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A sample of our results:

Theorem 1. Assume:

® QNTL—]. < Nw,

e Every countable family ofSﬁn reflects joint-
ly on some § < Ny,.

Then club many points in R, 1 of cofinality
N, are approachable.



The reflection hypothesis are satisfied for all
n > 1 under MM.

This is a partial answer to a problem asked in:

M. Foreman and M. Magidor, A very weak
square principle, JSL 1997(1), 175-196.

Is it consistent to have a stationary set of non-
approachable points of cofinality Ny in N4 17



Theorem 2. Assume X, is strong limit and
PFA holds. Then club many points in Ny4-1
of cofinality ¥,, are approachable for all n > 2.



Theorem 3. Assume:

e )\ /S weakly compact,

e kx > M\ IS a singular cardinal of cofinality
0 < A

Then club many points in kKt of cofinality \
are approachable.



Compare these results with the following:

Theorem 4 (Shelah). Assume:

e )\ /s strongly compact,

e K > A\ IS a singular cardinal of cofinality
0 < A.

T hen there are stationarily many cofinalities ~
below A\ such that stationarily many points in
S’,§+ are not approachable.

Theorem 5 (Magidor). If MM holds, there are
stationarily many non-approachable points in
N,41 Of cofinality Ni.



Chang conjectures for singular cardinals
Cummings asked in:

J. Cummings, Collapsing successors of singu-
lars, PAMS, 125(9), 1997, 2703-2709

Is it consistent that (k1T,k) — (No,RNq) for a
singular k of countable cofinality?

Another application of our results is the fol-
lowing:

Theorem 6. Assume MM. Then

(kT k) = (No, Rq)

fails for all singular « of cofinality at most X1.



The approachability ideal Z[\] has been intro-
duced by Shelah in his analysis of singular car-
dinals combinatorics.

Three results for Z[\] when X is the successor
of a singular k:

e There is a stationary set in Z[\]. This has
been used to prove the existence of scales.

e 7[A\] = P(X) unless very large cardinals are
behind the scene.

e Preservation of stationarity of S under \-
closed forcing: requires slightly more than
S e I[A].



Some definitions
Let A={an:a< /4:"'} C [/<;+]<" be given,

e 0 is weakly approachable with respect to
A if there is H unbounded in § of minimal
order type such that {Hn~ : v < 6} is
covered by {aq : a < 6},

e 0 iS approachable with respect to A if there
is H unbounded in 6 of minimal order type
such that {H N~ :v<d} C{an:a<d}.



Definition 7. Let k be a singular cardinal.

e S is (weakly) approachable if there is a
sequence

A={aq:a<rkT}C[T]"

and a club C such that 6§ is (weakly) ap-
proachable with respect to o for all § &€
SNncC.

e Z[kT] is the ideal generated by approach-
able sets,

e Z[xT,k] is the ideal generated by weakly
approachable sets.
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The following holds:
e I[kT] CZ[xT, K],
e I[kT] = Z[xkT, k] if x is strong limit,

e Z[xT,k] serves the same purposes of Z[x]
in many of the applications of these ideals,
for example the first two of the three listed
before.

We will thus study Z[xT, &].
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An idea of the proofs:

We sketch a proof of the following:

Theorem 8. Assume MM. Then
Nw
St e TINy41, Ru)

for all n > 2.

This will give an idea of the general argument.
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A different characterizaton of the approach-
ability ideal

Given

d: [Nw—|—1]2 — W

e d is normal if

D@, 8) ={a<p:d(a,p) < i}

has size less than N, for all + and g,

e d is transitive if whenever o € D(4,3)

D(i, ) € D(4, 8)
for all o < 3 and z,

e ) of uncountable cofinality A is d-approachable
if there is H unbounded in 6 such that
[H]<? is covered by the family:

{D(,B) i <w,B <4}
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The following is an equivalent definition of
the ideal Z[X, 41, Ny]:

Property 9. (Shelah) TFAE:

L S E I[Nw_l_l,Nw],

e there is a normal and transitive d, and a
clubC' in N,41 such that é is d-approachable
for all 6 € SN C.

T his characterization of the ideal is not specific
for N, and works for all singular cardinals of any
cofinality.
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We are led to analyze colorings

d : [Nw_|_1]2 — W

or equivalently the matrices

D(d) ={D(,B) :i<w,B <N, 41}

where

D@, 8) ={a < B :d(a,p) < i}
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We have now a strategy to show that a § <
N,41 of uncountable cofinality is d-approachable:

1. Pick A cofinal subset of 46 of minimal order
type,

2. take £ to be the transitive collapse of the
structure {D(i,a) NA i< w,a € A},

3. find G unbounded subset of N5 such that
all its initial segments are covered by &,

4. pull back G through the inverse of the tran-
sitive collapse of A to an unbounded subset
L of A which is covered by

{D(i,a):i<w,a<5},

and use the previous fact to argue that ¢
IS d-approachable.

the hard work is now only in part 3.
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Covering matrices

D(d) is an example of an w-covering matrix on
N,41 and £ an example of an w-covering matrix
on No.

Definition 10.,

D={DG,B)i<w, BEA}

IS an w-covering matrix for \ if:

(i) B=Ujc, D(i,B) for all 3 <A,

(ii) D(i,8) C D(4,3) for all 3 < X\ and for all
1< 7 < w,

(iii) for all B < ~v < X and for all i < w, there is
j < w such that D(i,3) C D(7,7).
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e Dis transitive if o € D(i,0) implies D(¢,a) C
D(4,3).

e D is closed if for all : < w, 8 < A and
X € [D(i,8)]*, X € D(3,0),

e Bp < Ais the least g such that for all < and
v, otp(D(4,7)) < B,

e D is normal if Bp < A.

If d is normal and transitive D(d) is an example
of a transitive w-covering matrix D on R, 44
with 61) = K.

£ is an example of a transitive #-covering ma-
trix on cf(é) (a priori we can’'t say much on
the value of 3¢).
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In this talk we are interested in closed, transi-
tive w-covering matrices.

Lemma 11. There is a closed, normal and

transitive w-covering matrix D on N, 1 Wwith
Bp = Rw.
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Remark 12. Consider the previous example of
the matrix £ obtained by the transitive collapse
of

{D(,a)NA:i<w,a € A}

where A is a subset of 6 of minimal order type.

Provided that A is a club in 6, the matrix £ in-
herits the property of being a closed, transitive
w-covering matrix on cf(d).
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What we need to prove is the following:

For every closed and transitive w-covering
matrix £ on cf(6), there is an unbound-
ed subset of cf(8) such that all its initial
segments are covered by €£.

This will be the case provided that cf(d) sat-
isfies some mild reflection principles.
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Definition 13. Let D = {D(i,a) i < w,a < A}
be an w-covering matrix on \.

CP(D) holds if there is A unbounded subset of
A such that [A]¥ is covered by D.

S(D) holds if there is S stationary subet of A
such that for all families {S; : i < w} oOf sta-
tionary subsets of S, there are j < w and g < A
such that S;ND(4,3) is non-empty for all i < w.

CP(D) is very close to what we are looking for.

We would like that [A]<? is covered by D and
not just [A]¥.

It is not transparent that S(D) is of any use in
solving our problem.
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Regarding the consistency of these properties,
we have the following results:

Fact 1. Assume MM. Then S(D) holds for all
closed w-covering matrices ‘D on a regular \ >
Nq.

Fact 2. Assume )\ is weakly compact. Then
S(D) holds for all closed, w-covering matrices
D on A.

Theorem 14. Assume PFA. Then CP(D) holds
for all w-covering matrices D on a A > No.
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We give a proof of the first fact.

Dimostrazione. Let:
e D be a closed, w-covering matrix on X,

e {5, 1< w} be a family of stationary sub-
sets of S).

By MM find 6 € Sg. such that S; reflects on §
for all + < w.

At least one D(4,8) is unbounded in § since
U; D(4,8) = § and § has cofinality w.

Then D(4,6) is a club subset of SENd since D
IS a closed matrix.

Thus S;ND(j5,6) is non-empty for all ¢+ < w. L
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Regarding the mutual relation between CP(D)
and S(D):

Lemma 15. The following holds:

(i) CP(D) implies S(D) whenever D is closed,

(ii) S(D) implies CP(D) whenever D is transi-
tive.

For the matrices that we are considering S(D)
and CP(D) are equivalent.
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We prove item (ii) for an w-covering matrix D:

Assume S(D) holds for a transitive w-covering
matrix D on . Let:

e S witness S(D),

e 7T, be the set of o € S such that

St ={B8eS\a:acD(@iB)}

IS stationary.

Now:

S\OAZU{Sé:’I:<w}

So for each «,

Sla is stationary for some iq,.
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Thus:

A= [T} i<w}

So T is stationary for some < w.

Recall that

SQZ{BGS\OUQED(Z',B)}
and that

T, = {a : S, is stationary}

Claim 16. [T;]¥ is covered by D for all 1.
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Pick any X € [T;]¥ and consider the family of
stationary sets {S% : o € X}.

By S(D) there are some j < w and § < A such
that

S!, N D(j,8) # 0
for all a € X.

W.l.0g. we can suppose that 5 > 1.

For any a € X C T}, there is B, € D(j,6) N S,
i.e. Bq is such that a € D(4, Ba).

Since D is a transitive covering matrix and 5 >
1, for all o € X:

So X C D(y,9).

X is arbitrary, so [T;]¥ is covered by D. O
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Fact 3. Assume:

e D s an w-covering matrix on X,

e ' is an unbounded subset of A such that
[T]% is covered by D.

Then [T]<? is covered by D.
In particular:

If D is an w-covering matrix on X, and [A]N0 is
covered by D, [A]N1 is covered by D.
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We have shown that under MM

Ny
S>N_|1_1 S I[Nu}—|—17 Nw]a

since:

(a) For all n > 1, MM implies S(D) for all
closed w-covering matrices D on Ny,.

(b) If D is transitive, S(D) implies there is A
unbounded in N, such that [A]¥ is covered
by D.

(c) If A is unbounded in N,, and such that [A]¥
is covered by D, then [A]Y»-1 is covered by
D.

This is what was needed to get that any point
of cofinality N, is d-approachable if D(d) is a
normal, transitive and closed w-covering ma-
trix.
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(Ry41,Nw) = (No,Ry) fails under MM.
Assume not.

Take a structure M such that

otp(M NN,41) =Ny
Thereis a normal, closed, transitive, w-covering
matrix D = {D(i,a) : a < R,41,t < w} € M
with Bp = N,.
Let X = M NR,41 and otp(M NNy) =6 < Ny,

Then forall i <w and ae€ M NN, 41:

otp(X N D(@,8)) <otp(XND(@(G,8)+1<6

since otp(Y) < otp(Y) + 1 for any set of ordi-

nals Y.
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Let £ be the transitive collapse of

{(XND(,08):i<w,Be X}

Then £ is a transitive, closed w-covering matrix
on No with B¢ = 0 < No.

This is impossible since by MM there is H un-

bounded in X, such that [H]®1 is covered by &.
[]
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Some open problems

Is it consistent that S’gg;l_ is not in Z[kT] for a
k Oof countable cofinality?

N
Does MM decide whether SN;"i’l isin IR o, 17
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