s € [07 1]

The next result is needed in Section 4.5.

Proposition 4.17. Under the assumptions of Theorem[J.14, we have that F' € D*?(Hy).
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Proof. The proof is divided into some steps.

I Step. We check that G € D*?(Hy).

Since we already now that G € D%“2(Hj), we only need to show that DG € DY“?(Hy®
Hy). Applying Theorem [4.5] it is enough to prove that DyG : Q@ — Hy ® Hy is H-
differentiable and that Dy (DyG) € L™ (Q, HS(Hy, Hy ® Hy)). We proceed similarly
to the proof of Lemma [0 (with more involved computations). Recall that Hy ® Hy ~
L?([0,1]?). First we introduce a suitable operator R(w) € HS(Ho, Hy ® Hy), for any
w € . This operator can be identified with an integral operator acting from L?(0,1)
into L2([0,1]?), i.e., with a kernel in L?([0,1]?). For any w € Q, we set

= (W) = faalt,Vi(w), Y/ (W), di = di(w) = foy(t, Yi(w), Y/ (),

er = et(w) = fyy(t,Y}(w),YZ(w)).
Now R(w) can be identified with the following kernel in L2([0, 1]?):

K (t,s)K(t,r) + dy O K (t,s) K(t,r) + di K(t,8) O K (t, 1) + et Oy K (t,8) O K(t,1),
t,s,r € [0,1]. We have, for any h € H, w € Q,

i DyG (w +r fo hsds) — DyG(w)

r—0 T

=0, heH.
L2([0,1]?)

— R(w)[h]

It is easy to check that h +— R (w -+ IN hsds) is continuous from H into L?([0,1]%), for
any w € Q. In addition the mapping w — R(w) is measurable from Q into L2(]0,1]3)
(this can be done using the argument before formula (48])). This shows that Dy G is
H-differentiable and moreover that D%G(w) = R(w), w € Q. Finally, it is easy to see
that D%,G € L>(Q, L?([0,1]®)) (recall that L?([0,1]3) ~ H.S(Ho, Hy ® Hy)).

11 Step. We prove that Dy F' is H-differentiable.

In order to check condition (1) in Definition 2] we use the admissible open set Iy C Q
given in the proof of Theorem 14l and prove that, for any w € T'g, P-a.s., the mapping:

hb—)DHF(w+h)

from Hj into Hy ® Hy is Fréchet differentiable on Hy.

Let us consider a Borel set Q" C T'g, with P(Q2”) = 1 such that, for any w € Q”,
w+ Hy C Ty. Fix any w € Q”. We would like to differentiate in formula (£I9), i.e., to
differentiate the mapping

hs (I +DgG(S(w+h))™ -1 (4.26)

from Hy into Hy® Hy, applying the usual composition rules for Fréchet derivatives. The
only problem is that the mapping h — S(w+h) = w+h+ F(w+ h) does not take values
in Hy. This is the reason for which we will verify directly the Fréchet differentiability
at a fixed hg € Hy. By setting (I + DgG(S(w+ h))) = M(h), we have, for any h € Hy,

M~ (h) = M~ (ho) = M~ (h) (M (ho) — M (h)) M~ (ho)
= —M"Y(h)(DuG([S(w + h) — S(w + ho)] + S(w + ho)) — DuG(S(w + ho))) M (ho)

= —M(h) (DgG(S(w + o)) [S(w +h) — S(w + ho)])M “H(ho)
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+ M7 (h) o([S(w + h) — S(w + ho)]) M~ (ho)

— —M~Yh) (D%G(S(u) +ho)){(h — ho) + Dy F(w + ho)[h — ho]})M‘l(ho)
= M () (DHG(S(@ + o)) [o(h — ho)]) M~ (o)

+ M) o([S(w + h) — S(w + ho)])M " (ho),
as h — hg; we have used I Step together with the fact that S(w + h) — S(w + hg) =
(h—h0)+ (F(w—i—h) —F(w—i—ho)) € Hy and S(w+h) —S(w—l—ho) = (h — ho) +
Dy F(w+ ho)[h — ho] + o(h — hg) as h — hgy. This shows the Fréchet differentiability of

the mapping in (£26]) at hg, with Fréchet derivative along the direction k € Hy given
by

V(W)[k] = — M~ (ho) <(D,2LIG(S(w + ho)) [k + D F(w + ho)[k:]]> M~Y(hg).
Let (ej) be an orthonormal basis in Hy. Using (L4]), we find, for any j > 1,
IV (@)l moemo < 1M~ (P70 110) (D3 G(S(w + ho))lej] | o o (4.27)

+ I DHEG(S(w + ho)ll £(H0, How o) PHEF (W + ho)le;] |, )-

It follows that, for any w € Q”, V(w) € HS(Ho, Hy ® Hp). Up to now we know that
condition (1) in Definition @2l holds for G = Dy F, with Dy (D F)(w) =V (w), w € Q.
It remains to check that V(-) is measurable from Q" into HS(Hy, Hy ® Hy). This holds
if, for any k& € Hg, the mapping:

w = V(w)[k]

is measurable from Q" into HS(Hp, Hp) and this is easy to check. The assertion is
proved.

III Step. We prove that Dy (DgF) € L>®(Q, HS(Hy, Hy ® Hp)).

By Theorem this will imply that F' € D??(Hy). Taking into account the bounds
(E22) and [E2H) and the fact that D% G € L>®(Q, HS(Ho, Hy ® Hy))), we find (see
#27)), for any w € Q, P-a.s.,

HV(W)”%s(HO,HO@HO) = Z HV(W)[QJ']”%I@HO <,
j=>1

where C' > 0 depends on || fz||o, || fyllos | fzzl0s | fzylo and || fyyllo. The proof is complete.
U

4.4 Exponential integrability of the Skorohod integral §(F)

We start with a technical result from [14] Section 3.1] which requires to introduce the
space L2 (see [14, page 42]).

A real stochastic process u € L2([0,1] x Q) belongs to the class L2 if, for almost all
t € [0,1], uy € DY2(R), and there exists a measurable version of the two-parameter
process Dyuy which still belongs to L2([0, 1] x ). One can prove that L? C Dom(9).
Moreover L'? is a Hilbert space and has norm

||UH%12 = ||UH%2([0,1}XQ) + HDMUH%2([O,1]><Q)'
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Let u € LY2. Fix a partition m of [0,1], 7 = {to = 0 < t; < ... < ty = 1}. Let
|T| = supg<;<n—1 |tit1 — ti| and define the following random variable

N-1

5w =3 —( / E s/ ity 1) (@) ds ) (@ltisn) = w(t)), w €2,

t: — ¢
i—0 i+1 i

P-a.s.; here E[us/}'[t tia]e ] denotes the conditional expectation of us € L?(Q) with
respect to the o-algebra F, 4, e (where [t;,t;11]® = [0,1] \ [t;,t;11]). This is the o-

algebra (completed with respect to IP) generated by the random variables fo 14(s) dws,
when A varies over all Borel subsets of [t;,t;41]¢ (see [14], page 33]).

According to [14, page 173], when u € L2 there exists a sequence of partitions (7")
such that lim,_. |7"| = 0 and

n

S™ — 6(u), asn — oo, P—a.s. andin L3(Q). (4.28)
We can now prove the following estimate.

Proposition 4.18. Let u € L2 N L>°([0,1] x Q). Then, for any a > 0, we have

2,012
a” flullse

Elexp(afé(u)])] <22,
where [[ulloo = [l L= (j0,11x0)-

Proof. We will use assertion ({L.28]), with the previous notation. It is enough to prove
the following bound, for any n > 1,

2
2 lullse

Elexp(a|S™ )] < 2e% 2. (4.29)

Once ([@29) is proved, an application of the Fatou lemma will allow us to get the
assertion.

By elementary properties of conditional expectation, we have, for almost all s € [0, 1],
w, P-a.s.,
|E[u5/‘7:to t1]¢ ]| < Hu||007

for any 0 <ty < t; < 1. It follows that, for any n > 1, w, P-a.s.,
1 )
7%/1& E [t/ Fip i, e) () ds| < ]

n
tz—i—l

. ¢
Setting Z; , = m t?“ E[us/}"[thlﬂ}c] (w) ds, we get

o™ a| SN w(th )—w(t? a w —w(t?
Efexp(a |§™|)] = [ | S Zin (@ (84 4) (tlm}_ [ SN 1 Zi |ty ) (tm]

SE[eanunmz b lw(tipn)—w(t:) ] [Heanunm\w m ) —w(t] >|]

Nn

Nn,
:HE[eallullw\w ta)—w(t)l } HE[ alulloo lw(t , — t;i)\]
=0
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(in the last step we have used the independence of increments and stationarity of the
Wiener process). Now the bound (£29) follows easily, noting that

Indeed, we have, for any n > 1,

Nn, )
Elexp(alS$™])] < ] 2E [e%nungo (t;;l—t;z)] _ 90
i=0

2
2 Jlullse
2

O

Identifying Fi(w) = — fg f(s, Xs(w), XL (w))ds, t € [0,1], with the associated stochastic
process u € L2

u(t,w) = f(t, Xe(w), Xj(w)), t€[0,1], weQ
(see also [14], Section 4.1.4]) and applying the previous result, we obtain

Corollary 4.19. Assume that f : R — R is a bounded function. Then, for any a > 0,
it holds:

Elexp(a |5(F)| )] < 2¢T 113, (4.30)

4.5 The main results

We state now our main result. This theorem implies as a corollary that uniqueness
in law holds for our boundary value problem (1) in the class of solutions such that
the corresponding linearized equations (see condition (L) in (£I7])) have only the zero
solution. Hence uniqueness in law holds for (1)) whenever all solutions X to (LTI
satisfy (L). For a concrete example, we refer to Section 4.6.

We remark that a statement similar to the result below is given in [16, Theorem 2.3]
assuming in addition that there is pathwise-uniqueness for the boundary value problem
(CI). Indeed pathwise uniqueness and uniqueness for the linearized equation (see ([ALIS]))
lead by the Ramer-Kusuoka theorem (see Remark .TT]) to Theorem 2.3 in [I6]. More
information on [16, Theorem 2.3] are collected in Remark

Theorem 4.20. Assume Hypothesis[{.1l Suppose that there ezists a solution X to (2.1))
such that (L) in (EIT) holds.

Then there exists a probability measure Q on (Q, F), which is equivalent to P, having
(positive P-a.s.) density

aQ 1
=5 =1 =deta(I + DyG) exp ( —8(G) — 5|G|HO) (4.31)

(G is defined in ({7))), such that the law of X under P is the same of Y under Q, i.e.,

Plw: X(w)eAd)=P(XcA)=QY cA), AcF. (4.32)
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Proof. Part I. We verify applicability of Theorem [4.10] with
T:=8=5%

(S is defined in ([I5) and S = I + F'). First we have that hypothesis (H3) of Theorem
AI0holds with 7; = T by Lemma[d T3] (T is defined in (Z8])). Moreover, also (H2) holds
by Theorem FLT4l It remains to check (H1), i.e., assumptions (i) and (ii) in Hypothesis
Note that (i) holds by Corollary EI7l The main point is to check (ii). By (@23,
we eagily find that

exp (||DMF||i2) e LY(Q).
Thus to prove (I1)) it remains to check that exp(—d(F)) € L*(Q) and this follows from
Corollary [19
Part IT. We introduce the measure Q and establish [@31) (without proving the positivity
of n).
Recall that Theorem 10 says that
P(A) =Q(S7(4)), AeF, (4.33)

where Q is a probability measure on (£2, F), equivalent to P, with the following (positive
P-a.s.) density

aQ . L9\
5 = Ar =deto(I + Dy F) exp ( _5(F) — §|F|HO>7
recall that X =Y o S, ie., Xi(w) = YVi(S(w)), w € 2, t € [0,1], and so (see (£4) and

E15)
F=—-GoS.

We denote by EF and EQ the expectations with respect to P and Q.
Let A € F. Introducing Az' : Q — Ry, where AL (w) = AFl(w) if Ap(w) > 0 and 0
otherwise (see [20, Section 1.1]), we find

P(X €A =Pw:Y(SWw)eA)=Pw:Sw)e Y_I(A))
dQ dP
= E'(l(ser-1(ay] = E' [1(S(w)eY*1(A)) d_IP’@]

dP
_wQ _wQ -1
=E% | L(sw)er-1(a)) @] =E [1(3(@6%1(14)) AF]

_ 1
- EQ 1(S(w)€Y*1(A)) (det 2(] + DHF)) ! exp <5(F) + §|F|%{0>:| .

By the properties of the Carleman-Fredholm determinant (see |26, Lemma A.2.2]), set-
ting R = Dy F(w), w € Q, we know that

(det o(I + R))_1 = det 2(([ + R)_l) exp (Trace(R2 (I + R)_l)),

where Trace(R? (I + R)™!) denotes the trace of the trace class (or nuclear) operator
R? (I + R)~! (recall that the composition of two Hilbert-Schmidt operators is a trace
class operator). Using (£I9), and the fact that Trace(MN) = Trace(NM), for any
Hilbert-Schmidt operators M and N, we get

P(X € A) = E®[1y-1(4)(S() deto(I + DuG(S())) -

- exp <Trace((DHG)(S(-))2 (I+ DHG(S(-)))_l)) - exp ( —06(GoS) + %‘G o Sﬁ%)}
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Now remark the law Py of S under P, i.e., Po(A) = P(S71(A)), A € F, is equivalent
to P by Theorem (.10 [25] Lemma 2.1]. Using this fact we can apply Theorem B.6.4 in
[26] and obtain the following identity (P-a.s. and so also Q-a.s.)

§(GoS)=(8(G)) oS —(GoS,F)y, — Trace((DuG)(S(-)) DuF).
— (5(@)) 0 S — (G0 S, F)ggy + Trace((DG)(S())* (I + DrG(S())™).
We get, since F = —G o S,

P(X € A) = E2[1y-14)(S() deta(I + DyG(S()))
cexp (—(5(G) 0§ +(Go S, Fhm, + 516 08T, )]
= E2[1y1(4)(S()) det (I + DuG(S()))-
“exp (— (8(G)) 0§ — (G0 S, G o Shm, + 516 0 Sl
— EC [1Y71(A)(5(.)) deto(I + Dy G(S(-))) exp ( —(5(@) oS - %!G o S!?{o)-

The previous calculations show that
ety (I + Dy G(S()) exp (— (5(@)) 0§ ~ %|G 0 Sf) =noS € L'(QQ)

and that it is positive Q-a.s. (or P-a.s.). Using that Q is a Girsanov measure (i.e., that
the law of S under Q is IP), it is is elementary to check that n € L'(2,P) and moreover

P(X € A) = B [1a(¥) deta(I + DyG) exp ( ~5(G) - %|G|§{O)]. (4.34)

Up to now we know that n € L'(Q) and EF[] = 1.
Part II1. Tt remains to show that n > 0, P-a.s., i.e., that v = det (I + DyG) > 0, P-a.s.

By Theorem 10, we know that deto(I + DyF) > 0, P-a.s. (or Q-a.s.). This is
equivalent to say that v o S > 0, P-a.s.. Assume by contradiction that there exists
A € F with P(A) > 0 such that vy(w) < 0, for any w € A. We have

0> E"[14-1] = E¥La(S()V(SC))I-

But EQ[14(S(-))y(S(-))] is positive if Q(S~(A)) > 0. This holds, since EQ[].S—I(A)] =
EQ[14(S(+))] = EF[14] > 0. We have found a contradiction. The proof is complete. [

The assertion of the theorem implies that det o(I + DyG) > 0, P-a.s.. This means that
under the assumptions of Theorem 20] we have that condition (LY) in (£I8]) holds
P-a.s..

Since 1 in Theorem [4.20] does not depend on X, we get immediately

Corollary 4.21. Assume Hypothesis[{.1l Suppose that we have two solutions to (LI),
X1 and X2, which both satisfy hypothesis (L) in [EIT). Then X' and X? have the same
law (i.e., for any Borel set A C Q, we have P(w : X'(w) € A) =P(w : X?(w) € A)).
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Remark 4.22. In [I6, Theorem 2.3] it is shown that the assertion of our Theorem
holds with |det o(I + Dy G)| instead of det o(I + Dy Q) if one assumes that

(i) f:R xR — R is of class C;

(ii) T is bijective;

(iii) the condition of [16, Proposition 2.2] holds (such condition guarantees the va-
lidity of ([@IJ]), for any w € Q, and so it implies (ZI7), for any w € Q).
We point out that, in the notation of [16], det2 (I + Dy G) is written as det .(—DpyG)).

4.6 An application

Here we show an explicit stochastic boundary value problem for which uniqueness in
law holds, but it seems that no known method allows to prove pathwise uniqueness (see,
among others, [6] and the seminal paper [13]). For such problem we can also establish
existence of solutions (see also Remark for a more general existence theorem).
The result looks similar to Theorem (where we have proved existence and pathwise
uniqueness). However, note that here the non-resonance condition [B.4) can be violated
i a discrete set of points.

Theorem 4.23. Let us consider the boundary value problem (ILTl) with f(t,z,y) = f(x).
Assume that f € CZ(R) and, moreover, that

(1) 0 < f'(x) <72, for anyz € R; (4.35)
(i1) A={z e R : f'(z) = n%} is discrete.

Then there exists a solution X. Moreover, uniqueness in law holds for (1) (i.e., any
solution Z of (1) has the same law of X ).

Proof. Uniqueness. We will suitably apply Corollary 1211 To this purpose it is enough
to show that any solution X of ([LI]) verifies condition (L), i.e., there exists an admissible
Borel set Q¢ C € such that

{for any w € €, P-a.s., the BVP: u} + f/(X¢(w))us =0, ug =u; =0,

has only the zero solution.
Let us consider the following set €2q:
Q={weQ: f(Xw) <7 tecl01], ael.

By looking at 2\, it is not difficult to prove that Q0 is Borel. Note that 2\ Qg contains
all w € Q such that there exists an interval I, C [0,1] on which t — f/(X;(w)) = 72
The proof is now divided into three steps.
I Step. We show that, for any w € Qg, (L) holds.

We will use the following well-known result (it is a straightforward consequence of
[6, Lemma 3.1, page 92]). Let ps, t € [0,1], be a real and measurable function. Assume
that there exists h > 0 such that h < p; < 7%, t € [0,1], a.e.. Then the linear boundary
value problem v} + pyvy =0, wvg = v = 0, has only the zero solution.
Let w € Q. In order to apply the previous result, we remark that,

he < f'(Xy(w)) < 7%, te€[0,1], ae., (4.36)

for some hy, > 0. This follows, since ¢t — f'(X;(w)) is continuous and positive on [0, 1].
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II Step. We show that P(2g) = 1.
Take any w € Q\ Q. There exists a time interval I, C [0,1] such that

™ = f(Xi(w)), tel,.

By using the continuity of the mapping ¢t — f’(X;(w)) and the fact that A is discrete,
we infer that there exists z,, € A such that X;(w) = z,,, t € J,, for some time interval
J, contained in I,,. This means that

/Kts (w))ds + Yi(w) = x4y,

for any t € J,, (see Lemma [2.3)). Differentiating with respect to t, we get

Lok

[ G (Xu(w))ds = /() = /01 wods — wi, tE .

It is well-known that the map &(w) = 01 %{f (t,s)f(Xs(w))ds belongs to C1([0,1]). We
have found

1
wy :/ wsds — §(w), t € J,.
0

On the right hand side, we have a function which is C* on J,,. This means that, for any
w € N\ Q, there exists a time interval on which w is a C'-function. Since the Wiener
process (see ([I3])), P-a.s., has trajectories which are never of bounded variation in any
time interval of [0, 1], we have that P(Q2\ Qp) = 0.

11T Step. We prove that, for any w € g, P-a.s., we have w + Hy C Q.

Assume by contradiction that this is not true. This means that, there exists a Borel
set Q' C Qp with P(Q) > 0, such that, for any w € Q' there exists h € Hy with
w—+ h & Q. Let us consider such w and h.

Arguing as before, we find that there exists a time interval J,i; C [0,1] and some
Zytn € A such that Xy(w + h) = zyyp, t € Jyyp. This means that

1 1
wt + hy = / weds —|—/ heds — &(w + h), te Jw—i—h-
0 0

We have found that for each w € ' there exists a time interval on which w is of bounded
variation. This contradicts the fact that P(©') > 0 and finishes the proof of uniqueness.

Ezistence. The proof is divided into three steps.
I Step. For any w € €2, consider the sequence (X™(w)), with X} (w) =0, t € [0,1], and

X (w / K(t,s)f(X{(w))ds + Yi(w), n>1, te[0,1].

Using the boundedness of f, an application of the Ascoli-Arzela theorem shows that,
for any w € €, there exists a subsequence (X*(w)) (possibly depending on w) which
converges in C'([0, 1]) to a continuous function X (w). It is then clear that, for any w € €,
we have

/ K(t,s)f(Xs(w))ds + Yi(w), te][0,1]. (4.37)
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The main difficulty is that the previous construction does not clarify the measurable
dependence of X on w. To this purpose we will suitably modify X in order to obtain
the required measurability property.

II Step. We investigate when condition (LY) in ([@I8]) holds, i.e., for which w €

(4.38)

the linearized BVP: v} + f/(Yy(w))us =0, wp=ug =0,
has only the zero solution.

Arguing as in the proof of uniqueness, condition (£38)) holds in particular if w satisfies
he < f'(Vi(w)) <72, te]0,1], ae., (4.39)

for some h,, > 0. On the other hand, if 39) does not hold for w® € Q, then there
exists z,0 € A such that Y;(w®) = x 0, t € J o, for some time interval Jo C [0,1]. It
follows that Y;(w®) = 0, for any t € J 0. Differentiating with respect to ¢, we get

1
0:—/ Wods +w?, te Jp.
0

This implies that w) = fol wlds, t € Jy. Let us introduce the set A C Q of all w

such that there exists a time interval I, C [0,1] on which w is a function of bounded

variation. It is not difficult to prove that A is a Borel subset of Q. Moreover, P(A) = 0.
We have just verified that ([£38)) holds for any w € Q\ A.

IIT Step. Let us consider the mapping X (w) of Step I and introduce S : Q — Q,

M@:%—Afwwmw

We have X (w) =Y (S(w)) and T'(S(w)) = w, for any w € Q as in Section 4.3. Although
S is not necessarily measurable, one can easily check that

STHA) = A.

This implies that S(Q\ A) = Q\ A (clearly P(2\ A) = 1). Now we argue as in the
proof of Theorem [£.14] with its notations. Since we know that ([4.38) is verified when
w = S(0), for some 6 € O\ A, we deduce that the Fréchet derivative DT'(S(w)) is an
isomorphism from € into Q, for any w € Q\ A.

By the inverse function theorem, T is a local diffeomorphism from an open neighborhood
Us(w) of S(w) to an open neighborhood V(g () = Vi, of T(S(w)) = w, for any w € Q\A.
Let us denote by T~! the local inverse function. We deduce that, for any w € Q\ A,
SO)=T-19), 0cV,.

Introduce the open set

o = U V.

we\A
Since Q \ A C @, we have that P(®) = 1. In addition ® is an admissible open set in €2,
since, for any w € Q \ A, we have that w + Hy C Q\ A C ®.
The restriction of S to ® is a C''-function with values in 2. We define the measurable
mapping

5:0-Q, Sw)=

- S(w), wed
0, weQ\®
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and introduce X : Q — Q, X;(w) = ¥;(S(w)), weQ, te0,1].

It is clear that X is measurable. Moreover, since X (w) = X (w), when w € ®, we have
that X verifies (@37) for any w € ®. This shows that X is a solution to (II) and
finishes the proof. O

An example of f which is covered by the previous result is
z 2
flx) = 7T2/ e Vdt, z€R.
0

Remark 4.24. The previous proof shows that an existence result for (ILI]) holds, more
generally, if the following three conditions hold:

(1) f(t.2,y) = f(z) with f € Cp(R) N CH(R);
(ii) there exists a Borel set A C Q such that 2\ A is admissible and, moreover,
S(Q\A) C Q\ A, where S : Q — Q is defined by

) = wy — /f ds, we, tel0,1],

where Z : Q — ) is any mapping (non necessarily measurable);

(iii) condition (Z.38)) holds, for any w € Q2 \ A.
Under (i)-(iii), the existence of solution can be proved by adapting the proof of Theorem

423l

5 Remarks on computation of the Carleman-Fredholm de-
terminant dety(/ + Dy G)

When dealing with non-adapted versions of the Girsanov theorem (see [12], [20][25]) one
delicate problem is to find some explicit expression for the Carleman-Fredholm deter-
minant appearing also in ([£I2]) of Section 4.2. This problem has been also considered
in [7], [8], [16] and [26] for different measurable transformations 7. In particular the
Radon-Nykodim derivative appearing in Theorem and [16, Theorem 2.3] (see also
Remark [£.22]) contains the explicit term

deto(I + Dy G(w))

(in the notation of [16], det 2(I + DyG(w)) becomes det o(—DpG(w))).

The assertion in our next result is a reformulation of [I6, Lemma 2.4]. It provides an
explicit formula for det o(I+DyG(w)). It is important to point out that our computation
of the Carleman-Fredholm determinant dete(I + DyG(w)) has been developed with
techniques which are completely different from those (based on Malliavin calculus) used
for the proof of Lemma 2.4 in [16].

Our approach comes from [I0] and it uses functional analysis and the theory of linear
ordinary differential equations. For the reader’s convenience, we have collected in Ap-
pendix B some of the ideas (taken from [10]) which have enabled us to perform our
computation of the Carleman-Fredholm determinant and some important consequences
of this approach.

We believe that this method could be useful in other situations (cf. [2], [7], [§], [26]).
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Lemma 5.1. Assume that f € C! and that the linearized BVP
uf + by(w)uy + ap(w)ug = 0, ug =uy =0,

where ay = f,(t, Y (w), Y (w)), by = fy(t,Yi(w),Y/(w)), has the only zero solution, for
any w € (.
Then the following relation holds

1
et (I + DG(w)) = Zi(w) esxp / (ta; + (1~ 1)b)dt).
0
where Z; solves the Cauchy problem
ué’ + btué 4+ apuy =0, ug =0, u6 =1.

Proof. The proof is based on some ideas which are developed in Appendix B. More
precisely, observe that, by (B.3]), the assumption in Lemma [5.1] guarantees that we can
apply Theorem B4 with L = DyG(w). O
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Appendix A: Some definitions of Malliavin Calculus

Here we summarize some notions of Malliavin Calculus (see [14], [1I, Chapter V] and
[26] Appendix BJ.

If K and M are real separable Hilbert spaces, we consider the tensor product of K and
M, ie. K ® M (this is the real Hilbert space formed by all Hilbert-Schmidt operators
from K into M; see [2I, Chapter VI and (48) in page 220]). We also use the notation
HS(K, M) for K ® M.

Moreover, for k € K and h € M, we consider the linear operator £ ® h from K into M:

(k@ h)(u) = (k,uyxh, ue€K.

Let Hg be the Hilbert space introduced at the end of Section 1.
The smooth K-valued functionals on (92, Hy,P) are functionals a :  — K of the
form

N
a(w) = Zfi(<h17w>v SRR <hm7w>)kia
i=1
where f; € Cp°(R™), hy,...,hyn € Ho, k1,...,kny € K, and we set

1
dh
(h,w) = / hldws (1t6 integral), h € Hy, h = I
0
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For smooth K-valued functionals we define the Malliavin derivative
Dysa(w ZZaxjf, (h1,w), ..., (i, w))hj @ K.
=1 j=1

The Sobolev space DV2(K) C L*(Q, K) is now the completion of smooth K-valued
functionals with respect to the norm

lalli,2 = llallz2(o,x) + 1 Pyvall 20 myo x)-

The Malliavin derivative on D2(K) (still denoted by D) is the closure of Dy as
defined on smooth K-valued functionals.

When K = R, the adjoint of Dy, is denoted by ¢ and is called the Skorohod integral.
Hence if £ € L?(Q, Hy), we say that & € dom(6) if we have

E[(Dy¢,€) ) < [0l 2 e(6),
for any ¢ € DV2(R). If ¢ € dom(4), we have 5¢ € L?(Q2,R) and

E[(Dy,8) ] = Elp 6(8)]-

We also need to introduce the second Malliavin derivative. Let F : 0 — Hg be a
measurable mapping which belongs to DY2(Hy). If Dy F € DY?(Hy® Hp) then we say
that F € D*2?(Hp) and set D3, F = Dp(DpyF) . Note that, for any w, P-a.s.,

D}, F(w) € (Hy® (Hy ® Hy)) = HS(Hy, Hy ® Hy).

Appendix B: An input-output representation for linear bound-
ary value problems

In this section, we briefly sketch the framework of [I0, Chapter XIII] in which our com-
putation of the Carleman-Fredholm determinant (Lemmal[5.7]) is developed. Throughout
this section, since only deterministic functions are involved, we go back to the notation
a(t) = ay, for any real function a. We are concerned with the Hilbert-Schmidt integral
operator defined as follows:

(Lh)(t / K(t,s)h(s)ds — b(t) ; 8;;(15 s)h(s)ds, he H, t€0,1]. (5.1)

Here a and b are given real continuous functions on [0, 1] and
K(t,s)=tANs—ts

is the Green’s function of —d?/dt? (with Dirichlet boundary condition).
From the definition of the integral operator L in (E1]), it is easy to check that for any
y € H a function £ solves

"(t) + ()€ (t) + a(t)é(t) = y(t), £(0)=¢(1) =0 (5.2)
if and only if, setting u := ¢”, it is (I + L)u = y. In other words,

Problem (5.2]) issolvable <= theoperator (I + L) : H — H isinvertible. (5.3)
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Note that the equation in (5.2]) can be rewritten as

U_éﬂ
y=a(t)f+
£(0) = &(1)

In [I0] Section XIII], (54) is called an input-output representation of (I 4+ L), where u
is the input and y is the output. More precisely, setting & = z!, ¢’ = 22, (5.4 is of the
form

)¢ +u

) (5.4)
= 0.

2/ = Az + Bu
y=C{t)r+u (5.5)
N1:E(0) + NQ!E(l) =0,

with

N1:<(1) 8),1\5:(? 8>,A:<8 é),B:<(l)>,C(t):(a(t),b(t)).

It can be easily verified that the inverse u = (I + L)™'y admits the following represen-
tation
=(A—-BC(t))x + By
u=-C(t)r+y (5.6)
Ny2(0) + Noz(1) =0,

ie.
§"=—a(t) - b(t)¢ +y

u=—a(t) —b(t)¢ +y, (5.7)
£(0) =¢(1) = 0.

We now introduce the fundamental matrices U™,

ddU: (t) = (A= BCO)U (1), UX(0) =1, ie., U*(t) = < w(t) “,z(t) > (5.8)

where u] + b(t)u), + a(t)ur, =0, k =1, 2, u1(0) = u4(0) = 1, v} (0) = uz(0) = 0, and

U(t)z(é i)

With the previous notation, one can prove

Proposition 5.2. Assume that (I + L) is invertible. Then there exists a positive con-
stant C' (depending only on the coefficients a and b through their supremum norms ||al|o
and ||bllo) such that

(I + L) 'ylg <Clylu, ye€H.

Proof. We make straightforward estimates on the control problem (5.6]) based on the
Gronwall lemma. O

One can also deduce from [I0, Theorem XIIL.5.1] the next result, which leads to
Proposition in Section 4.
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Theorem 5.3. With the previous notation, assume that (I + L) is invertible.

1
u(t) = (I + L)~ Yy(t) = y(t) - /0 A(t, s)y(s)ds, t € [0,1],
where with P* = (N1 + NoU* (1)) "I NoU> (1),

(t.5) CUX(t)(I — P)U*(s)"'B, 0<s<t<l,
,S) =
7 —~CUX(t)P*U*(s)™'B, 0<t<s<]1,

or, more explicitly,

A(t5) = {E

Ja(t)uz(s)(t) + b(H)ua(s)P' ()], 0<s<t<1,
Ja(t)uz(t) +b(t)us(t)]e(s), 0<t<s<1,

-3

Then

(5.9)

where uy and ug are introduced in (B.8), W = uyul, — ugul, M = uy(1)/uz(1) and

o(s) = —ua(s)M + ui(s), ¥(t) =ua(t)M —uyi(t), t€[0,1], s€[0,1].

Finally by [I0, Theorem XIII.7.1], we obtain

Theorem 5.4. Assume that (I + L) is invertible. Setting
P = (N; +NU(1) ' NU (1),

we have

deto(I + L) =det(I — P+ PU(1)"LUX(1)) efo t(CrUPUT(s)B)ds

—us(1) exp ( /O 1(ta(t) b)) (1 — t)dt),

where uly + byub + ayus = 0, uh(0) = 1, ug(0) = 0.
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