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Abstract

We present several results relating the general theory of the stationary
tower forcing developed by Woodin with forcing axioms. In particular we
show that, in combination with strong large cardinals, the forcing axiom
MM** makes the IT,-fragment of the theory of Hy, invariant with respect to
stationary set preserving forcings that preserve BMM. We argue that this is a
close to optimal generalization to Hy, of Woodin’s absoluteness results for
L(R). In due course of proving this we shall give a new proof of some of
Woodin’s results.

1 Introduction

In this introduction we shall take a long detour to motivate the results we want to
present and to show how they stem out of Woodin’s work on Q-logic. We tried to
make this introduction comprehensible to any person acquainted with the theory
of forcing as presented for example in [/]]. The reader may refer to subsection|l.1
for unexplained notions.

Since its discovery in the early sixties by Paul Cohen [2], forcing has played a
central role in the development of modern set theory. It was soon realized its fun-
damental role to establish the undecidability in ZFC of all the classical problems
of set theory, among which Cantor’s continuum problem. Moreover, up to date,
forcing (or class forcing) is the unique efficient method to obtain independence
results over ZFC. This method has found applications in virtually all fields of
pure mathematics: in the last forty years natural problems of group theory, func-
tional analysis, operator algebras, general topology, and many other subjects were
shown to be undecidable by means of forcing (see [4}[13] among others). Perhaps
driven by these observations Woodin introduced Q-logic, a non-constructive se-
mantics for ZFC which rules out the independence results obtained by means of
forcing.



Definition 1.1. Given a model V of ZFC and a family I of partial orders in V, we
say that V models that ¢ is I'-consistent if VB | ¢ for some B €T

The notions of I'-validity and of I'-logical consequence = are defined accord-
ingly. Woodin’s Q-logic is the I'-logic obtained by letting I" be the class of all
partial ordersﬂ Prima facie I'-logics appear to be even more intractable than S-
logic (the logic given by the class of well founded models of ZFC). However this
is a misleading point of view, and, as we shall see below, it is more correct to view
these logics as means to radically change our point of view on forcing:

[-logics transform forcing in a tool to prove theorems over certain
natural theories 7 which extend ZFC.

The following corollary of Cohen’s forcing theorem (which we dare to call Co-
hen’s Absoluteness Lemma) is an illuminating example:

Lemma 1.2 (Cohen’s Absoluteness). Assume T D ZFC and ¢(x, r) is a Xy-formula
in the parameter r such that T + r C w. Then the following are equivalent:

There is a slight twist between Woodin’s original definition of Q-consistency and our defi-
nition of I'-consistency when I is the class of all posets. We shall explain in this footnote why
we decided to modify Woodin’s original definition. On a first reading the reader may skip it over.
Woodin states that ¢ is Q-consistent in V if there is some @ and some B € V,, such that VB E ¢.
The advantage of our definition (with respect to Woodin’s) is that it allows for a simpler formu-
lation of the forcing absoluteness results which are the motivation and the purpose of this paper
and which assert that over any model V of some theory 7" which extends ZFC any statement ¢ of
a certain form which V models to be I'-consistent actually holds in V. To appreciate the difference
between Woodin’s definition of Q-consistency and the current definition, assume that ¢ is a I1,-
formula and that ¢ is Q-consistent in V' in the sense of Woodin: this means that there exist @ and
B such that VB k= ¢, nonetheless it is well possible that VB £ ¢ and thus that B does not witness
that ¢ is Q-consistent according to our definition. Now if V models ZFC+there are class many
Woodin cardinals which are a limit of Woodin cardinals and ¢"® is Q-consistent in V in the sense
of Woodin, this can be reflected in the assertion that da € V, V,, E ¢"®, but not in the statement
that “® holds in V. On the other hand if V models ZFC+there are class many Woodin cardinals
which are a limit of Woodin cardinals and "™ is Q-consistent in V according to our definition,
we can actually reflect this fact in the assertion that V | ¢“®). There is no real discrepancy on
the two definitions because for each n we can find a X, formula ¢, such that if V is any model
of ZF, V, E ¢, if and only if V,, <5, V. Thus, if we want to prove that a certain X,-formula ¢
is Q-consistent according to our definition, we just have to prove that ¢, A ¢ is Q-consistent in V
according to Woodin’s definition. On the other hand the set of I'-valid statements (according to
Woodin’s definition) is definable in V in the parameters used to define I', while (unless we sub-
sume that there is some ¢ such that V5 < V and all the parameters used to define I" belong to Vy)
we shall encounter the same problems to define in V the class of I'-valid statements (according to
our definition) as we do have troubles to define in V the set of V-truths.
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o T+ [H, E Ixe(x, )]
o T+ dx¢(x,r)is Q—consistenlﬂ

Observe that for any model V of ZFC, H}, <s, V and that for any theory 7' 2
ZFC there is a recursive translation of X}-properties (provably %) over T) into
2, -properties over H,, (provably X, over the same theory T) [0, Lemma 25.25].
Summing up we get that a X)-statement is provable in some theory T 2 ZFC iff
the corresponding X;-statement over H,,, is provably Q-consistent over the same
theory 7. This shows that already in ZFC forcing is an extremely powerful tool
to prove theorems. Moreover compare Lemma I.2] with Shoenfield’s absoluteness
theorem stating that the truth value of a X}-property is the same in all transitive
models M of ZFC to which w; belongs [6, Theorem 25.20]. These two results are
very similar in nature but the first one is more constructive. For example a proof
that a X}-property holds in L does not yield automatically that this property is
provable in ZFC but just that it holds in all uncountable transitive models of ZFC
to which w; belongs; yet this property could fail in some non-transitive model of
ZFC or in some transitive model of ZFC whose ordinals have order type at most
wi.

We briefly sketch why Lemma holds since this will outline many of the
ideas we are heading for:

Proof. We shall actually prove the following slightly stronger formulatiorﬂ of the
non-trivial direction in the equivalence:

Assume V is a model of 7. Then H,, E dx¢(x,r) if and only if
V E Ax¢(x, r) is Q-consistent.

To simplify the exposition we prove it with the further assumption that V is a
transitive model. With the obvious care in details essentially the same argument
works for any first order model of 7. So assume ¢(x,¥) is a Xy-formula and
dx¢p(x, 7) is Q-consistent in V with parameters 7 € R". Let P € V be a partial order
that witnesses it. Pick a model M € V such that M < (Hjp+)", M is countable in
V,and P,7 € M. Let my, : M — N be its transitive collapse and Q = ().
Notice also that 7(7) = 7. Since ), is an isomorphism of M with N,

N E (IFo Jxp(x, 7).

’Le. T  There is a partial order B such that \Fg 3xp(x, 7).
3In the statement below we do not require that the existence of a partial order witnessing the
Q-consistency of Ax¢(x, r) in V is provable in T'.
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Now let G € V be N-generic for Q (G exists since N is countable), then, by
Cohen’s fundamental theorem of forcing applied in V to N, we have that N[G]
Ax¢p(x, 7). So we can pick a € N[G] such that N[G] E ¢(a, 7). Since N,G €
(Hy,)", we have that V models that N[G] € H}, and thus V models that a as well
belongs to HXI- Since ¢(x, ) is a Xy-formula, V models that ¢(a, 7) is absolute
between the transitive sets N[G] ¢ H,, to which a,7 belong. In particular a
witnesses in V that H}, = Jx¢(x, P). O

If we analyze the proof of this Lemma, we immediately realize that a key obser-
vation is the fact that for any poset IP there is some countable M < Hpq+ such
that P € M and there is an M-generic filter for IP. The latter statement is an easy
outcome of Baire’s category theorem and is provable in ZFC. For a given regular
cardinal A and a partial order P, let Sf) be the set consisting of M < Hpaxpi.2)
such that there is an M-generic filter for P and M N A € A > |M|. Then an easy
outcome of Baire’s category theorem is that § g' is a club subset of P, (Hp+) for
every partial order IP. If we analyze the above proof what we actually needed was
just the stationarity of S ;' to infer the existence of the desired countable model
M < Hpq- such that r € M and there is an M-generic filter for IP. For any regualr
cardinal 4, let T’ be the class of posets such that S, is stationary. In particular we
can generalize Cohen’s absoluteness Lemma as follows:

Lemma 1.3 (Generalized Cohen Absoluteness). Assume V is a model of ZFC
and A is regular and uncountable in V. Then HX <s, VPifPeT,

Let FA,(IP) assert that: P is a partial order such that for every collection of v-
many dense subsets of P there is a filter G C P meeting all the dense sets in this
collection. Let BFA,(P) assert that H), <5, V*.

Given a class of posets I, let FA,(T') (BFA,(I')) hold if FA,(P) (BFA,(P)) holds
for all P € I'. Then Baire’s category theorem just says that FAy,(€2) holds where
Q is the class of all posets. It is not hard to check that if S4 is stationary, then
FA,(P) holds for all y < A. Woodin [18, Theorem2.53] proved that if 4 = v*
is a successor cardinal P € I'; if and only if FA,(P) holds (see for more details
subsection and Lemma [2.9). In particular for all cardinals v we get that I,
is the class of partial orders P such that FA,(P) holds or (equivalently) such that
S IV; is stationary. With this terminology Cohen’s absoluteness Lemma states that
FA,(P) implies BFA,(P) for all infinite cardinals v.

Observe that many interesting problems of set theory can be formulated as I1,-
properties of H,+ for some cardinal v (an example is Suslin’s hypothesis, which
can be formulated as a Il,-property of Hy,). Lemma gives a very powerful
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general framework to prove in any given model V of ZFC whether a I1,-property
Yx3yg(x,y,z) (where ¢ is Zo) holds for some H), with p € H), replacing z: It
suffices to prove that for any a € Hx, V models that dy¢(a, y, p) is I',+-consistent.
This shows that if we are in a model V of ZFC where I'’. contains interesting
and manageable families of partial orders I'’, -logic is a powerful tool to study the
I,-theory of H),. In particular this is always the case for v = N, in any model
of ZFC, since I'y, is the class of all posets. Moreover this is certainly one of the
reasons of the success the forcing axiom Martin’s Maximum MM and its bounded
version BMM have had in settling many relevant problems of set theory which can
be formulated as I1,-properties of the structure Hy, and that boosted the study of
bounded versions of forcing axiomﬂ

For any set theorist willing to accept large cardinal axioms, Woodin has been
able to show that Q-logic gives a natural non-constructive semantics for the full
first order theory of L(R) and not just for the X;-fragment of Hyx, C L(R) which is
given by Cohen’s absoluteness Lemma. Woodin [[10, Theorem 2.5.10] has proved
that assuming large cardinals Q-truth is Q-invariant 1.e.:

Let V be any model of ZFC+there are class many Woodin cardinals.
Then for any statement ¢ with parameters in R,

V E (¢ is Q-consistent)
if and only if there is B € V such that

VB E (¢ 1s Q-consistent).

Thus Q-logic, the logic of forcing, has a notion of truth which forcing itself can-
not change. Woodin [10, Theorem 3.1.7] also proved that the theory ZFC+large
cardinals decides in Q-logic the theory of L(R), i.e.:

For any model V of ZFC+there are class many Woodin cardinals
which are a limit of Woodin cardinals and any first order formula ¢,
L(P,,0rd)" k ¢ if and only if

V E [L(P,,0Ord) E ¢] is Q-consistent.

4Bagaria [1] and Stavi, Védédninen [14] are the first who realize that bounded forcing axioms
are powerful tools to describe the I1,-theory of Hy, exactly for the reasons we are pointing out.



He pushed further these result and showed that if 7 extends ZFC+ There are class
many measurable Woodin cardinals, then T decides in Q-logic any mathematical
problem expressible as a (provably in T) Af-statement. These are optimal and
sharp results: it is well known that the Continuum hypothesis CH (which is prov-
ably not a A%—statement) and the first order theory of L(P(w;)) cannot be decided
by ZFC+ large cardinal axioms in Q-logic. Martin and Steel’s result that pro-
jective determinacy holds in ZFC* complements the fully satisfactory description
Q-logic and large cardinals give of the first order theory of the structure L(R)
in models of ZFC*. Moreover we can make these results meaningful also for a
non-platonist, for example we can reformulate the statement that ZFC* decides in
Q-logic the theory of L(R) as follows:

Assume T extends ZFC+there are class many Woodin cardinals which
are a limit of Woodin cardinals. Let ¢(r) be a formula in the parameter
r such that 7 + r C w. Then the following are equivalent:

o T+ [L(P,,Ord) F ¢(r)].

o T+ ¢(r)HPa9 js Q-consistent.

The next natural stage is to determine to what extent Woodin’s results on Q-
logic and the theory of Hy, and L(R) can be reproduced for Hy, and L(P(w)).
There is also for these theories a fundamental result of Woodin: he introduced an
axiom (x) which is a strengthened version of BMM with the property that the the-
ory of Hy, with parameters is invariant with respect to all forcings which preserve
this axionﬂ The (x)-axiom is usually formulated [9, Definition 7.9] as the asser-
tion that L(RR) is a model of the axiom of determinacy and L(P(w;)) is a generic
extension of L(IR) by an homogeneous forcing Py« € L(R).

There are two distinctive features of (x):

1. It asserts a smallness principle for L(P(w;)): on the one hand the homo-
geneity of P, entails that the first order theory of L(P(w,)) is essentially
determined by the theory of the underlying L(R). On the other hand (*)
implies that L(P(w;)) = L(R)[A] for any A € P(w) \ L(R).

2. (*) entails that sz < HXZP for any notion of forcing P € V which preserves
(*) even if FAx,(P) may be false for such a P.

SWe refer the reader to [9] for a thorough development of the properties of models of the
(*)-axiom.



In this paper we propose a different approach to the analysis of the theory of
Hy, then the one given by (x). We do not seek for an axiom system 7" 2 ZFC
which makes the theory of Hy, invariant with respect to all forcing notions which
preserve a suitable fragment of 7. Our aim is to show that the strongest forcing
axioms in combination with large cardinals give an axiom system 7" which extends
ZFC and makes the theory of Hy, invariant with respect to all forcing notions P
which preserve a suitable fragment of T and for which we can predicate FAx, (P)
(i.e. forcings P which are in the class I'y,).

This leads us to analyze the properties of the class Iy, in models of ZFC*. This
is a delicate matter, first of all Shelah proved that FAg, (P) fails for any P which
does not preserve stationary subsets of w;. Nonetheless it cannot be decided in
ZFC whether this is a necessary condition for a poset P in order to have the failure
of FAy,(P). For example let P be Namba forcing: it is provable in ZFC that P
preserve stationary subsets of w, however in L FAg, (P) fails while in a model of
Martin’s maximum MM FAg, (P) holds. This shows that we cannot hope to prove
general theorems about Hy, in ZFC" alone using forcing, but just theorems about
the properties of Hy, for particular theories 7" which extend ZFC" and for which
we have a nice description of the class I'y,.

In this respect it is well known that the study of the properties of Hy, in models
of Martin’s maximum MM, of the proper forcing axiom PFA, or of their bounded
versions BMM and BPFA has been particularly successful. Moreover it is well
known that the strongest such theories (MM and PFA) are able to settle many
relevant questions about the whole universe V and to show that many properties
of the universe reflect to HNzﬂ The reason is at least two-fold:

e First of all there is a manageable description of the class I's, in models of
MM (PFA,MA): this is the class of stationary set preserving posets for MM
(respectively contains the class of proper forcings for PFA, and the class of
CCC partial orders for MA).

e MM realizes the slogan that FAg, (P) holds for any partial order P for which
we cannot prove that FAg, (P) fails, thus MM substantiates a natural maxi-
mality principle for the class I'y,.

The literature is vast, we mention just a sample of the most recent results with no hope of
being exhaustive: [[L1} (15} [18] present different examples of well-ordering of the reals definable
in Hy, (with parameters in Hy,) in models of BMM (BPFA), [3| [16l [17] present several differ-
ent reflection properties between the universe and Hy, in models of MM** (PFA,MM), [4] [12]
present applications of PFA to the solution of problems coming from operator algebra and general
topology and which can be formulated as (second order) properties of the structure Hy, .
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We believe that the arguments we presented so far already show that for any
model V of ZFC and any successor cardinal 4 € V it is of central interest to
analyze what is the class I'; in V, since this gives a powerful tool to ivestigate the
I1,-theory of H). Moreover in this respect ZFC + MM is particularly appealing
since it asserts the maximality of the class I'y,. The main result of this paper is to
show that a natural strengthening of MM (denoted by MM*) which holds in the
standard models of MM, in combination with Woodin cardinals, makes I'y,-logic
the correct semantics to describe completely the Il,-theory of Hy, in models of
MM**. In particular we shall prove the following theorem:

Theorem 1.4. Assume MM™ holds and there are class many Woodin cardinals.
Then
% vP
HNZ <22 HNZ
for all stationary set preserving posets P which preserve BMM

Notice that we can reformulate the theorem in the same fashion of Woodin’s and
Cohen’s results as follows:

Theorem 1.5. Assume T extends ZFC + MM*"+ There are class many Woodin
cardinals. Then for every I1,-formula ¢(x) in the free variable x and every param-
eter p such that T v p € H,, the following are equivalent:

o T+ [Hy, E ¢(p)]

e T + There is a stationary set preserving partial order P such that I-p ¢ (p)
and IF» BMM.

The rest of this paper is organized as follows: Section 2] presents background
material on forcing (Subsection [2.1)), forcing axioms (Subsection [2.2)), the sta-
tionary tower forcing (Subsection [2.3)), the relation between the stationary tower
forcing and forcing axioms (Subsection [2.4)), and a new characterization of the
forcing axiom MM*™ in terms of complete embeddings of stationary set preserv-
ing posets into stationary tower forcings (Subsection [2.5). Section [3| presents the
proof of the main result, while Section 4| gives a proof of the invariance of the
theory of Hy, with respect to set forcing in the presence of class many Woodin
cardinals. We end the paper with some comments and open questions (Section [5).

While the paper is meant to be as much self-contained as possible, we presume
that familiarity with forcing axioms (in particular with Martin’s maximum) and
with the stationary tower forcing are of valuable help for the reader. A good
reference for background material on Martin’s maximum is [6, Chapter 37]. For
the stationary tower forcing a reference text is [[10].

8



1.1 Notation and prerequisites

We adopt standard notation which is customary in the subject, our reference text
is [6]].

For models (M, E) of ZFC, we say that (M,E) <, (M",E")if M c M', E =
E’ N M? and for any ¥,-formula ¢(p) with p € M, (M, E) & ¢(p) if and only if
(M',E') E ¢(p). We usually write M <y, M instead of (M, E) <5, (M’, E") when
E,E’ is clear from the context. We let (M,E) < (M',E’) if (M,E) <5, (M',E")
for all n.

We let Ord denote the class of ordinals. For any cardinal « P, X denote the
subsets of X of size less than x. Given f : X - Yand A Cc X,B C Y, f[A] is the
pointwise image of A under f and f~'[B] is the preimage of B under f. A set S
is stationary if for all f : P,(US) — US there is X € S such that f[X] C X (such
an X is called a closure point for f). A set C is a club subset of S if it meets all
stationary subsets of S or, equivalently, if it contains all the closure points in § of
some f : P,(US) — US. Notice that P, X is always stationary if « is a cardinal
and X, k are both uncountable.

If V is a transitive model of ZFC and (P,<p) € V is a partial order with a
top element 1p, V¥ denotes the class of P-names, and @ or 7 denote an arbitrary
element of V¥, if & € V* is the canonical name for a set a in V we drop the
superscript and confuse ¢ with a. We also feel free to confuse the approach to
forcing via boolean valued models as done by Scott and others or via the forcing
relation. Thus we shall write for example V7 | ¢ as an abbreviation for

VEI[lsIF ¢l

If M € V is such that (M, €) is a model of a sufficient fragment of ZFC and
(P,<p) in M is a partial order, an M-generic filter for P is a filter G C P such
that G N A N M is non-empty for all maximal antichains A € M (notice that if
M is non-transitive, A € M is well possible). If N is a transitive model of a
large enough fragment of ZFC, P € N and G is an N-generic filter for P, let
o : NNVP — N[G] denote the evaluation map induced by G of the P-names in
N.

We say that (M, E) <5, (N, E) for some N € V? if

VFEENM=E
and for any X,-formula ¢(p) with p € M, (M, E) | ¢(p) if and only if

VI E (N, E) E ¢(p)].
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We will write M <5, N if (M, E) <5, (N, E) and E, E are clear from the context.

We shall also frequently refer to Woodin cardinals, however for our purposes
we won’t need to recall the definition of a Woodin cardinal but just its effects on
the properties of the stationary tower forcing. This is done in subsection [2.3]

2 Preliminaries

We shall briefly outline some general results on the theory of forcing which we
shall need for our exposition. The reader may skip Subsections 2.1} [2.2] 2.3 and
eventually refer back to them.

2.1 Preliminaries I: complete embeddings and projections

Foraposet Qand g € Q, let Q | g denote the poset Q restricted to conditions » € Q
which are below g and BB(Q) denote its boolean completion, i.e. the complete
boolean algebra of regular open subsets of Q, so that Q is naturally identified with
a dense subset of B(Q). We say that:

e P completely embeds into Q if there is an homomorphism i : P — B(Q)
which preseves the order relation and maps maximal antichains of P into
maximal antichains of B(Q). With abuse of notation we shall call a com-
plete embedding of P into Q any such homomorphism i : P — B(Q).

e [ : P — B(Q) is locally complete if for some g € Q,i: P — B(Q | q) is
a complete embedding (with a slight abuse of the current terminology, we
shall also call any locally complete embedding a regular embedding).

e P projects to Q if there is an order preserving map 7 : P — Q whose image
is dense in Q.

Lemma 2.1. The following are equivalent:
1. P completely embeds into Q,
2. for any V-generic filter G for Q there is in V|G] a V-generic filter H for P,

3. For some p € P there is a homomorphism i : B(P | p) — B(Q) of complete
boolean algebras.

Proof. We proceed as follows:
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[1]implies 2]
Observe thatif i : P — B(Q) is a complete embedding and G is a V-generic
filter for B(Q), then H = i"'[G] is a V-generic filter for P.

2]implies 1]
Let H € VB@ be a name such that

IFp(o) H is a V-generic filter for P.

Themapp — ||pe H lB(p) 1s the desired complete embedding of P into Q.

[ implies 3]
Leti: P — B(Q) be a complete embedding and H € VB be a name for
the V-generic filter for B(Q). Then there is some p € P such that

li(g) € H”IB(Q) > Op(g)

for all ¢ < p. Then for such a p the map i can naturally be extended to a
complete homomorphism i : B(P | p) — B(Q).

B]implies 1]
Immediate. O

Remark 2.2. Observe thatif i : P — B(Q) is a complete embedding then for all
q € Qsuchthati(p)Aq > Og, the map i, : P — B(Q [ g) which maps p to g Ai(p)
is also a complete embedding. Moreover if g Iy p € H where H = i"'[G] € V¢
and G is the canonical B(Q)-name for a V-generic filter for B(Q), we have that
i,(r) = Op(g) for all » € P incompatible with p.

Thus in general a complete embedding i : P — B(Q) may map a large portion
of P to OB(Q).

Lemma 2.3. The following are equivalent:
1. There is a projection t : P — B(Q) \ {Op(g)}-

2. There is H in V¥ such that |Fp H is a V generic filter for Q.
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Proof. [1)implies 2]
Let H € VP be a P-name such that I-p H = x[G]. Then since the image

of m is a dense subset of B(Q) it is easy to check that I-p H generates a
V-generic filter for B(Q).

implies [1| Assume [2| holds for the P-name H and let 7 : P — B(Q) be defined
by n(p) = Nlg € Q : p IFp g € H}. We claim that r is a projection. First
of all we claim that m(p) > Opg) for all p € P. This uses the following
observation:

Fact 2.4. Assume G is V-generic for P and H = og(H) € V[G] is V-
generic for Q. If A € Vis such that A C H, then A\ A > Opg).

Proof. Assume not, then there is some r € G such that  IFp A A = Opg).
Now let A = {a; : i € I}. Since A C G all the a; are compatible. Let B C A
B € V be a non-empty subset of A of least size such that A\ B = Opg) but
forno E C B such that |E| < |B|, A\ E = Op(g). Then we can arrange that
B = {a, : a < vy} for some cardinal y and that bg = Afa, : @ < B} > Op(g)
for all B < y. By refining the sequence {bs : f < y} (if necessary) we can
further suppose that b, < bg for all & < .

Now let ¢z = by A —~bg. We claim that
C = {c: 3B <y such that ¢ < ¢} O

(which belongs to V) is a dense subset of B(Q) | by. To see this, let H be a
P-name which is forced by P to be the V-generic filter for B(Q) generated
by H which is a P-name for a V-generic filter for Q. Observe that since 7 IFp
H, is a V-generic filter for B(Q) containing H, we get that r |Fp bg € H, for
all 8 < y. Now given some ¢ < by, we have that Af{c A bg : <y} = Og(g).
There are two cases:

e There is some § <y such that c A bs = ¢ A bg for all 6 € [B,y).
In this case we have that ¢ A bg = Op(g) and c is already an element of
C.

e Forall B <y there is ag <y such that ¢ A by, < ¢ A bg.

In this case we get that ¢ A by, < c¢. Thus d = ¢ A =b,, > Op(g) and
d < cis an element of C.
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Thus C is dense. Since r IFp C N Hy # 0 we can find 7 < r and d € C such
that 7’ I-p d € C N Hy. Now there is some S such that d A bg = Opg). Then
r'IFpd Abg=0gg € H,, which is the desired contradiction which proves
the fact.

Now forall pe P,A,={q€ Q: pl-q€ H}isin V and is forced by p to
be a subset of H. In particular we get that A A, = m(p) > Opg). il is now
easy to check that 7[P] is a dense subset of B(Q) \ {Op(g)}- [

Given a complete embedding i : Q — B of complete boolean algebras, let
m:B — Qmapatoinf{g € Q : i(g) > a}, then « is a projection and w o i(b) = b
for all b € B while i o n(q) > g for all g € Q.

The quotient forcing B/i[Q] is the object belonging to V¥ such that

o |-q B/i[Q] is a partial order with the order relation <;.

e B/i[Q] € Vis the set of Q-names # of least rank among those that satisfy
the following requirements:

~ [ € B\ {0sDH]g = 1o
— For all 7 € B/i[Q] if there are r € B and ¢ € Q such that g I-¢ 77 = r,
then n(r) > g.

e For7,§ € B/i[Q] g IFq i <; § if and only if the following holds:

Forall ¢' < g, if there are r,s € B suchthat g’ lFg i =r A s =5,
then r A i(q') < s A i(q).

Lemma 2.5. Ifi: Q — B is acomplete embedding of complete boolean algebras,
then Q = (B/i[Q)) is forcing equivalent to B.

Proof. Letn: B — Q be the projection map associated to i. The map
"1 (B\{0p}) — B(Q * (B/i[Q]))
which maps r — (n(r), ) is a complete embedding such that i*[B \ {Og}] is dense

in Q * (B/i(Q)).

The conclusion follows. ]
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Remark 2.6. There might be a variety of locally complete embeddings of a poset
P into a poset Q. These embeddings greatly affect the properties the generic
extensions by Q attributes to elements of the generic extensions by P. For example
the following can occur:

There is a P-name S which is forced by P to be a stationary subset of
w; and there are iy : P — B(Q), i; : P — B(Q) distinct locally com-
plete embeddings of P into Q such thatif G is V-generic for B(Q) and
H; = i;l[G], then o, ($) is stationary in V[G], oy, (S) is stationary
in V[H,] but non-stationary in V[G].

Ifi: P - B(Q) is a locally complete embedding and p € P, g € Q are such
that i can be extended to a complete homomorphism of B(P | p) into B(Q | ¢q)
we shall also denote B(Q | ¢)/i[B(P | p)] by Q/i[P], if i is clear from the context
we shall even denote such quotient forcing as Q/P.

2.2 Preliminaries ll: forcing axioms

Definition 2.7. Given a cardinal A and a partial order P, FA,(P) holds if:

For all p € P, P | p is a partial order such that for every collection of
A-many dense subsets of P | p there is a filter G C P | p meeting all
the dense set in this collection.

FA_,(P) holds if FA,(P) holds for all v < A.

BFA,(P) holds if H; <5z, V*.

If I is a family of partial orders, FA,(I') (FA_,(I'), BFA(I")) asserts that FA,(P)
(FA_;(P), BFA(P)) holds for all P € T.

For any partial order P
S%={M < Hp+ : MN A€ A>|M|and there is an M-generic filter for P}

For any regular uncountable cardinal A, we let I'; be the family of P such that
S is stationary.
In the introduction we already showed:

Lemma 2.8. Assume A is a regular cardinal. Then P € Ty implies BFA,(P).

14



MM asserts that FAg, (SSP) holds, where SSP is the family of posets which
preserve stationary subsets of w;. BMM asserts that BFAk, (SSP) holds. It is not
hard to see that if S f, is stationary, then FA_,(P) holds. It is not clear whether the
converse holds if A is inaccessible. However the converse holds if A is a successor
cardinal and Woodin’s [18, Theorem 2.53] gives a special case of the following
Lemma for A = w,.

Lemma 2.9. Let A = v* be a successor cardinal. Then the following are equiva-
lent:

1. FA,(P) holds.
2. S4 is stationary.

Proof. Only one direction is non trivial. We assume that FA,(P) holds in V and
we prove that V models that S is stationary. We leave to the reader to prove the
other implication.

First of all we leave the reader to check that if FA,(P) holds, then all cardinals
less or equal to v are preserved by P. Let P € Hy with 6 regular larger than A.

Pick My < Hy such that P € Myand Mo NA € A > |My| = v. Now since
|My| = v, there is a filter H which meets all the dense sets in M,. The proof is
completed once we prove the following:

Claim 2.9.1.

M, ={acHy:3Ir € Myn V"3Ag € H such that q\Fp a = 7} < Hy,
H is an M,-generic filter for P, M| = vand My N A € A
Proof. We prove each item as follows:

e M, < Hy:

Given a first order formula ¢(xo, ..., x,), and a,...a, € M; such that Hy
models Ax¢(x,a; ...,a,) we want to find ay € M, such that Hy models
éd(ag,ay ...,a,). Let ty,...,7, € My N VF be such that for some ¢; € H,
qilF 7; = a; and

Fp Ax € HY ¢(x, 71, ... 7).

Since P € Hy we can find T € Hy such that

IFp o(T, 71, .. .Tn)HHV ATeV.
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In particular we get that
HoEFp T €V AT T... 1) ],

Since M, < Hy, we can actually find such a 7 € My N V¥, Then the set of
g € P which force the value of 7 to be some element of Hy is open dense
and belongs to M. Thus there is ¢ € H which belongs to this open dense
set and refines all the g;, and a € Hy such that ¢ I a = 7. Then a € M, and
Hy models that ¢(a, a; .. .,a,), as was to be shown.

H is an M,-generic filter for P:

Pick D € M, dense subset of P and D € M, such that IFp 7 is a dense
subset of P which belongs to V and such that for some g € H, g I-p D = D.
Then we get that IFp 7 NG # 0, thus there is some 7" € M, such that
IFp T € DN G, since My < Hy. Now wecanfindr < g, r € Hand p € P
such that 7 IFp 77 = p. Since

rlkpp=7€GNnD=GND,
we get that p > r is also in H and thus that H N D # (.

M]ﬂ/lE/l>|M]|:V:

First of all M, has size |My| = v since it is the surjective image of My, N V*
and contains M. Thus sup(M; N A) < A. Now pick 8 € MiNA. Find T € M,
such that IFp 7 € A and for some g € H, g IFp 7 = B. Let ¢, € VP N M, be
a P-name such that Ikp ¢, : v — 7 is a bijection which belongs to V. Find
r < gr € Hsuch that r I ¢, = ¢ for some ¢ € V bijection of v with £.
Since v € My C M, we get that ¢[v] = 8 C M. O

The Claim and thus the Lemma are proved (Notice that the unique part of the
proof in which we used that A is a successor cardinal is to get that M; N A € 4).1J

2.3 Preliminaries Ill: stationary sets and the stationary tower

forcing

S is stationary if for all f : P,(US) — (US) there is an X € S such that
fIPu(X)] C X.
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For a stationary set S and a set X, if US C X we let S* = {M € P(X) :
MnNuUuS eSHLifuS 2 XweletS [ X={MNX:MecS}
If § and T are stationary sets we say that S and T are compatible if

GUSHUUT) A pUSHUUD

is stationary.

We let S A T denote the set of X € P(US U UT) such that X N US € § and
XNUT €T and forall 7 A{S, : @ < n}is the set of M € P({J,<,S ) such that
MnuS,eS,foralla e M Nn.

For a set M we let my; : M — V denote the transitive collapse of the structure
(M, €) onto a transitive set my[M] and we let jj, = Jr;).

For any regular cardinal A

Ry={X:XnNnAedand |X| < 4}.

and R} is the stationary tower whose elements are stationary sets S € V; such that
S C R, with order given by § < T if, letting X = U(T) U U(S), S¥ is contained in
TX modulo a club.

R; will denote R},

We recall that if G is V-generic for R%, then G induces in a natural way a direct
limit ultrapower embedding j; : V — M where [flg € MO if f : P(X;) — V in
V and [flg Rg [h]g iff for some a < ¢ such that X, X, € V,, we have that

{M<V,: f(MNXs) RW(MNX,)}eG.

If MC is well founded it is customary to identify M with its transitive collapse.
We recall the following results about the stationary tower (see [10, Chapter

2):

Theorem 2.10 (Woodin). Assume 6 is a Woodin cardinal, A < ¢ is regular and G
is V-generic for R}. Then

1. MS is a definable class in V|G| and

VIG] E (M%< ¢ M°.

2. Vs,G € MS and js(1) = 6.
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3. MS E o filg,- -, fule) if and only for some a < & such that f; : P(X;) —
V are such that X; € V,, for all i < n:

M<V,: VEHAMNX),..., LiIMNX,))} €G.

Moreover by 1| MC is well founded and thus can be identified with its transitive
collapse. With this identifications we have that for every @ < 6 and every set
XeV, X =[myX): M <V,,X € M)]g. In particular with this identification
we get that

(H ;)" = V5[G] = (Hy)V1.

and that jg | HX is the identity and witnesses that H/‘{ < Hj‘;[g])

2.4 Preliminaries IV: Woodin cardinals are forcing axioms

The following is an outcome of Woodin’s work on the stationary tower [[18, The-
orem 2.53].

Lemma 2.11 (Woodin). Assume there are class many Woodin cardinals. and A
is a regular cardinal. Then the following are equivalent:

1. S4 is stationary, where

S]fa ={M < Hp+ : M € R, and there is an M-generic filter for P}
2. P completely embeds into IRfs | T for some Woodin cardinal 6 and some

stationary T € R

Proof. The proof of this Lemma can be worked out along the same lines of the
proof of Theorem in the next subsection. Thus we refer the reader to that
proof. U

By Woodin’s equivalence above and Lemma [2.9| we get the following:

Theorem 2.12. Woodin [18 Theorem 2.53]

Assume V is a model of ZFC+ there are class many Woodin cardinals, and
A =v"is a successor cardinal in V.

Then the following are equivalent for any partial order P € V:

1. S4 is stationary.
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2. FA,(P) holds.

3. There is a locally complete embedding of P into R} for some Woodin cardi-
nal 6 > |P).

SSP denote the class of posets which preserve stationary subsets of w;. Mar-
tin’s maximum MM asserts that FAg, (P) holds for all P € SSP.

The following sums up the current state of affair regarding the classes I'; for
A< N,

Theorem 2.13. Assume there are class many Woodin cardinals. Then:
1. Ty, is the class of all posets which regularly embeds into some ]R?l.
2. ]Rg<2 € SSP for any Woodin cardinal 6.

3. MM holds if and only if SSP is the class of all posets which regularly em-
beds into ]R;<2 for some Woodin cardinal 6. (Foreman, Magidor, Shelah [5)]).

Proof. We sketch a proof.
[ Trivial by Theorem[2.12

Let S € V be a stationary subset of w;, G be V-generic for ]Rg<2 and C be a ]R?z—
name for a club subset of w;. Then o'¢(C) € (H,,)"'! = V5[G] = (H,,,)™°.
In particular there is some f : P(V,) — P(w;) in V; such that [f]; = o¢(C).
By Theorem [2.10]3| the set of M < V,, such that f(M) is a club subset of w,
in V belongs to G. Thus f(M)NS is non empty for all such M, in particular
MC E [flg N js(S) # 0. Now, since js(w;) = w;, we have that jG(S) = S.
The conclusion follows.

N, is a a successor cardinal. For this reason, if MM holds, we can use the equiv-

alence given by Theorem to get that any P € SSP regularly embeds
into some lR?z. We can then use o argue that if P regularly embeds into

some ]R?Z with 6 a Woodin cardinal, then P € SSP. ]
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2.5 Preliminaries V: MM*™*

The ordinary proof of MM actually gives more information than what is captured
by Theorem the latter asserts that any stationary set preserving poset P
can be completely embedded into JR?2 I S;z for any Woodin cardinal 6 > |PP| via
some complete embedding i. However MM doesn’t give much information on the
nature of the complete embedding i. On the other hand the standard model of MM
provided by Foreman, Shelah and Magidor’s consistency proof actually show that
for any stationary set preserving poset [P and any Woodin cardinal 6 > |P| we can
get a complete embedding i : P — IB(]R;<2 | T) with a ”nice” quotient forcing
(]Rg<2 I T)/i[IP]. For this reason we introduce the following well known variation
of Martin’s maximum:

Definition 2.14. MM*™" holds if Tp is stationary for all P € SSP, where M € Tp
iff

o M < H|]p|+ 1s in RNQ,

e there is an M-generic filter H for P such that, if G = ny[H], Q = my(P)
and N = my[M], then o : N — N[G] is an evaluation map such that
o(my(S)) is stationary for all § € M IP-name for a stationary subset of w;.

The following is a well-known by-product of the ordinary consistency proofs
of MM which to my knowledge is seldom explicitly stated:

Theorem 2.15 (Foreman, Magidor, Shelah). Assume « is supercompact in V,
f 1 k = Vi is a Laver function and

{(Pa, Q) s @ < k)
is a revised countable support iteration such that
o P, I Q, is semiproper,
o Pyt IF|Py| =Ny,
e O, = f(a) if P, IF f(a) is semiproper.
Let G be V-generic for P.. Then MM™ holds in V[G].

Theorem 2.16. Assume there are class many Woodin cardinals. Then the follow-
ing are equivalent:
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1. MM** holds.

2. For every Woodin cardinal 6 and every stationary set preserving poset P €
Vs there is a complete embedding i : P — B where B = IB(]R;<2 I T) for
some stationary set T € Vs such that

IFp B/i[IP] is stationary set preserving.

The rest of this section is devoted to the proof of the above theorem.
Proof. We prove both implications as follows:

[1]implies[2] We will show that if G is V-generic for R; with Tp € G there is in
V[G] a V-generic filter H for P such that o(S) is stationary in V[G] for
all P-names S for stationary subsets of w;. Assume this is the case and
let H be a Rs-name for H such that Tp force the above property of H and
B = ]B(]Rg<2 | Tp). Then it is easy to check that the map

i:P—-B
prlipeHlg
is a complete embedding such that
IFp B/i[IP] is stationary set preserving.

To define H we proceed as follows: for each M € Tp let Hy, € V be my[M]-
generic for my(PP) and such that O'HM(ﬂ'M(S)) = Sy € V is a stationary
subset of w; for all P-name S € M for a stationary subset of w;. Thus
[(Hy : M € Tp)]g is V-generic for IP. Let C be a Rs-name for a club subset
of w;. As in the proof that R; is stationary set preserving we can argue that
06(C) = [(Cy : M < V)] € MC is such that C), € V is a club subset of
wq for some @ < ¢ and for all M < V,. Then

o6(C)Nou(S) = [(Cyu NSy : Me Ty # 0

This shows that [(Hy, : M € Tp)] is the desired Rs-name H, given that G
is the canonical Rs-name for a V-generic filter for Rs.

2]implies 1}
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Let G be the canonical Rs-name for a V-generic filter for Rs. Let T € R, be
a condition such that IP completely embeds into B = B(Rs [ 7) via i and

IFp B/i[IP] is stationary set preserving

Let G be the canonical name for the Rs-generic filter and H = i~![G]. Then
i(p) =llp € Hl.

Now notice that P € Vs and each P-name S for a stationary subset of w is
in Vs since it is given by w;-many maximal antichains of IP.

Thus if G is V-generic for Rs with T € G, H = o(H) € V5[G] is V-generic
for IP and is such that o4(S) € V4[G] is stationary in V[G] for all names
S € VP for stationary subsets of w;. Since Vs[G] = (H,,)"", H € MC®, so
H = [f]¢ for some f : P(V,) — P(IP). It is possible to check that for some
a<d

S =(M <V, : f(M) = Hy is a my[M]-generic filter for y,(IP) such that

o, (Tu(S)) is stationary for all names § € V¥ n M

for stationary subsets of w;} € G

In particular S < T'p is stationary and we are done. U

3 Absoluteness of the theory of Hy, in models of MM™*

In this section we prove Theorem [I.4 We leave to the reader to convert it into a
proof of Theorem

Theorem 3.1. Assume MM** holds in V and there are class many Woodin cardi-
nals. Then the I1,-theory of Hy, with parameters cannot be changed by stationary
set preserving forcings which preserve BMM.

Proof. Assume V models MM** and let P € M be such that V¥ models BMM.
Let 6 be a Woodin cardinal larger than |P|. By Theorem there is a com-
plete embedding i : P — Q = Ry [ Tp for some stationary set Tp € Vs such
that
IFp Q/i[P] is stationary set preserving.
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Now let G be V-generic for Q and H = i"![G] be V generic for P. Then
V c V[H] c V[G] and V[G] is a generic extension of V[H] by a forcing which is
stationary set preserving in V[H]. Moreover by Woodin’s theorem on stationary
tower forcing we have that H;’z < HXZ[G].
We show that
HY <5, H{M.

This will prove the Theorem, modulo standard forcing arguments.
We have to prove the following for any Xy-formula ¢(x, y, z):

1. If
HXz E yVxe(x,y, p)

for some p € H Vz, then also
H{™ | 3y¥xg(x, y, p).

2. If
HXZ E Vydxe(x,y, p)

for some p € H Vz, then also
H™ | VyAxg(x, y, p).
To prove |1{we note that for some g € HXZ we have that

HY, E Vxp(x,q. p).

Then, since
v VIG]
HNz < sz ,

we have that
H{M = Yxg(x, g, p)-

In particular, since ¢, p € Hy'""' and H{'™ is a transitive substructure of Hy'”!, we
2 2 2
get that
VIH
H{" E Vx¢(x,q, p)

as well. The conclusion now follows.
To prove 2| we note that, since

\% VIG]
HNz < sz ,
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we have that
HVE VyAxg(x, y, p).

VIH]

In particular we have that for any g € Hg ™" we have that

H{M = Axg(x, g, p)-

Now, since V[H] models BMM and V[G] is an extension of V[H] by a stationary
set preserving forcing, we get that
VIH] VIG]
IfN2 <3, sz .

In particular we can conclude that
H™ & Axg(x, g, p)

forall g € HXZ[H I from which the desired conclusion follows.
The proof of the theorem is completed. U

4 Woodin’s absoluteness results for Hy,

Motivated by the results of the previous section we prove the following theorem:

Theorem 4.1. Assume there are class many Woodin cardinals. Then the theory
of Hy, is invariant with respect to set forcing.

Proof. We prove by induction on n the following Lemma, of which the Theorem
is an immediate consequence:

Lemma 4.2. Assume V is a model of ZFC in which there are class many Woodin
cardinals. Let P € V be a forcing notion.
Then for all n, H;/l <s, HXIP

Proof. By Cohen’s absoluteness Lemma (1.2} we already know that for all models
M of ZFC and all forcing P e M

M MP
HNI <3, HN] .

Now assume that for all models M of ZFC+there are class many Woodin cardinals
and all P € M we have shown that

M MP
HN] <2n HNI .
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First observe that M? is still a model of ZFC+there are class many Woodin car-
dinals. Now pick V an arbitrary model of ZFC+there are class many Woodin
cardinals and P € V a forcing notion.

Let 6 € V be a Woodin cardinal in V such that P € V.

To simplify the argument we assume V is transitive and there is a V-generic
filter G for ]R;<l (we leave to the reader to remove these unnecessary assumptions).

Then, since FAg,(P) holds in V and P € Vj, by Theorem [2.13][T] there is in
V a complete embedding i : P — ]R?‘. Let H = i"'[G]. Then by our inductive
assumptions applied to V (with respect to V[H]) and to V[H] (with respect to
V[G]) we have that:

HY <o, HIY <5, YO

By Woodin’s work on the stationary tower forcing we also know that
v VIG]
Hy < Hxl .

Now we prove that

\%4 VIH]
HN] <z HN] .

n+1

Since this argument holds for any V, P and G, the proof will be completed.
We have to prove the following for any X,,-formula ¢(x, z) and any II,,-formula

W(x,2):

s
HY, E Vxé(x, p)

for some p € RV, then also
H"' [ Vxg(x, p).

2. If
HY, E 3w(x, p)

for some p € RV, then also

VIH
H" & Inp(x, p).
To prove |1{ we note that, since H;’l < HXI[G], we have that

HY'' | Vxg(x, p).
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In particular we have that for any g € H:l[H ]
Now, since by inductive assumptions

VIH] VIG]
HN1 <z, Hxl s

we have that HXI[G] models that ¢(g, p).

we get that
H!™ & ¢(q. p)

forall g € HX [H], from which the desired conclusion follows.
To prove [2{ we note that for some g € HXI we have that

HS E (g, p).
Then, since by inductive assumptions we have that

\%4 V[H]
HN] <y HN] s

n

we conclude that
H" E y(g. p).
The conclusion now follows.
The lemma is now completely proved. U

The Theorem is proved. 0

Remark 4.3. Theorem [4.1] has a weaker conclusion than [10, Theorem 3.1.7]
where it is shown that in the presence of class many inaccessible limits of Woodin
cardinals, the first order theory of L(P,,Ord) is invariant with respect to set forc-
ing. However in Theorem we have slightly weakened the large cardinal hy-
pothesis with respect to Woodin’s [[10, Theorem 3.1.7].

We had to weaken the conclusion of Theorem . T|with respect to [10, Theorem
3.1.7] since we cannot replace Hy, with L(R) (or L(P,,Ord)) in the proof of the
above Lemma. The reason is that any element of L(R) is defined by an arbitrarily
large ordinal and a real and the ordinal may be moved by js, where j; : V. — M°¢
is the ultarpower embedding living in V[G] and induced by G. In particular we
have that j; | Hxl is the identity and witnesses that

v VIG]
Hy <Hy'™,
but j; may not witness that
L(R)” < L(R)",

which is what we would need in order to perform the type of argument we per-
formed in the proof of the Lemma.
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S Questions and open problems

5.1 A conjecture on MM™" and I'y,-logic.

We conjecture the following:

Conjecture 5.1. Assume V is a model of MM™" +large cardinals. Then for every
P € V which preserves MM**
HY < HY
There is a major obstacle in performing the arguments of Lemmal4.2]in combina-
tion with the proof of Theorem [3.1]to prove this conjecture.
Assume H is V-generic for P and G is V-generic for ]R;<2 so that:

e VEMM™,
e V[H] F MM™",
e V[G]is anextension of V and of V[H] by a stationary set preserving forcing,

|4 VI[H] VIG]
° HNZ <z I{N2 <z HNZ s

o HY < H/,
From these data following the proof of Theorem we can infer H;/z <z, HXZ[H],
but we cannot infer HXZ[H] <3, HXZ[G] (which is what allows us to perform the next
step in Lemma because we cannot prove that V[G] is a model of BMM (and
we do not expect this to be the case).

Thus some new idea is required to prove (or disprove) this conjecture.

5.2 What is the relation between MM*" and axiom (x)?

It is well known that Woodin’s (x)-axiom is not compatible with the existence of a
well order of P(w;) definable in Hy, without parameters. On the other hand Larson
has shown that MM™ is compatible with the existence of a well-order of P(w;)
definable in H,, without parameters [8]. If we inspect Larson’s result, we see
that Larson’s well order is neither I1,-definable nor X,-definable over H,,. Thus
Theorem [I.5]does not prove that Larson’s well-order can be defined in all models
of MM, Whether MM™™ can imply or deny axiom (x) is an interesting open
problem. Larson’s result already shows that any version of MM™ strictly weaker
than MM™™ neither denies nor implies axiom (). However for our absoluteness
results it seems to be crucial that the ground model satisfy MM™™.
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Question 5.2. Does MM™* +large cardinals denies or implies Woodin’s (x)-axiom?

5.3 A conjecture on ['x,-logic

The results of this paper suggest the following definitions.

Let I' be a class of partial orders defined by some parameter A which is a
regular cardinal definable in some theory 7 extending ZFC. Natural examples
of such classes I' for 4 = N, are the family of stationary set preserving posets,
semiproper posets, proper posets, CCC posets. ...

¢(T', 1) asserts that

For all P € T and all Woodin cardinal 6 > [IP| there is a complete
embedding i : P — R} | § for some stationary set S € V; such that

IFp (R} | S)/i[P] € (D"

Notice that ¢(I', 1) entails that I' = I') by Woodin’s theorem [2.11

Definition 5.3. A definable class of posets I" is maximal for A with respect to the
theory T if T models the following:

1. T, CT.
2. Con(T) — Con(T + ¢(T', 2)).
3. R{ €T for all Woodin cardinals 6 > A.

4. If i : P — Q is a locally complete embedding and Q € I', then P € T as
well.

5. If for some definable class I, Con(T + I" \ I" # 0) then I” = I"; is not
consistent with 7.

Remark 5.4. Notice that if §; < d, are Woodin cardinals, then ]Rgl | T com-
pletely embeds into ]Rg2 | T for all regular cardinals 4 < d; and all stationary
sets T € P(Ry) N Vg, (see [10, Exercise 2.7.15] and [10, Lemma 2.7.14, Lemma
2.7.16)).

Remark 5.5. The following holds:
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1. The class of all posets is maximal for N, relative to ZFC+ there are class
many Woodin cardinals.

2. SSP is maximal for N, relative to ZFC+ there are class many supercompact
cardinals.

Conjecture 5.6. There is a class I's, which is maximal with respect to the theory
ZFC + MM*" + large cardinals.

Notice that if the above conjecture stands, one should expect to be able to
prove the analogue of Theorem [3.1|for Hy,.

If the above approach is successful at N3, is there a cardinal for which it cannot
work? Le.:

Question 5.7. What about maximal classes T, for larger cardinals A?

5.4 What about the effects of MM*" on the theory of L(P,,Ord)?

Can the methods presented in this paper be of some use in the study of L(P,,Ord)
and not just of Hy,?

Question 5.8. Can MM** +large cardinals decide in SSP-logic the theory of L(P,,0rd)?

While we can effectively compute many of the consequences MM*™* has on
the theory of Hy,, this is not the case for L(P,,Ord), for example: by [10, Remark
1.1.28] ZFC fails in L(P,Ord) for all cardinals « if there are k*-many measurable
cardinals in V.

Question 5.9. Assume MM™ holds. What is the least ordinal A for which
H"= i ZFC?

It is not hard to see that in models of MM™* the several examples of definable (with

parameter in H,,) well-orders of P(w;) provided by results of Aspero, Caicedo,

Larson, Moore, Todorcevi¢, Velickovi¢, Woodin and others show that A is larger

than N, and is at most the w, + 1-th measurable cardinal of V.
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