MARTIN’S MAXIMUM AND TOWER FORCING
SEAN COX AND MATTEO VIALE

ABSTRACT. There are several examples in the literature showing
that compactness-like properties of a cardinal x cause poor be-
havior of some generic ultrapowers which have critical point
(Burke [1] when & is a supercompact cardinal; Foreman-Magidor [6]
when £ = wy in the presence of strong forcing axioms). We prove
more instances of this phenomenon. First, the Reflection Princi-
ple (RP) implies that if Z is a tower of ideals which concentrates
on the class GIC,, of wi-guessing, internally club sets, then 7 is
not presaturated (a set is wi-guessing iff its transitive collapse has
the wi-approximation property as defined in Hamkins [10]). This
theorem, combined with work from [16], shows that if PFAT or
MM holds and there is an inaccessible cardinal, then there is a
tower with critical point wy which is not presaturated; moreover
this tower is significantly different from the non-presaturated tower
already known (by Foreman-Magidor [6]) to exist in all models
of Martin’s Maximum. The conjunction of the Strong Reflection
Principle (SRP) and the Tree Property at ws has similar impli-
cations for towers of ideals which concentrate on the wider class
GIS,,, of wi-guessing, internally stationary sets.

Finally, we show that the word “presaturated” cannot be re-
placed by “precipitous” in the theorems above: Martin’s Maximum
(which implies SRP and the Tree Property at ws) is consistent with
a precipitous tower on GIC,,.

1. INTRODUCTION

If the universe V of sets satisfies ZFC, there is no elementary em-
bedding 7 : V. — N where N is wellfounded and the least ordinal
moved by j is “small” (like w; or wy). Forcing with ideals and towers
of ideals are two procedures that can potentially produce such an em-
bedding j : V. — N 1in some generic extension of V where the least
ordinal moved by j is small. A tower of ideals is a sequence of ideals
I'= (I, | A< 6) with a certain coherence property (see Section .
The length of the sequence I is called the height of I and, if each ideal
in the sequence has the same completeness,ﬂ this completeness is called

IThis will hold for all towers considered in this paper.
1
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the critical point of I. 1f I is a tower then there is a natural poset Py

associated with f, and in the generic extension V¥T there is an embed-
ding jo : V — ult(V, G) where the least ordinal moved by j equals the
critical point of the tower; this embedding is called a generic ultrapower
of V by I and ult(V, G) is not necessarily wellfounded.

Properties of the tower I and of its height affect the properties of
the generic ultrapower. Woodin proved that if § is a Woodin cardinal,
then many of the natural “stationary towers” of height ¢ satisfy a very
strong property called presaturation (see [13] and [18]). Foreman and
Magidor [6] proved that if § is a supercompact cardinal then there
are several natural stationary towers of height 6 which are precipitous
(a property weaker than presaturation). For simplicity let us only
consider towers with critical point wy. Then one key difference between
the Foreman-Magidor stationary towers and the Woodin stationary
towers are that with Woodin’s examples, there are always some V-
regular cardinals which become w-cofinal in the generic ultrapower;
whereas they remain uncountably cofinal in the generic ultrapower in
the Foreman-Magidor examples.

On the other hand, compactness-like properties of the critical point
of the tower can often prevent nice behavior of the tower. Burke [1]
showed that, if x is supercompact and § > k is inaccessible, then there
is a tower of height 0 with critical point x which is not precipitous.
Strong forcing axioms like the Proper Forcing Axiom and Martin’s
Maximum are known to make wo, behave much like a supercompact
cardinal; so in light of Burke’s theorem we should expect that strong
forcing axioms prevent nice behavior of some towers with critical point
wy. Foreman and Magidor [6] proved that Martin’s Maximumf| implies
that a certain natural towelﬂ with critical point wy is not presaturated
(see Example 9.16 of [5])[] On a related note, they also showed that
the Proper Forcing Axiom implies that there is no presaturated ideal
on wsy.

This paper provides more results along the lines of the Burke and
Foreman-Magidor theorems, that compactness properties of the critical
point of certain towers prevents nice behavior of the tower. We show
that under strong forcing axioms, there are certain towers with critical

2really, just the saturation of NS,

3Namely, the stationary tower concentrating on the wi-internally approachable
structures.

4However, their tower can be precipitous, and in fact always is precipitous if its
height is a supercompact cardinal
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point wy which are not presaturated; these towers are significantly dif-
ferent from the non-presaturated towers produced in Foreman-Magidor [6]
in a very strong sense.ﬂ Specifically:

Theorem 1. Assume RP(Jws]®) holds. Whenever I is a tower which
concentrates on the class GIC,, of wi-guessing, internally club sets,

then I is not presaturated.

In fact we show more: that RP(]ws]*) implies there is no single ideal
J such that:

e J concentrates on GIC,,; and
e J bounds its completeness.

The latter is a property introduced by the first author in [2] which is
closely related to saturation and Chang’s Conjecture. See Definition
23] and Theorem 23]

Using Theorem |1 and results from [16], we show:

Theorem 2. Assume either PFAY or MM, and that d is inaccessible.
Then there is a tower of height 6 with critical point wy which is not
presaturated (in fact, this tower even fails to have the weak Chang
Property; see Definition |20} and Corollary @)

The hypotheses of Theorem |[l|can be strengthened to obtain a stronger
conclusion:

Theorem 3. Assume SRP([ws]*) and the Tree Property at ws. When-
ever I is a tower which concentrates on the class GIS,, of wi-guessing,
internally stationary sets, then I is not presaturated.

Again, similarly to Theorem 1] we actually show more: that SRP([ws]”)
together with the Tree Property at wy implies there is no single ideal
which concentrates on GIS,,, and bounds its completeness.

If we require the tower to be definable, then a theorem of Burke [1]
together with the Isomorphism Theorem from [15] yields:

Theorem 4. (ZFC): If 2 < wy then there is no precipitous tower of
inaccessible height 6 which concentrates on GIC,, and is definable over
(Vs. €)

Finally, we prove that in Theorems [T] through [3 the conclusion can-
not be strengthened to say there is no precipitous tower which concen-
trates on the relevant class of sets; even if the hypothesis is strengthened
to “plus” versions of Martin’s Maximum:

SNamely, while the Foreman-Magidor tower concentrated on internally approach-
able structures, our ideals concentrate on structures which are definitely not inter-
nally approachable.
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Theorem 5. If k is supercompact and 6 > Kk s inaccessible, then if
P is the standard iteration to produce a model of MM™*1, there is a
precipitous tower in VE of height § concentrating on GIC,,,.

The paper is organized as follows. Section 2] provides relevant back-
ground on guessing models , forcing axioms and reflection princi-
ples , the key Isomorphism Theorems for wi-guessing structures
from [15] (2.3)), towers of ultrafilters and ideals (2.4)), and induced tow-
ers . Those last two subsections and are used primarily
for the consistency proof in Section [6] though Definition [I6] and Fact
are used throughout the paper. Section |3 provides a brief review
of the weak Chang property and relevant theorems from [2] that will
be used in the later proofs in Sections [4] and [f] (but not in Section [f]).
Section [4] proves Theorems [I] [ and [2] Section [5] proves Theorem [3
The results in Sections [l and [ are due to both authors. Section [6]
proves Theorem [f] and is due to the first author. Section [7] ends with
some open problems.

2. PRELIMINARIES

2.1. The classes GIC,,, GIS,,, and GIU,,. Weiss [17] introduced
the notion ISP, which is a significant strengthening of the Tree Prop-
erty. In this paper we use the alternative notion of a §-guessing model
from [15]. ZF~ denotes ZF without the Power Set Axiom.

Definition 6. Let H be a transitive ZF~ model and § € REGY.
We say that H has the d-approximation property iff (H,V) has the
d-approzimation property as in Hamkins [10]. In other words, for ev-
eryn € H: whenever A C n is such that zN A € H for every z € H
with |z|" < 6, then A € H.

If vy € M < Hy for some regular uncountable 6, we say M is
wi-guessing iff its transitive collapse Hj; has the wi-approximation
propertyﬁ We let G, denote the class of M such that |M|=w; C M
and M is wy-guessing. oy @ Hyr — M will always denote the inverse
of the Mostowski collapse of M.

We use several other common classes of structures (see Foreman and
Todorcevic [§]). A set M is wy-internally club iff M N [M]* contains
a club in [M]¥; wy-internally stationary iff M N [M]¥ is stationary in
[M]“; and wy-internally unbounded iff M N [M]* is C-cofinal in [M]“.
Let A := {M | (M, €) satisfies ZF~, w; € M, and |[M| = w;}. We

6This definition is slightly different but equivalent to the definition in [15]. Fur-
ther, note that since we're assuming M < Hy and w; C M, then |z|f™ = o iff
|z| = w (for any z € Hyy).
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let IC,,, IS,,, and IU,, refer respectively to the class of M € A
which are wy-internally club, w;-internally stationary, and w-internally
unbounded. The classes IC,,, 1S,,, and IU,, can be equivalently
characterized in ways analogous to internal approachability:

o M € IA,, iff there is a C-continuous €-chain (N¢ | £ < wy) such
that M = ., Ne and (Ne | £ < () € M for every ¢ < wy;

o M € IC,, iff there is a C-continuous €-chain (N¢ | £ < wy)
such that M = U§<w1 N¢ and N € M for every € < wy;

e M € IS, iff there is a C-continuous €-chain (N¢ | € < wy)
such that M = |J,_,, Ne and N € M for stationarily many
¢ < wy. It is straightforward to see that M € IS,, iff there
is some stationary Th; C w; such that for every C-continuous
e-chain N with union M, {¢ < w; | Ne € M} =yg TM

e M € IU,, iff there is a €-chain (N¢ | £ < wy) such that M =
U§<w1 N5

Set GIC,, == G,, NIC,,, GIS,, =G, NIS,,, and GIU,, = G,, N
1U,,; note that G,, N [A,, is always empty.ﬁ Note also that all of
the classes mentioned are invariant under isomorphism (i.e. M is in
the class iff its transitive collapse H), is in the class). Viale and Weiss
proved:

Theorem 7. (Viale-Weiss [16]) PFA implies that GIC,, N @, (Hy)
is stationary for all reqular 6 > ws.

Their proof actually produced models which were not only GIC,,,
but persistently so; that is, these models remain in GIC,, in any outer
model which has the same w;. This used the following generalization of
a theorem of Baumgartner. For a poset R and a possibly non-transitive
set M, let us say that a filter ¢ C R is (M, R)-generic iff gn DM # ()
for every D € M which is dense in R.

Theorem 8. (Viale-Weiss |16]) For each regular 6 > wsy there is a
proper poset Rs such that:
(]) Rs € Hy+;
(2) kg H € GIC,,, where H := HY ;
(3) Whenever M is a (possibly non-transitive) ZF~ model such
that |M| = wy C M and there exists some g which is (M,Ry)-
generic, then:

"For A, B C w1, A =yg B means that {€ <wy | £ € AAB} is nonstationary.

8This is because if M € IA,, as witnessed by some sequence N = (Ne | € < wn),
then for every countable z € M, z N NeM ; if M were in G, this would imply
that N € M and then that M € M , which is of course impossible.
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e MNH;eGIC,,;

o IfW is any transitive ZF model such that (M, g,Rs) € W
and WV = wY, then W = “M € GIC,,,”. (Here W could,
for example, be any outer model of V' which has the same

wl).
Viale proved:
Lemma 9. (Viale) M A, implies G, C IU,,; so G, = GIU,,.

Proof. Viale [15] proved that if M is wi-guessing and |M]| is strictly less
than the so-called pseudo-intersection number, then M € IU,,,. M A,,
implies that the pseudo-intersection number is > ws. 0

Finally, we point out the standard fact that all of these classes
project:

Lemma 10. Let Z be any of the classes G, IA,,, ICy,,, IS,,, or
1U,,. If M € Z and 0 > wy is a reqular cardinal then M N Hy € Z.

Proof. Here it will be more convenient to work with the following “non-
transitivised” characterization of G,: M € G, iff for every n € M
and every A C nN M: if ANz € M for every countable z € M, then
there is some A" € M such that A’ N M = A.

Now suppose M € G, and 6 > w, is regular; we want to see that
MNHyeG,,. Letne MNOand A CnN M, and suppose zN A €
M N Hy for every countable z € M N Hy. Then clearly 2N A € M
for every countable z € M, since A C 6. Since M € G,,, then there
isan A" € M with ANM = A. Set A” := A'Nn € M N Hy. Then
A"N (M N Hy) = A.

For the other classes, we present the argument for IC,, ; the rest are
similar. Suppose M € IC,, as witnessed by a sequence (Ng | £ < wy)
where N € M for every £ < w;. Let 6 be a regular uncountable
cardinal. Clearly the sequence (Ng N Hy | £ < wy) is C-increasing and
C-continuous with union M N Hy; we just need to see that Ne N Hy €
M N Hy for every € < wy. If 6 € M this is trivial. If 6 ¢ M then since
M € IC,,, MNORD is an w-closed set of ordinals and so sup(M N )
has uncountable cofinality. Then for each { < w; there is some 7, < 0,
ne € M, such that Ne N Hg = N¢ N Hy,; and the latter is in M since
both ne and Ng are in M. 0

It is interesting to point out that by the argument of Proposition 2.4
of [6], if Z is any of the classes [ A,,, IC,,, IS,,, or IU,,, then Z also
lifts with respect to the nonstationary ideal; that is, if S is a stationary
subset of ZNgp,,(Hg) and §' >> 6, then ZN{M € p,,(Hy) | MNHy €
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S} is also stationary. This implies that (NS | (Z N g, (Hy)) | 6 €
ORD) forms a tower (see section [3). On the other hand, this can
trivially fail for the class Z = G, because G, N p.,(Hp) might be
nonstationary for large 6. Even if G, N p.,(Hy) is stationary for every
regular @ > wy (as is the case under PFA), it is still not clear—and
seems doubtful—that (NS [ Gy, N pu,(Hy) | 8 € ORD) necessarily
forms a tower.

2.2. Forcing Axioms, Projective Stationarity, and Reflection
Principles. Let I' be a class of posets and 8 an ordinal. FA*#(T)
means that for every P € I', for every w;-sized collection D of dense
subsets of P, and for every sequence (S | € < ) such that IFp “Se C w;
is stationary” for every £ < 3, then there is a filter F' C [P meeting ev-
ery D € D and such that for every ¢ < B: (Se)r == {a < w; | (3¢ €
F)(q IF & € S¢)} is stationary. FA(I') means FAYT) and FA+(T)
means F AT (T). Martin’s Axiom is M A(ccc posets), the Proper Forc-
ing Axiom (PFA) is M A(proper posets), and Martin’s Maximum (MM)
is M A(posets preserving stationary subsets of w;). We caution that
elsewhere in the literature the notation PFA™* and M M™*" are some-
times used for what we call PFATt and MM*“t. It is widely known
that the standard iteration used to produce a model of MM (resp.
PFA) actually produces a model of M M1t (resp. PFAT¥1).

For a regular cardinal 6 > wo, RP([f]*) means that whenever S C
[0]“ is stationary, then there is an X such that w; C X, | X| = wy, and
S N [X]¥ is stationary in [X]“. Tt is well-known that F A" (o-closed)
implies RP([#]*) for all regular # > wy (so in particular RP follows
from PFA™); and by [7] this is also implied by MM. A set P C [X]“ is
projective stationary iff for every stationary T C w1, {Y € P | Y Nuw; €
T} is stationary in [X]¥; equivalently, the projection of P to w; contains
a club subset of w;. For 6 > w,, the Strong Reflection Principle at 6
(SRP(0)) is the statement: for every projective stationary P C [Hy]®,
there is a continuous elementary chain (N¢ | & < w;) of countable
models such that every N¢ is an element of P (i.e. there is some wy-
sized subset X of # such that PN [X]“ contains a club in [X]*). It was
shown in [3] that Martin’s Maximum implies SRP(6) for all regular
6 > wy. Extending a result of Gitik [9], Velickovic proved the following
theorem (see Section 3 of [14]):

Theorem 11. Whenever C' C [wq]¥ is club, x € R, and T C wy is
stationary, then there are a,b,c € C' such that aNw; = bNw; =
cNwy; €T and x € Ly,[a,b,c|.
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Corollary 12. If W is a transitive ZF~ model with wy C W and
R — W £ 0, then [wq]* — W is projective stationary.

Proof. Let T' C wy be stationary; we need to show that {d € [wy]* | d ¢
W and d Nw; € T} is stationary in [we]. Suppose not; then there is
a club C' C [ws]¥ such that C T :={d € C |dNw, € T} C W.
Let 2 € R be arbitrary and let a,b,c € C be as in Theorem [[1], so that
x € Ly,la,b,cl and aNw; = bNwy = cNwy € T;s0a,b,c € C N\ T C W.
Since wy € W = ZF~ and a,b,c € W then L,,[a,b,c] C W. So
x € W; since x was arbitrary we’ve shown R C W, contrary to the
assumptions. O

2.3. Isomorphism Theorems for GIC,, and GIS,,. We use the
Isomorphism Theorems from Viale [15]. For transitive ZF~ models
M and M’', we say that M is a hereditary initial segment of M’ iff
M = M’ or there is some A € Card™ such that M = (H\)™'. For
possibly non-transitive M and M’, we say M is a hereditary initial
segment of M’ iff this holds for their transitive collapses.

Theorem 13. (Viale) Assume 2 = wy. Let 0 be a regular uncount-
able cardinal > wy and A a wellorder on Hy. Suppose M and M’ are
submodels of (Hg, €, A) such that M Nwy = M' N ws.

o If M and M' are GIC,,, then one is a hereditary initial segment
of the other.

o If M and M’ are GIS,,, Ty C wy and Ty C wy witness that
M, M'" € IS, (respectively), and Ty N Ty is stationary, then
one of M, M’ is a hereditary initial segment of the other.

2.4. Towers of measures and towers of ideals. Suppose 7 is a
set and F' C p(Z) is a filter. The support of F (supp(F')) is the set
U Z. For all instances in this paper, the support of a filter will always
be a transitive set (typically some Hy) and Z will always be of the
form @, (Hy) for some regular k < 6. (Ultra) filter will always mean a
normal}’| countably complete, ﬁn (ultra) filter. If F' is a filter then F
denotes its dual ideal; similarly if I is an ideal then I denotes its dual
filter. If I is a class, we say that a filter F' concentrates on I' iff there is
an A € F such that A C T'; if I is an ideal we say that I concentrates
on I' iff its dual filter concentrates on I'. A set S C |JI is I-positive
(written S € IT) iff S ¢ I.

9F is normal iff for every regressive g : Z — V there is an S € F such that
g [ S is constant.

105.e. for every b € supp(F) there is an A € F such that b € M for all M € A.
Note if F' is fine then its support is equal to |J|J F.
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Definition 14. If Z C Z', I C p(Z) and I C o(Z') are ideals, we say
that I is the canonical projection of I to Z iff = {{M'NZ | M' €
A}y | A el}.

Suppose W is a transitive model of set theory and U is a (possibly
external) W-normal[ll] fine ultrafilter; say U C p(Z) where Z € W
(for example, Z might be " (H})). It is a standard fact that if
Jju o W =g ult(W,U) = (W NW)/U is the ultrapower and |J Z is

transitive, then:

e ;v (UZ) is an element of wlt(W,U) and is
represented by [idy z]v;
o If the wellfounded part of ult(W, U) has been
(1) transitivized, then 7 | (|JZ) is an element
of ult(W,U) and is represented by [f]y where
f(M) :~ the inverse of the Mostowski collapse
map of M.

Of course if U € W then ult(W,U) is wellfounded, but the comments
above show that | J Z is always an element of the (transitivised) well-
founded part of ult(W,U), even when U is external to W. One com-
mon example of this “external” case is generic ultrapowers. Suppose
I C p(Z) is an ideal [} and let P; := (I, C). If G is (V,P;)-generic
then G is an ultrafilter on p"(Z) which is normal™ with respect to
sequences from V. In particular, (1)) holds and jg [ (U Z) € wlt(V,G).
Now consider generalizations of these notions to sequences of filters
which cohere via the “canonical projection” relation in Definition

Definition 15. Let W be a transitive model of set theory, and 6 a
reqular cardinal in W. Let (Zy | A < ) € W and for simplicity, assume
each \JZy € V¥ and each \J Z is transitive, and |J,_;\J Zn = V3§V
Suppose (Ux | X < 6) is a (possibly external to W) sequence of W -
normal ultrafilters, where Uy C o(Zy) for each A < 6. Also assume
there is a fired k < § such that each Uy has completeness k. We will
call U a tower of W-normal measures iff for every A < XN < 6: Uy is
the canonical projection of Uy to Zx (as in Definition .

If U is a tower of W-normal measures, then there is a commutative
system of maps obtained by the various ultrapower maps jy, : W —y,
ult(W,U,) and for A < XN, maps ky y : ult(W,Uy) — ult(W,Uy) given
by [flu, = [M" — f(M' NUZ)\)]u,- The direct limit map of the

11
12

i.e. normal with respect to sequences from W
recall we are assuming all ideals are normal, fine, and countably complete.
3By a density argument and the fact that J was a normal ideal.
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system is denoted jz : W — 5 Ny. If U € W then this direct limit will
always be wellfounded and closed under < § sequences from W; so if in
addition j;(x) = 0 then j; can witness the almost-hugeness of cr(j;)
in W[

A (possibly external) direct limit embedding j; : W —; Ny can also
be viewed as an ultrapower embedding as follows. Given a (partial)
function f : V¥ — W with f € W, let supp(f) denote the least
cardinal A < § such that f(z) only depends on zNH). Let BY := {f €
W f: V¥ = Wand supp(f) < §}. Define an equivalence relation
~zon BY by: fpgiff {MeZ,| f(MNH))=g(MnNH,)} e U,
for all sufficiently large A < 4. Define a relation €5 on BY/ ~5
in the obvious way (this will be well-defined). Then the direct limit
(Ng, Eg) will be isomorphic to (BY;/ ~z, €5); for this reason we will
write ult(W, U) for this direct limit. the Los Theorem will hold in the
following form: for each f, ..., f, in BY; and each formula ¢: Ny |
O(folgs - Lfalg) M LM € 23 | W = o(fo(M), o o M))} € Uy for
every sufficiently large A < 6. The following analogues of always
hold when taking (possibly external) ultrapowers by a tower of W-
normal measures:

For every X € V{V:
e j;” X is an element of ult(W, U ) and is repre-
sented by the function [M — M N X|;

e js [ X is an element of ult(WV, U ) and is repre-
sented by M +— the inverse of the Mostowski
collapse map of M N X.

(2)

Just as forcing with the positive sets of an ideal gives rise to external
ultrapowers of V' by a single V-normal measure, forcing with a tower
of ideals (defined below) gives rise to an external ultrapower of V' by
a tower of V-normal measures.

Definition 16. A sequence (I, | A < §) is called a tower of ideals of
height 0 iff for every A < X < §, I, is the canonical projection (in the
sense of Definition of Ix to Z,.

We will also require for simplicity that for each X, if Zy is such that
I\ C p(Zy), then \JZ\x = Hy. In this paper Z will always be of the
form u(Hy). )

For a class T', we say that I concentrates on I' iff every ideal in the
sequence concentrates on I'.

148¢e Theorem 24.11 of Kanamori [12] for technical criteria on U which will
guarantee that j; is an almost huge embedding.
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If I is a tower, there is a natural poset P associated with I. Condi-
tions are pairs (\,S) where o < 6 and S € I,'. A condition (), S)
is strengthened by increasing A\ to some X and refining the lifting
of S to Hy. More precisely: (N,S") < (A, 8) iff N > XA and S’ C
SZv = {M'" € Zy | M'N Hy, € S}. If G is generic for Pz, then
let proj(G,\) == {S € 9"(Z\) | (\,S) € G}; this is an ultrafilter
on " (Zy) which is normal with respect to sequences from V' (though
proj(G, A) need not be (V, Py, )-generic!) and (proj(G,\) | A <§) is a
tower of V-normal measures as in Definition ; in particular holds
and one can prove the following general facts (in the case of towers,
we use the notation jg : V. —¢g wlt(V,G) to denote the ultrapower
embedding jgz : V —5 ult(V, U) where U = (proj(G,\) | A < 6)):

Fact 17. If I is a tower of height 6 where 6 is inaccessible and G s
generic for f, then:

(1) For every D € Vs, jo | D € ult(V,G)

(2) For every 6 € U: proj(G,0) = {S € 9" (Zy) | jo“Hy € ja(S)}.
This fact, combined with item 1| and the assumption that & is
(strongly) inaccessible, implies that proj(G,0) € ult(V,G) for
every 6 < 9.

(3) For every § < 6 and every Y € Vj: the relations =p.ojc0) |
(HeY)Y and €projicol (Y)Y are elements of ult(V,G). (this
follows from the previous bullets: both (oYY and proj(G,0)
are elements of ult(V,G)).

(4) If T concentrates on {M | X € M and M N Xt € At} and
Jproj(coy @ V. = ult(V,proj(G,0)) is the ultrapower map by
pT’Oj(G, 0); then kproj(G,O),proj(G,@’) rjproj(G’,G) (/\+) =ud.

We refer the reader to Foreman [5] for the general theory of towers,
and to Larson |13] and Woodin [18] for the specific cases where all the
ideals Ip in the tower are of the form NS [ Z (towers of this form are
called stationary towers).

2.5. Induced towers of ideals. We adjust Example 3.30 from [5] to
towers:

Definition 18. Suppose Q is a poset, & is inaccessible, and (U | A < 0)

is a sequence of Q-names such that Q |- “U is a tower of V-normal
ultrafilters”. For each A <0, let I be the collection of A such that for
every (V,Q)-generic object H, A ¢ Uy. The sequence (I, | A < &) will

be called the tower of ideals derived from the name U.

It is straightforward to check that this indeed forms a tower of ideals.
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Recall that if j : V' — N is an embedding with critical point x and
P € V is a poset such that j [ P: P — j(P) is a regular embeddmgﬁ
then j(IP) is forcing equivalent to P+ j(P)/4[G] where G is the canonical
P-name for the P-generic. Further, whenever G x H is generic for [P x
j(P)/j[G] then j can be lifted (in V[G][H]) to an elementary j&* .
V|G| — NI|G]|[H]. Suppose 0 is a V-cardinal such that for every A < 4,
j7Hy € N. Then for every A < ¢:

Uit = {A | A € VI[G]and j*I"H,\[G] €

is a V[G]-normal ultrafilter. Then from the point of view of V[G], the
poset j(P)/G forces that (UF*H | X\ < 6) is a tower of V[G]-normal
measures (external to V|G| of course). Then in V[G], let (I, | A < §)
be the tower of normal ideals derived from the name (U G| X < 6)
as in Definition (18| (here V[G] is playing the role of V' and j(IP)/G is
playing the role of Q from Definition .

Definition 19. The tower I € VI[G] described in the last paragraph
will be called the tower induced by j.

We caution that if j; : V' — N is an embedding by a tower of
V-normal measures, j; [ P: P — j;(P) is a regular embedding, G is

(V,P)-generic, and I € V[G] is the tower induced by Jg as in Definition
[19] then for each A\ < 4 it will NOT in general be the case that the
dual of I, extends U,. This is because of the way that the measure
U /\G*H is defined in : the measure Ug,y concentrates on elementary
substructures of Hy[G], NOT on elementary substructures of H,. This
is only a minor technical issue, however; generally Nz N jg*H "H)G] =
Jg" Hy, and it follows that for every A < ¢ there are USH many M <
H,[G] such that M NV € V (see Corollary |29 for the use of derived

towers in this setting).

3. THE WEAK CHANG PROPERTY AND IDEALS WHICH BOUND
THEIR COMPLETENESS

In this section we discuss presaturation of towers and some concepts
introduced by the first author in [2] which will be used in the proofs of
Theorems and 271 These concepts are related to Chang’s Conjec-
ture, bounding by canonical functions, and saturation. For the reader’s
convenience all relevant proofs are included here.

15 e. whenever A C P is a maximal antichain then j[A] is a maximal antichain
in j(P).
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A tower of height 9 is called presaturated iff § always remains a regu-
lar cardinal in generic extensions by the tower. Such a tower is always
precipitous and ult(V, G) is closed under < § sequences from V[G] (see
Proposition 9.2 of [5]). Woodin showed that if § is a Woodin cardinal,
there are several stationary towers of height  which are presaturated.
We use the following weakening of presaturation introduced in [2]:

Definition 20. (Coz [2]) A tower of inaccessible height § has the weak
Chang property iff whenever G is generic for the tower, then o is an
element of the wellfounded part of ult(V,G) and is reqular in ult(V, G)
(though not necessarily in V[G]).

Lemma 21. Let p = \*. If a tower I of height § concentrates on
[':={M | |M|=XC M}, then I has the weak Chang property iff it
forces that jo(p) = 6.

Proof. The fact that I concentrates on I implies that p will be the
critical point of jo and je(p) 2 d for any generic G (see [5]). Since

Ja(p) is the successor of A in wlt(V, G), the equivalence follows easily.
]

Corollary 22. Let p = A" and assume I is a tower of height & which
concentrates on I' := {M | |M| =X C M}. If I is presaturated then it
satisfies the weak Chang Property.

For the next lemma we will use the following definition, which is also
related to saturation properties of ideals (see [2]):

Definition 23. (Coz |2]) Let J be a normal ideal over o(H) where
= completeness(J) C H. We say J bounds its completeness iff for
every f : pu — p: there are J-many M such that otp(M N ORD) >
fM ).

Lemma 24. Suppose [ = (I, | 6 € U C 8) is a tower of inaccessible
height §, has completeness p := A\, concentrates on {M | |[M| =\ C
M}, and has the weak Chang property. Then:
(1) For every generic G and every 0 < d: jprojco) () < 9.
(2) There is a restriction of some ideal in the tower which bounds
its completeness.

Proof. Part [T Suppose not; let p := A* and let G and @ be such
that jrojce) (i) > 9. By assumption, je(n) = 0; so in fact 6 =

Jproico) (1) = {[flprojtco) | F € ()"} By Fact [T, {[flprojco) | f €
(e1)V} is an element of ult(V, G); moreover

{[Flroicay | £ € (P2p)"HHVD < |(Zop)V [0S < [(Zop) V]V < 6
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(by inaccessibility of ¢ in V). This contradicts that J is regular in
ult(V, G).

Part [2f By part [I| with 6 := pu, there is a condition (a, A) in the
tower which decides the value of jpmj(c‘:,#)(/i) as some 71 < d. Without
loss of generality, assume:

(4) n <o
We show that I, | A bounds its completeness; a similar argument
shows that I5 | A% bounds its completeness for every 3 € [a, §).

Let f : u — p. Suppose for a contradiction that there were some
A" C A such that A’ is I,-positive and for every M € A’: otp(M N
ORD) < f(MNu) (note also that M NORD = M Na for all M € A).
Let G be generic for the tower with (o, A’) € G. Then A’ € proj(G,V,)
and so:

n<a=I[Motp(MNa)|pojcya) < [M = f(MNO1)lprojc,va)
Now f maps into p, so:

[f]proj(G,,u) < jproj(G,u) (M) ="
So by part [4] of Fact [flproj(c,py 1s not moved by kproj(cu) proj(c,va):

flproitm) = Fproi(@m proj(c.va) ([flprojcny) = [M = f(M N 1) proj(c,va)
But this implies n < 7, a contradiction. U

4. RP AND TOWERS ON GIC,,
In this section we prove Theorems [T}, 4] and [

4.1. Proof of Theorem [ Theorem [I| follows from Corollary [22]
Lemma [24] and the following:

Theorem 25. Assume RP([ws]”). Then there is no ideal I which
bounds its completeness and concentrates on GIC,,, .

Proof. Todorcevic proved that RP([wz]*) implies 2 < wsy (see Theorem
37.18 of [11]). If CH holds, then for every 6 > wy the set of w;-guessing
submodels of Hy is nonstationary (see [15]) and the theorem holds
trivially.

So suppose from now on that 2* = wy. Suppose for a contradiction
that I is a normal ideal concentrating on some stationary subset S
of GIC,, (at some Hy), and that I bounds its completeness (which
is wy). Without loss of generality we assume that for every M € S,
M < (Hg, €,A, ¢) where ¢ is some enumeration of the reals. For each
a € proj(S,ws) let T'(a) be the collection of all transitive sets of the
form H,;, where M € S and M Nwsy = a.
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Let I be the projection of I to ws.

Claim 25.1. For [-measure-one many «, s, := sup{ht(H) | H €
T()} is at least wo.

Proof. (of Claim : Suppose not; so there is some S’ which is I-
positive and for every M € S5’ synw, < we. Let f @ we — wy be
defined by sending « +— s, if s, < wq, and f(a) = 0 otherwise. Since
I bounds its completeness, there is some C' € I such that for every
M € C: otp(M NORD) = ht(Hy) > f(M Nwy). Then for every
MeCnS" f(MNws) = spnw, < ht(Hy). Fix any M € CN S’ and
let & := M M wsy; then

(5) sa < ht(Hpy)
yet Hy, € T(&); this is clearly a contradiction to the definition of
S&- O

Fix any « such that s, = wq, and let W := |JT(«). Now S C
GIC,,, so by Theorem (13| whenever H and H' are elements of T'(«)
and ht(H) < ht(H'), then H is a hereditary initial segment of H’;
this implies that W is a transitive ZFC model (of height ws). Since
H e IC,, for every H € T'(«), then:

(6) For every 5 < wo, W N [F]* contains a club.

To see why (6) holds: let 8 < wy. Pick an H € T(a) such that
B < HNORD, and let (N¢ | £ < wq) witness that H € IC,,. Then
{NeNp | € <wi}is aclosed unbounded subset of [3]*, and each NeN 3
is an element of H C W.

Now RNW = ¢[al; in particular R — W # §. By Theorem [11} S :=
[wo] — W is stationary (in fact projective stationary). By RP([ws]*),
there is a 3 < w, such that S N [B]* is stationary[lY| This contradicts

©). 0

4.2. Proof of Theorem [4. Now we prove Theorem [} that is, if RP is
omitted from the hypothesis of Theorem [T}, the Isomorphism Theorem
for GIC,, prevents precipitous towers on GIC,, which are definable.

Proof. 1f CH holds there are no G, structures so the theorem is trivial.

So assume 2¥ = w,. Suppose I = (I | 0 € U) were such a tower. By
Lemma 4.3 of Burke [1], a precipitous tower is not an element of the

6This uses the fact that {8 | w1 < B < wa} is a club subset of [wy]“! and
that RP([wz]“) implies the following apparently stronger statement (see Theorem
3.1 of Feng-Jech [4]): for every stationary S C [w2]?, there are stationarily many
Z C |we]*t such that w; C Z and SN [Z]“ is stationary.
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generic ultrapower.ﬂ Since we are assuming the tower is definable over
Vs, to obtain a contradiction it suffices to show that Vj is an element of
some generic ultrapower by the tower. Let G be generic for the tower;
by Fact , H) € ult(V,G) for each § € U. Also, since I concentrates
on GIC,, and w; < ¢r(jg), then by the Los Theorem, ult(V,G) =
“HY € GIC,,” for each § < §. Set r := wy. By Theorem for
each 6 < 9§, ult(V,G) believes there is at most one H such that H is
a transitive ZF~ model of height H N ORD such that R“(":¢) 0 H =
R VAN (HY ). Thus when ult(V, G) takes the union of all such models
of height < ¢, the result is Vs (since for each § € U, Hy € ult(V,G) is
such an H). So V5 € ult(V,G) and we have a contradiction. O

4.3. Proof of Theorem [2| Finally we prove Theorem [2 Tt is well-
known that either MM or PFA™ implies RP; so Theorem [2] will follow
from Theorem [1| and the following:

Lemma 26. Assume PFA and let & be inaccessible. Then there is a
tower of height 6 which concentrates on GIC,, .

Proof. In [16] it was shown that PFA implies that GIC,,, N @,,(Hp) is
stationary for all regular 6 > ws.

For each A < d set Z, :={MNH, | M € GIC,, Np,,(Vs)} and set
I, := the projection of NS [ GIC,,, Ng.,(Vs) to a normal ideal on Z,.
It is straightforward to check that a sequence of ideals defined in this
way is a tower. By Lemma [10] each Z) C GIC,, N pu,(H)).

Alternatively, once can check that the sequence (Z, | A < 0) satisfies
Lemma 9.49 of [5], and then use Burke’s “stabilization” technique to
produce a tower of ideals concentrating on the Z,s. It is not clear
whether this yields the same tower as the previous paragraph. O

5. SRP AND TOWERS ON GIS,,

In this section we prove Theorem[3] The Tree Property at x (T'P(k))
is the statement that every tree of height x and width < k has a cofinal
branch. Theorem [3] follows from Corollary 22| Lemma [24] and the
following theorem:

Theorem 27. Assume SRP(wy) and T'P(ws). Then there is no ideal
concentrating on GI1S,,, which bounds its own completeness.

First, note that SRP implies that V.S, is saturated and that 2 = w,
(see Chapter 37 of [11]).

17 If the generic embedding moves &, which is always the case if the tower con-
centrates on {M | |[M|=\C M}.
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Suppose for a contradiction that I concentrates on some stationary
S C GIS,, and bounds its own completeness (which is wy). Without
loss of generality we can assume that for every M € S: M < (Hy, €, ¢)
where ¢ is some wellorder of the reals and Hy is the support of I.
For each M € S let Ty C w; be the stationary set witnessing that
M € IS,,. For each a € proj(S,ws) define T'(«) := {Hy | M €
S and o = MNwy}; the downward closure of T'(«) under the hereditary
initial segment relationﬂ forms a tree of height < w,.

Claim 27.1. For each o € proj(S,ws), the tree T'(a) has width < ws.

Proof. Fix such an « and a level n < ws of the tree T'(«v). Note that if H
is at the 7-th level, then there is some M € S such that H = (H,)"™
where A is the n-th regular cardinal of Hy, (or A = Hy N ORD).
Without loss of generality we assume 7 > 2; then it is straightforward
to show that oy [H] = MNH,,, () € G1S,, and that the set Th—which
witnesses that M € IS, —also witnesses that M N H, ) € 1S,
Suppose for a contradiction that level  had at least wy-many distinct
nodes (He | £ < wy), and say T¢ C wy witnesses that He € IS,,. Note
all the H¢s have the same intersection with the reals (namely ¢[a]; so
they have the same intersection with H,, as well). For any distinct pair
¢ and &', since He # Hg then T N Ty is nonstationary by Theorem
[13] But then {7t | £ < ws} would be an ws-sized antichain for NS,
contradicting the fact that N.S,, is saturated. 4

Let I be the projection of I to ws.

Claim 27.2. For I-measure one many a < wsy, the tree T'(a) has height
wa.

Proof. The proof of Claim can be repeated verbatim. O

So by Claims and , for I-measure-one many a < wo, T'(a)
is a thin tree of height ws. Fix such an a. By TP(ws), T'(«) has a
cofinal branch. The union of this branch is a transitive ZFC model
W of height wy. Now W NR = ¢[a]; so in particular R — W # ()
and so by Corollary [12 S := [ws]* — W is projective stationary. Let
S :={N € [H,]* | NNw, € S}; then S is projective stationary in

(o] [

18] e. the nodes of T'(a) consists of transitive models of the form Hj; and models
of the form (H,)"™ where A € REGH

9T his is standard. If T C wy is stationary, then Sp := {Z € [w]* | ZNwy € T}
is stationary by the projective stationarity of S. Let A be a structure on H,,
in a countable language; we need to find an elementary substructure of A whose
intersection with w; is in 7. Pick any Z € S such that Sk4(Z) Nwy = Z (this



18 SEAN COX AND MATTEO VIALE

By SRP(wy), there is a continuous chain (N | £ < w;) of elemen-
tary substructures of H,, such that N; € S for every £ < w;. Let
Z = Ugcw,(Ne Nwa); it can easily be shown that Z is an ordinalﬂ
in particular Z is an element of some H € T(«). This implies that
proj(H,Z) :={anNZ | a € HN[H]*} is a subset of H. Also, proj(H, Z)
is stationary in [Z]“, since HN[H]“ is stationary by assumption. More-
over, C:={N¢Nwy | £ <wy} €S and C is a club subset of [Z]* N S.
So proj(H,Z)NC is nonempty. But proj(H,Z) C H C W;yet C C S
and SNW = 0, a contradiction. This completes the proof of Theorem
271

6. CONSISTENCY OF MM WITH A PRECIPITOUS TOWER ON
GIC,,

Now we prove Theorem [5. First, we need a “tower” version of Propo-
sition 7.13 from [5].

Theorem 28. (modification of Proposition 7.13 from [5] for towers).
Suppose Q € V is a poset and 1g I+ “§ remains inaccessible, (Uy | A <

8) is a tower of V-normal measures, and ult(V,U) is wellfounded”.
Suppose also that in V' there are functions @, h, and for each ¢ € Q a
function f, such that:

e (), h, and each f, each have bounded support in Vs;
e For every Q-generic object H:

- [Q]U‘H - Q;

- [h] = =H;

Uy
— For every q € Q: [fQ]ﬁH =q.

If I €V is the tower derived from the name U as in Definition

then Py is precipitous, forcing equivalent to Q, and generic ultrapowers

by I are ezactly those maps of the form jg V= ult(V, [7H) where H
H

is (V,Q)-generic.

Proof. First, we note that if I is a tower where each ideal I, C 0(Zy),
then the poset P; (as defined in section is forcing equivalent to

holds for all but nonstationarily many Z € Sr). Then Sk*(Z) € S is the model
we seek.

PLet B € (wa N Ug<w, Ne) and let ¢ < B; we need to see that ¢ € (g, Ne.
Let £* be such that 8 € Ng; since Ng- < H,,, there is a bijection f :w; — 8 such
that f € Ne-. Let & := (), and pick any ¢ such that ¢ € Nyv and £ < ¢
then both f and ¢’ are elements of N, so ¢ € Nyr.
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the poset obtained as follows: Define an equivalence relation on Py =
{\S) | A< dand S € I} by:

(1) (A, S) ~ (B,T) iff S% A T% € I, for some (equiva-
lently: every) n > max(\, ).

Let ]P”f :=Py/ ~ and partially order IP”f in the natural way inherited
from the partial ordering of P fﬂ

Now let I be the tower derived from the name U/ as in the statement
of the theorem. Similarly to the way Proposition 7.13 from [5] is proved,
we define a map ¢ : P — ro(Q) by:

®) (O S)]= = g (U 20 € g, (9ot

It is straightforward to check that this map is well-defined and pre-
serves order and incompatibility. Further, identifying Q with its iso-
morphic copy in ro(Q), the assumptions of the theorem imply that
Q C range(¢): given g € Q, let f, be as in the statement of the theo-
rem, and let A\, < ¢ be the support of f, (and without loss of generality
assume )\, is also greater than the support of h and Q). Then ¢ maps
the condition [(A,, {M € Z,, | fo(M) € h(M)})]~ to q.

Finally, we sketch why generic ultrapowers by I are exactly those
embeddings of the form jﬁH for some H which is (V, Q)-generic. First,
suppose G is (V, IP”f)—generic, and let H be the (V,Q)-generic obtained
from G and the map ¢ (or vice-versa; the argument is similar either

way). Define a map ¢ : ult(V, Uy) — ult(V, G) by: [f]['jH — [f]e. Then
one can show that ¢ maps onto ult(V,G) and that jo = /(o Jg, -
U

Corollary 29. Suppose U €V is a tower of normal ultrafilters of
inaccessible height 0 and jz : 'V —5 Ny is the ultrapower. Suppose
P e Vs and that jz [ P : P — jz(P) is a reqular embedding. Let G be
(V,P)-generic, and let Ie V[G] be the tower of height ¢ induced by jg
as in Definition |19

Then in V[G]: I is precipitous, Py is forcing equivalent to jz(P)/jz" G,
and generic ultrapowers of V[G] by I are exactly those maps of the form
jg*H : VIG] — Ng|G|[H] where H is jz(P)/jz" G-generic over V[G].

21 Another way to view the poset ]P”f is to consider the directed system of “canoni-
cal liftings” vx x 1 (Zx)/Ix = ©(Zx)/In (for X < X') defined by [S]7, — [SZ¥]y,,.
Then ]P”f is the direct limit of this system.
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Proof. Let G be (V,P)-generic. We check the conditions of Theorem 28}
here V[G] will play the role of the V' from Theorem [28 and j;(P)/jz" G
will play the role of the Q from Theorem [28
Work in V[G]. For all H which are (V[G], j5(P)/jz" G)-generic: for

every A < 4, there are US*H-many M’ such that:

(1) M' NV € VA denote this set M

(2) V |E “M NP is a regular subposet of P”.
Since we assume P € Vj, there is some A\p < 0 such that P € H,,.
Now consider the following functions defined in V[G] on A% := {M’ <
Vs|G] | M'NV € V and M’ NP is a regular subposet of P}:

e Q(M') :==P/(G N M'); note this equals P/(GNM' N Hy )

e h(M') := the generic for P/(G N M’) obtained from G and the
forcing equivalence between P and (M’ NP) (P/(GNM'). Note
this only depends on M' N Hy..

e For any ¢ € jz(P)/G: note that ¢ € V and there is some
fq : Vs = V with support A, < 0 such that ¢ = [fy]z. Then
define (in V[G]) the function f; by M’ f,(M' N HY) ).

Note that each of these functions has bounded support in Vs (@ and
h have support Ap, and f; has support Ag). It is straightforward to
check that for every H which is (V[G], j3(P)/jz" G)-generic:

o [Qlgc.n = jz(P)/jg" G;

° [h}[jG*H =H
e For each ¢ € j3(P)/i5"G: [folgen =4
The conclusion then follows by Theorem 28] O

It is interesting to note that if I € V[G] is as in Corollary [29] and
0 is always moved by generic embeddings of V' by TP then generic
ultrapowers of V[G] by I do not have P 7 as an element (by Lemma 4.3
of |1]). However these generic ultrapowers do have a poset—namely
Jg(P)/js" G—which, from the point of view of V[G], is forcing equiv-
alent to P; (and all the generic ultrapowers even have a V/[G]-generic
for that poset).

Now back to the proof of Theorem [5 Suppose « is supercompact
and 0 > k is inaccessible. Let Lav : kK — V,, be a Laver function for x,
and P the standard RCS iteration of length x which yields a model of
Martin’s Maximum as in [7]; this actually produces a model of M M 1.
In V' let U be a normal measure on g, (H,) for some regular n > ¢ such
that ju(Lav)(k) = Rs, where Ry is the poset from Theorem |8 and Ry

22This holds for UZ*H-many M’ because Ny ﬂjg*H”H)\ (G] = jz" Hx
23This is always the case if each Uy in the original tower concentrates on g, (H)).
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is the canonical P-name for (R;)V". Let U := (U, | A < &) be the
tower of normal measures produced from projections of U to p.(H))
for A < 4. Let j; : V — Npy; recall Nj is closed under < § sequences
so in particular j; [ Hy € Ny for every A < ¢. Since IP has the s-cc,
then jz [ P =id : P — jz(P) is a regular embedding, so the discussion
before Definition (19| applies. Fix some G which is (V,P)-generic, and
in V[G] let I be the tower of ideals induced by Jg as in Definition .

By Corollary 29
(9) [ is precipitous

So we only have left to show that I concentrates on GI Cy,. First we
note:

Claim 30. j;(Lav)(k) = R;

Proof. By standard arguments there is a k : Nz — ult(V,U) such that
kojz = juand k | § = id. Now Ry = jiy(Lav)(k) = kojz(Lav)(k(k)) =
k(jg(Lav)(k)); so Rs € range(k). Recall from Theorem |8 that the
poset Ry is always an element of Hg+; so the canonical P-name R, for
RY" is an element of HY, = H:;f(V’U). So |Rs|“V-V) = §. Then since
Rs € range(k), we have § = [Rs|“*V"V) € range(k). This implies that
cr(k) > & (equivalently, that j;(x) > §) and that k~'(Rs) = Rs. O

Consider an arbitrary H which is (V[G], jz(P)/G)-generic. Let H*
denote the s-th component of H. Now N3|G][H*] = V;|G] € GIC,,
because H* is (NU[G],R(];VU[G])—generiC (note Vs = V(SN‘7 because Ny is

closed under < ¢ sequences from V). Since Ny[G][H] is an outer model
of Ng|G][H*] with the same wy, then Theorem [§ implies:

(10) Ng|G][H] = Vi[G] € GIC,,
By and (the transitivised variant of) Theorem [L0}
For every V-regular \ € [k,0]: Nz|G|[H| E H\[G] €
W cre,,. :

Since jg*H [ H)\[G] is an element of Nz[G][H]| for every A < 0 and
the class GIC,, is closed under isomorphism, then implies:

For every V-regular A € [k,0), Np[G|[H] E

(12) «jg*va H,|G] is an element of GIC,,,”.
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Since holds for arbitrary generic H, then by the definition of each
[)\I

(13) For each A < 4, I concentrates on GIC,,.
This concludes the proof of Theorem

7. QUESTIONS

We end with some questions.
We proved that under RP([ws]*), there is no presaturated tower
which concentrates on GIC,,,. This suggests a couple of questions:

Question 31. Is it consistent with RP([ws]“) that there is a presatu-
rated tower concentrating on GIS,, ?

Question 32. Is it consistent with ZFC to have a presaturated tower
which concentrates on GIC,,, ?

One way to produce a presaturated tower on GIS,, is to perform a
“Mitchell collapse” so that an almost-huge cardinal becomes wo; how-
ever RP[ws]* fails in this model, so it does not provide an affirmative
answer to Question [31]

We also showed that M M implies there is no presaturated tower on
G1S,,, which suggests:

Question 33. Is it consistent with MM that there is a presaturated
tower concentrating on GIU,, ?

Question 34. If the answer to either of the previous questions is “yes”,
can this tower be a stationary tower? Or any other kind of “natural”
tower?

Finally, in Theorem 4] we showed there is no precipitous tower on
GIC,, which is definable over Vs (where ¢ is the height of the tower).

Question 35. Suppose NS, is saturated. Does this imply that there
is no precipitous tower on GI1S,, which is definable over V52 (Where
d is the height of the tower)
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